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ABSTRACT
This study examines the collision dynamics of atom–atom, atom–molecule, and molecule–molecule interactions for O–O, N–N, O2–O, N2–N,
O2–N, N2–O, O2–O2, N2–N2, and N2–O2 systems under thermal nonequilibrium conditions. Investigations are conducted from a molecular
perspective using accurate O4, N4, and N2O2 ab initio potential energy surfaces and by performing Molecular Dynamics (MD) simulations.
The scattering angle and collision cross sections for these systems are determined, forming the basis for better collision simulations. For
molecular interactions, the effect of the vibrational energy on the collision cross section is shown to be significant, which in turn has a
profound effect on nonequilibrium flows. In contrast, the effect of the rotational energy of the molecule is shown to have a negligible effect
on the cross section. These MD-based cross sections provide a theoretically sound alternative to the existing collision models, which only
consider the relative translational energy. The collision cross sections reported herein are used to calculate various transport properties, such
as the viscosity coefficient, heat conductivity, and diffusion coefficients. The effect of internal energy on the collision cross sections reflects
the dependence of these transport properties on the nonequilibrium degree. The Chapman–Enskog formulation is modified to calculate
the transport properties as a function of the trans-rotational and vibrational temperatures, resulting in a two-temperature nonequilibrium
model. The reported work is important for studying highly nonequilibrium flows, particularly hypersonic re-entry flows, using either particle
methods or techniques based on the conservation laws.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5141148., s

I. INTRODUCTION

There exists a need to understand the flow physics of re-entry
vehicles traveling at hypersonic speeds in the rarefied regions of the
atmosphere. The gas flow, predominantly consisting of molecular
nitrogen and oxygen, undergoes rapid transformations around the
strong bow shock formed in the forebody of such re-entry vehicles.
These transformations may include inelastic collisions, chemical
reactions (dissociation, Zeldowich exchange reactions, and recom-
bination), ionization reactions, and excitation to higher electronic
states. To study these processes, it is essential to have a better
knowledge of the basic collision processes.

The Direct Simulation Monte Carlo (DSMC)1,2 method is
widely employed to simulate hypersonic flows around re-entry vehi-
cles at rarefied ambient conditions. The DSMC method handles col-
lisions using probabilistic models. There are several collision models
that attempt to simulate the process in an accurate manner. One
of the earliest models, the Hard Sphere (HS) model, is straightfor-
ward in its implementation, but the resulting viscosity–temperature
relation does not match the experimental results. Bird3 suggested
the Variable Hard Sphere (VHS) model, an improved version of
the HS model, in which the diameter is no longer a single-valued
function, but instead depends on the relative speed of the collision.
The values of the VHS parameters are chosen in such a way that the
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viscosity–temperature relation at a range about a reference tempera-
ture is accurate. This may lead to problems in applications involving
a wider range of temperatures in the flow, as observed in problems
involving shock structures. Other approaches such as the Variable
Soft Sphere (VSS),4 Generalized Hard Sphere (GHS),5 and Gener-
alized Soft Sphere (GSS)6 models have attempted to improve the
collision modeling. However, these models also have limitations due
to their inherent phenomenological nature.

Several authors have reported alternative collision models that
include the attractive component of the interatomic potentials.
These models are more appropriate for investigating flows at low
temperatures, where the attractive component has an important role
to play. Matsumoto and Koura7 used the Lennard–Jones (LJ) poten-
tials to study the velocity distribution functions in an argon shock
wave, and Venkattraman and Alexeenko8,9 presented an efficient
algorithm for modeling the scattering angles using the LJ potential.
Sharipov et al.10,11 reported an ab initio collision model that uses
arbitrary intermolecular potentials such as the LJ and Stockmayer
potentials. A pre-calculated lookup table or deflection angle matrix
was used to find the post-collision scattering angle instead of the
analytical expression employed in the VSS model.

In summary, the following shortcomings can be attributed to
the existing collision models. First, the existing models are phe-
nomenological and depend on several fitting parameters. Addition-
ally, the collision cross sections are assumed to be a function of
only the translational energy of collision. It is evident that such
models may handle atomic collisions accurately. However, extend-
ing this assumption to collisions involving molecules is question-
able. The molecular diameter changes according to its rotational-
vibrational (ro-vibrational) level, and this has a direct effect on
the collision cross sections. Recently, several authors have reported
more fundamental chemical reaction models based on the reac-
tive cross sections12–17 obtained using the Quasi-Classical Trajec-
tory (QCT) method. The reported reactive cross sections are known
to depend on both the internal energy and translational energy.
However, few researchers18,19 have acknowledged that it is ques-
tionable to apply ab initio-based reaction models20–26 when the
collision models employed are a function of only the translational
energy.

The present work attempts to address these shortcomings. The
extent of the dependence of the collision cross sections on the ro-
vibrational levels of O2–O, N2–N, O2–N, N2–O and the O2–O2, N2–
N2, N2–O2 interactions are examined. Unlike O–O or N–N inter-
actions, the outcome of Molecular Dynamics (MD) simulations of
scattering angles in atom–molecule or molecule–molecule interac-
tions depends on many parameters. A different initial orientation of
the molecule will result in a different value of the post-collision scat-
tering angle for the same ro-vibrational level, impact parameter, and
relative speed. Thus, an ensemble of different orientations is needed
to gain a fair idea of the cross section for any given combination of
these values. This has to be followed by calculating the cross sections
for a large number of combinations of impact parameters, relative
translational energies, and ro-vibrational levels. The collision cross
sections are tabulated in the supplementary material along with the
scattering angle data.

In addition to the modeling of collisions, the collision cross sec-
tions reported in the present work can be used in calculating trans-
port coefficients through kinetic theory formulations. It is generally

assumed that the transport properties are a function of translational
temperature and nonequilibrium effects are generally neglected. In
this study, the nonequilibrium effects on the transport properties are
investigated using the collision cross sections. The accurate model-
ing of transport properties is important in simulating conservation
laws, and this will have a wide range of applications in understanding
nonequilibrium flows.

Section II discusses the MD procedures employed to calculate
the scattering angles and collision cross sections for atom–atom,
atom–molecule, and molecule–molecule collisions. A detailed dis-
cussion of the scattering angles follows in Sec. III. The calculation
of the collision cross section in the case of atom–atom interaction is
well established. In addition to the atom–atom collision cross sec-
tion results, the collision cross section calculation method for atom–
molecule and molecule–molecule collisions is described in Sec. IV.
Along with these results, the viscosity–temperature relations under
equilibrium conditions for the different colliding pairs are also pro-
vided. A discussion of the need for a nonequilibrium transport prop-
erty model is presented in Sec. V. Finally, Sec. VI presents a summary
of the key results.

II. MOLECULAR DYNAMICS CALCULATIONS
The time evolution of the position (q) and momentum (p)

of atoms and molecules in MD simulations is traced by solving
Hamilton’s equation,

q̇ = ∂H
∂p
= p

m
, ṗ = −∂H

∂q
= −∂V

∂q
. (1)

In the present work, the V term, representing the potential energy
surface (PES) of the system, is calculated using computational chem-
istry algorithms that solve Schrödinger’s equation. MD simulations
are carried out using O4, N4, and N2O2 PESs, many of which have
been reported in recent years.23,27–33 Among these, the one chosen
for this study is the Complete Active Space Self-consistent Field
(CASSCF)–Second-order Complete Active Space Perturbation The-
ory (CASPT2) triplet O4 PES derived by Paukku et al.32 for oxy-
gen systems and the N4 PES given by Paukku et al.33 For the N2–
O2 interaction, the CASSCF–CASPT2 N2O2 PES derived by Varga
et al.34 is employed. Six-dimensional permutationally invariant
global least-square fits are available for these PESs.35 The root mean
square errors of the least-square fits for all points for the three
N4, O4, and N2O2 PESs were found to be equal to 14.3 kcal/mol,
5.6 kcal/mol, and 7.8 kcal/mol, respectively. Table I lists the compu-
tational details of the CASSCF–CASPT2 method and the structures
for which the PESs are validated.

The QCT/MD code employed in the present work is an exten-
sion of our previous code implemented to calculate the reaction
cross sections for the ab initio- based chemical reaction model. The
in-house code was validated thoroughly.22 The procedure of using
MD to find scattering angles of atom–atom (N–N and O–O collision
pair) collisions, which are subsequently used to obtain collision cross
sections, is as follows. One of the two atoms is initially placed at the
origin, while the second is projected toward the first with a known
relative speed (cr) and an impact parameter (b). The initial separa-
tion between the two atoms is 20 Å. Since the PESs used are for four
atom systems, it is assumed that the remaining atoms of the system
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TABLE I. Details of CASSCF–CASPT2 PESs employed in the present work.

Collision Active
pair System electron/orbital Points PES used Validation

N2–N2 N4 12/12 16 421 Paukku et al.33 Cyclic and bent N3 structure
Tetrahedral N4 structure

O2–O2 O4 16/12 10 180 Paukku et al.32
Cyclic O3 structure

O3–O complex structure
(O2)2 structure

N2–O2 N2O2 14/12 54 889 Varga et al.34
C2v and Cs NO2 structure

C2v , C∞v and D∞h N2O structure
C2v N2O2 structure

that are not participating in the interactions are placed far away such
that they do not influence the colliding atom–atom pair in question.
The standard second-order Verlet algorithm with an adaptive time
step is used as a time integrator. It is ensured that the time step is
never greater than 1 × 10−16 s. In the case of atom–atom collisions,
the relative speed ranges from 200 m/s to 20 000 m/s, and the impact
parameter is iteratively increased by 0.1 Å until there are no more
interactions between the two particles. The simulation is said to be
complete when the distance between the two atoms after the col-
lision exceeds the initial interatomic distance. The simulations are
repeated for a large number of relative speeds and impact parame-
ters. The potential energy curves of diatomic molecules asymptote
at a large distance and hence it is necessary to define a reasonable
cutoff distance or threshold impact parameter beyond which it can
be presumed that there is no interaction between the two particles. It
is assumed that simulations in which the scattering angle is less than
1○ have not undergone any collision.

In the case of atom–molecule collisions, for a given combi-
nation of relative speed, ro-vibrational level of the molecule, and
impact parameter, the scattering angle depends on the orientation
of the molecule. Thus, the dynamical study of molecular collisions
requires ensembles of MD simulations with randomly sampled ini-
tial orientations of the molecule, which will result in a distribution
of scattering angles. In this aspect, the present molecular simula-
tions are similar to the QCT method employed for calculating reac-
tive cross sections.36,37 Initially, the molecule is positioned in such
a manner that its center coincides with the origin of the coordinate
system. The atoms constituting the molecules are placed on either
direction of the origin such that the interatomic distance is equal
to either one of the turning radii (r±). The turning radii are cal-
culated by solving the vibrational Schrodinger equation using the
semi-classical Wentzel–Brillouin–Kramers (WKB) method. Unlike
atom–atom interaction, the atom–molecule system is not restricted
to the planar geometry. The scattering angle has both polar and
azimuthal components. However, in the present study, the initial
orientation and momentum of the molecule are randomly chosen,
and the distribution of the polar component of the scattering angle
is expected to be isotropic. In the following text, the scattering angle
is represented using only the azimuthal component.

Ensembles consisting of a large batch of trajectories are run for
a vast number of ro-vibrational levels, relative speeds, and impact

parameters. All vibrational levels [vmax(N2) = 56 and vmax(O2) = 36]
from the zeroth to the highest levels are included. At each vibrational
level, two rotational levels (zeroth and half the maximum permissi-
ble rotational level for the particular vibrational level) are included.
Twenty-five relative speeds ranging from 100 m/s to 20 000 m/s are
considered.

In the case of molecule–molecule interactions, the ro-
vibrational energy levels of both molecules need to be considered.
The analysis of atom–molecule interactions shows that the rota-
tional levels do not seem to have a significant effect (as will be
described in Sec. III). Hence, only different vibrational levels are
considered for the molecule–molecule interactions, and the rota-
tional level is fixed at the ground state. The ensembles are generated
for cases with: (1) v1 = N and v2 = 0 ∈ {0, 1, 2, 3, . . ., 36} and (2) v1
= v2 = N ∈ {0, 1, 2, 3, . . ., 36} for O2–O2 collisions. In the case of the
N2–N2 system, the maximum vibrational level considered is 48. The
number of grid points in the relative velocity and impact parame-
ter dimensions is the same as that considered for the atom–molecule
simulations.

The MD simulations are run in parallel on a 12-core Intel Xeon
machine. Each atom–atom simulation takes approximately 16.23 s
(O–O) and 15.6 s (N–N). It is evident that the atom–atom simu-
lations are not resource- or time-consuming. Each atom–molecule
simulation takes approximately 25 s (O2–O) and 22.2 s (N2–N). The
increase in the computational cost is understandable due to the addi-
tional atom in the system. Single molecule–molecule simulations
for the O2–O2 and N2–N2 interactions take approximately 41 s and
40 s, respectively. In comparison, the computational cost for N2–O2
collisions is 62 s. This increase is caused by the higher number of
terms in the fitting function of the N2–O2 PES. The drastic increase
in the total computational time in the case of atom–molecule and
molecule–molecule collisions in comparison with the atom–atom
case is due to the sampling of trajectories and the higher number
of input dimensions.

III. SCATTERING ANGLE RESULTS
The collision dynamics of atom–atom interactions are well

established, and so we move on to discuss the scattering angle dis-
tribution in the case of atom–molecule systems. Figure 1 shows his-
tograms of the distribution of the scattering angle for the zeroth and
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FIG. 1. Histograms of scattering angles for zeroth and 20th vibrational levels, two rotational levels (zeroth and half the maximum rotational level at the given vibrational level),
and different relative speeds and impact parameters for O2–O collisions.

20th vibrational levels for O2–O collisions. For the two vibrational
levels, Figs. 1(a), 1(c), and 1(e) show the distribution at a lower rela-
tive speed (VR = 850 m/s) and Figs. 1(b), 1(d), and 1(f) show the dis-
tribution at a higher relative speed (VR = 2500 m/s). For each inset,

histograms are shown at two different rotational levels (j = 0, 121 for
v = 0 and j = 0, 71 for v = 20) for each of the two vibrational levels
considered. Figures 1(a) and 1(b) depict the distribution of the scat-
tering angle with an impact parameter of 0.1 Å. At this lower impact
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parameter, the distribution of the scattering angle is skewed toward
180○ because all the interactions between the incoming atom and
the molecule are head-on collisions. With an increase in the impact
parameter, the peak of the distribution shifts toward the center, as
can be seen in Figs. 1(c) and 1(d). Figures 1(c) and 1(d) depict his-
tograms at impact parameters equal to 1.15 Å and 2.2 Å, respectively,
for the zeroth vibrational level. With a further increase in the impact
parameter, the distribution of the scattering angle shifts toward 0○,
and finally, the distribution is skewed with a peak at 0○. Figures 1(e)
and 1(f) show histograms of the distribution of the scattering angle
skewed toward 0○. The impact parameters for these subfigures are
2.55 Å and 3.25 Å, respectively, for the zeroth vibrational level. The
histogram in such cases is a single-valued function peaking at 0○. The
value of the maximum impact parameter increases with a decrease
in the relative speed. As the relative speed increases, the interaction
time between the colliding particles decreases, leading to less chance
of scattering. As shown in each inset of Fig. 1, the difference in the
distribution of scattering angles at the two rotational levels is unclear
and insignificant. The pattern of the histograms, initially skewed
around 180○ at lower values of the impact parameter and shifting
toward 0○ with an increase in the impact parameter, is also observed
at higher vibrational levels. Similar trends can also be observed for
N2–N, O2–N, and N2–O collisions.

Figure 2 shows the distribution of the scattering angle for
simulations at 2500 m/s relative speed for O2–O2 collisions. The
results and analysis for the distribution of the scattering angle
in molecule–molecule simulations are similar to those observed
for the atom–molecule simulations. At lower values of the impact
parameter (=0.1 Å), the shape is skewed toward 180○. As the impact
parameter increases, the distribution peak moves toward lower
scattering angles and becomes centered around 90○. Note that the
centered distribution corresponds to different impact parameters
for the two vibrational levels. Here, the impact parameter employed

for the higher vibrational level is greater than that for the zeroth
vibrational level. Any further increase in the impact parameter
skews the distribution farther toward 0○. Again, the value of the
impact parameter is higher (=4.5 Å) for the scattering angle distri-
bution at the 30th vibrational level than at the zeroth vibrational
level (=3.3 Å). Similar trends can be observed for the other two
systems.

Figure 3(a) shows the variation in the average scattering angle
for all simulations, comprising an ensemble with respect to the
impact parameter for different relative speeds and ro-vibrational lev-
els for O2–O collisions. Figure 3(a) shows the variation at the zeroth
vibrational level. Note that at higher relative speeds, the threshold
value of the impact parameter at which the average scattering angle
decreases to 0○ is lower than that observed for ensembles with a
lower relative speed. The difference between the average scattering
angle plots for different rotational levels (but with the same rela-
tive speed and vibrational level) is insignificant. It is safe to pre-
sume that the rotational level of the molecule has an inconsequential
effect on the scattering angle and, further, on the collision cross sec-
tion. Again, similar observations are noted for other atom–molecule
collisions.

Line plots of the average scattering angle with respect to the
impact parameter for O2–O2 collisions are shown in Fig. 3(b) for the
zeroth vibrational level. As expected, the threshold impact parame-
ter at which the average scattering angle is less than 1○ increases as
the relative speed decreases. Note that for the same relative speed, the
value of the threshold impact parameter for the molecule–molecule
interactions is greater than that for the atom–molecule interactions.
This is primarily due to the difference in the PES when O3 and O4
systems are considered, wherein the molecular orbitals of O2 dis-
perse farther from the center than the atomic orbitals of O, which is
to be expected. Thus, molecule–molecule interactions have a longer
field of influence than atom–molecule interactions.

FIG. 2. Line plots of distribution of scattering angles for dif-
ferent vibrational levels and impact parameters (at relative
velocity VR = 2500 m/s) for O2–O2 collisions.
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FIG. 3. Line plot of average scattering angles with respect to the impact parameter for different relative speeds and ro-vibrational levels for (a) O2–O and (b) O2–O2
interactions.

IV. CROSS SECTION CALCULATIONS AND
VISCOSITY–TEMPERATURE RELATIONS
A. Atom–atom interactions

The differential cross section is defined38 as

σ = b
sin θ

RRRRRRRRRRR

db
dθ

RRRRRRRRRRR
, (2)

where b is the impact parameter and θ is the scattering angle. The
collision cross section is calculated by integrating the differential
cross section as follows:

σT = 2π∫
π

0
σ sin θdθ. (3)

The variations in the collision cross sections as a function of rela-
tive speed for the O–O and N–N systems are shown in Figs. 4(a)
and 4(b), respectively. In addition to the ab initio collision cross
sections, Fig. 4 also shows a comparison with the two VHS cross
sections for O–O and N–N collisions established by Bird39 and
Svehla.40 For both systems, at lower relative speeds, the MD-based
collision cross sections are greater than the VHS cross sections. In
contrast, at higher relative speeds, the values of the MD-based col-
lision cross section are lower than the VHS cross sections reported
by Svehla. For high-temperature calculations, it has been asserted41

that the VHS parameters used by Svehla40 are more appropriate than
those suggested by Bird.39 This opinion is validated in the present
work. However, at low speeds in the range of 100–250 m/s, the
VHS parameter provided by Svehla underpredicts the collision cross
section, and the VHS parameters provided by Bird are more reli-
able. The insets in Fig. 4 highlight this recommendation. The bet-
ter match with Bird’s results at lower temperatures seems to be a

direct consequence of the choice of a lower reference temperature by
Bird (298 K).

The collision cross section can be further used to calculate
the first-order approximation of the viscosity–temperature depen-
dence,38

μ = (5/8)(πmkT)1/2

(m/(4kT))4 ∫ ∞0 c7
rσμexp[−mc2

r /(4kT)]dcr
, (4)

where m is the reduced mass, k is the Boltzmann constant, cr is the
relative speed, and σμ is the viscosity cross section which is given by
the following relation:

σμ = 2π∫
π

0
σsin3θdθ. (5)

Figures 5(a) and 5(b) show the variation in the coefficient of viscos-
ity with respect to temperature for different cross section data for
atomic oxygen and atomic nitrogen, respectively (calculated using
the present cross section data and existing VHS parameters). For
both systems, the coefficients of viscosity calculated using the col-
lision cross section data in the present work are closer to those
obtained using the VHS parameters provided by Svehla than with
those provided by Bird, again affirming the validity of Svehla’s data,
especially at high temperatures.41 It must be clarified that the com-
parison of collision cross sections and viscosity–temperature depen-
dence at high temperatures calculated in the present work with those
obtained using parameters recommended by Bird is to highlight a
wide contrast between the two models since Bird’s VHS parameters
were calibrated to near ambient temperature conditions only.

In addition to the shear viscosity, the bulk viscosity plays an
important part in the shock structures in polyatomic gas flows at
high temperature adding to the complexity of the problem. The bulk
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FIG. 4. Comparison of the variation of the collision cross section (σT ) for (a) O–O system and (b) N–N system with relative speed calculated in the present work against the
previously established VHS cross sections.

viscosity coefficient is a measure of the dilatational stresses which
is caused by the collisional relaxation of the internal modes: rota-
tional and vibrational levels. The rotational modes of gas molecules
are excited even at room temperature, making it ubiquitous across

all flow conditions. The rotational non-equilibrium effect can be
accounted for by introducing the excess normal stress associated
with bulk viscosity.42–45 In this framework, the effect of bulk viscos-
ity can be treated by determining the ratio of the bulk viscosity to

FIG. 5. Coefficient of viscosity as a function of temperature for (a) atomic oxygen and (b) atomic nitrogen. The present calculations are compared with previously established
VHS relations.
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the shear viscosity. On the other hand, QCT modeling of rotational
and vibrational relaxation, and calculation of inelastic collision cross
sections will provide better insight into theoretical calculation of the
bulk viscosity coefficient. The present work is limited to calculation
of the coefficient of shear viscosity, while the effect on bulk viscosity
will be addressed in a future work.

B. Atom–molecule and molecule–molecule
interactions

In the case of atom–atom interactions, there exists an estab-
lished formulation for calculating the collision cross section. How-
ever, in the case of atom–molecule and molecule–molecule inter-
actions, the same formulation cannot be employed to calculate the
collision cross section. First, it is necessary to define a cut-off dis-
tance for the impact parameter that can be used to calculate the
cross sections. In the present model, the collision cross sections are
defined as follows:

σT(v, j, VR) = πb2
max, (6)

where bmax is the threshold value of the impact parameter at which
the average scattering angle of a simulation ensemble is less than
1○. In the case of atom–molecule interactions, the total number of
σT required would be equal to the number of vibrational levels of
the diatomic molecule. For the case of molecule–molecule inter-
actions belonging to same species, the number of σT required is

Nvib × (Nvib − 1)/2, where Nvib is the number of vibrational levels
of the molecules.

The collision cross section as a function of relative translational
velocity for a particular combination of a ro-vibrational level is best
approximated using a fit of the following form:

σT,fit(v, VR) = a(v)Vb(v)
R , (7)

where a and b are fitting parameters. These parameters are different
for each vibrational level. The subscript j can be dropped from the fit
as the rotational level of the molecule does not affect the scattering
angle distribution and, subsequently, the collision cross sections. In
a semi-logarithmic scale along the VR dimension, the behavior of the
collision cross section with respect to the relative speed produces a
downward-sloping straight line. This form of collision cross section
relation can be adjusted in such a way that the viscosity calculated
at two temperatures accurately matches the existing valid data. The
parameters of the collision cross section fits are adjusted as

σT,adj(v, VR) = (a(v) + a′)Vb(v)+b′

R , (8)

where it is assumed that a′ and b′ have a single value for the system
and are independent of the vibrational level.

The viscosity calculations in the case of atom–molecule and
molecule–molecule systems are approximated in the following form
due to the inclusion of the vibrational level:

μ = (5/8)(πmkT)1/2

( m
4kT
)

4
Q−1

v [ ∑
v1 ,v2

exp(−Ev1

kT
)exp(−Ev2

kT
) ∫ ∞0 c7

r
2
3σT,adj(v1, v2)exp(−mc2

r

4kT
)dcr]

, (9)

where Ev1 and Ev2 are the vibrational energies of the two molecules
at v1 and v2 vibrational levels, respectively, and Qv is the partition
function for the vibrational degree of freedom,

Qv = ∑
v1 ,v2

exp(−Ev1

kT
)exp(−Ev2

kT
). (10)

In the case of atom–molecule collisions, a single summation over
the vibrational levels of the molecule is computed. The temperature
values employed to calculate the adjusted parameters for O2–O2,
N2–N2, and N2–O2 systems are 273.15 K and 293.15 K. The cor-
responding viscosity data at these temperatures are obtained from
the NIST data.46 For atom–molecule collision systems, Wilke’s mix-
ing rule47 is employed to obtain the mixture viscosities for the same
set of temperatures. The values of the adjusted parameters in Eq. (8)
are calculated using back substitution in Eq. (9), and the collision
cross sections are modified accordingly. The viscosity given by this
method of fitting is in good agreement with those provided by the
NIST database at temperatures up to 1000 K.

Figures 6(a)–6(d) show the variation of collision cross section
calculated in the present work for O2–O, N2–N, O2–N, and N2–O

collisions, respectively, at different vibrational levels. The VHS cross
section data using the parameters proposed by Bird39 and Svehla40

are also plotted. The collision cross section data at the zeroth vibra-
tional level for both the systems calculated in the present work
are closer to the VHS cross section data employing the parame-
ters proposed by Svehla than with those predicted by the param-
eters reported by Bird. Surprisingly, the differences between the
cross sections for O2–O and O2–N, and for N2–N and N2–O are
negligible.

Similarly, Figs. 7(a)–7(c) show the variation in total molecule–
molecule cross sections calculated in the present work under dif-
ferent combinations of vibrational levels for O2–O2, N2–N2, and
N2–O2, respectively. Additionally, the figures show the VHS cross
sections using the parameters reported by Bird39 and Svehla.40 For
all three systems (O2–O2, N2–N2, and N2–O2), it is clear that the
collision cross sections calculated for different vibrational level com-
binations have significant differences. Similar to the atom–molecule
systems, the cross sections calculated using Svehla’s VHS parame-
ters are closer to the cross sections obtained in the present work
with both molecules occupying the zeroth vibrational level when
compared to those calculated using Bird’s VHS parameters. This
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FIG. 6. Line plots of collision cross section for (a) O2–O, (b) N2–N, (c) O2–N, and (d) N2–O interactions with respect to relative speed for different vibrational level combinations
calculated in the present work.

also indicates that Svehla’s parameters remain effective at higher
temperatures. However, the differences in the collision cross sections
for different combinations of vibrational levels are explicit.

In the case of N2–O2 collisions [shown in Fig. 7(c)], the colli-
sion cross sections for the v1 = vN2 = 35 and v2 = vO2 = 0 combina-
tion are greater than those for the v1 = vN2 = 0 and v2 = vO2 = 35
combination. A nitrogen molecule in the 35th vibrational energy
level has more energy than an oxygen molecule in its 35th vibra-
tional level. This shows that the vibrational energy has a significant
effect on the collision cross sections and that the combination of

vibrational levels in a hetero-molecular interaction, such as for
N2–O2 systems, is important.

Figures 8(a)–8(c) show the variation in the coefficient of vis-
cosity with respect to temperature by integrating the collision cross
sections obtained in the present work and the VHS cross sec-
tions for molecular oxygen, nitrogen, and a mixture of oxygen and
nitrogen in equal proportions, respectively. Note that the viscosity–
temperature relationship obtained in the present work matches per-
fectly with those obtained using VHS parameters at temperatures
up to 800 K. Beyond 800 K, the viscosity coefficients predicted
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FIG. 7. Line plots of the collision cross section for (a) O2–O2, (b) N2–N2, and (c) N2–O2 interactions with respect to relative speed for different vibrational level combinations
calculated in the present work.

with the Svehla VHS model are lower than the predictions from
the present work. The present viscosities also match quite well
with those provided by Blottner et al.48 and Boushehri.46 For N2–
O2 collisions, Wilke’s mixing formula is employed to obtain the
effective viscosity using Blottner’s data for molecular nitrogen and
oxygen.

The adjusted parameters introduced in Eq. (8) to modify
the collision cross sections were calculated on the basis of two

temperature values and the corresponding viscosities. However,
the viscosity–temperature relation calculated in the present work
matches the NIST data well over the entire range of temperatures.
The formulation of the adjusted parameters employed in the col-
lision cross section calculations should therefore be assessed. In the
absence of a convincing theory for calculating the collision cross sec-
tions for atom–molecule and molecule–molecule interactions, as a
first approximation, the proposed formulation is reasonable.

FIG. 8. Viscosity–temperature relations obtained from the present collision cross sections for (a) molecular oxygen, (b) molecular nitrogen, and (c) mixture of nitrogen and
oxygen at equal mole fractions compared with those calculated using the previously established VHS cross sections and viscosity models.46,48
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FIG. 9. Comparison of different modes of temperatures at
the centerline for collision cross section calculated in the
present work with the Bird and Svehla VHS model. The zero
point refers to the stagnation point on the cylinder.

C. Effect of vibrational level dependent collision cross
sections on re-entry flows

The collision cross sections calculated for higher vibrational
levels in the present work are remarkably different from those
predicted by the VHS cross sections. It is also apparent that the
vibrational level has a notable effect on the collision cross section,
especially at higher relative speeds. The collision cross sections at
higher vibrational levels are larger than those at lower vibrational
levels. This will have a profound effect on hypersonic nonequi-
librium flows, particularly re-entry flows. Toward this end, the
vibrational level dependent collision cross section model is com-
pared with the phenomenological Bird and Svehla VHS model by
simulating a high-enthalpy non-reacting molecular oxygen flow
(U∞ = 10 000 m/s) around an infinite cylinder (d = 304.8 mm) at
rarefied ambient conditions (number density = 1 × 1020 m−3 and
temperature = 200 K) using the DSMC method. The cylinder surface
temperature is fixed at 1000 K with the diffuse gas–surface interac-
tion model at full thermal accommodation. The time step chosen
for the current simulation is 10−8 s. The Larsen–Borgnakke (LB)
model with constant relaxation parameters (Zrot = 5 and Zvib = 50) is
employed to handle the inelastic collisions. At steady state, roughly
21 × 106 DSMC particles populate the 1000 × 1000 regular Carte-
sian grid in the 1 m × 1 m domain. Figure 9 shows the centerline
plots of three modes of temperatures: translational, rotational, and
vibrational for the three sets of simulations. The effect of the colli-
sion cross section model on temperature variation and on the shock
structure is apparent. The higher collision cross section estimated by
the new model results in more number of collisions which in turn
leads to increased probability of inelastic collisions. Higher rota-
tional and vibrational temperatures is a direct consequence of higher
degree of internal energy exchange in simulations employing the
new model compared to those obtained in simulations with Svehla
and Bird VHS models. The shock structure in the DSMC simula-
tion employing the new collision cross sections is less diffused than
those noticed in the VHS model. The effect of the vibrational level
dependent collision cross section model on flow physics in a realistic

situation with chemical and ionization reactions will be taken up as
future work.

V. NONEQUILIBRIUM TRANSPORT COEFFICIENTS
Park49 suggested a two-temperature model for calculating

nonequilibrium chemical reaction rates. According to this two-
temperature model, the translational and rotational modes of energy
are assumed to be in full equilibrium with each other and can be
replaced with a single trans-rotational temperature (Ttr or simply T).
In addition, it is assumed that the vibrational and electronic modes
of energies are in equilibrium with each other, leading to a single
vibro-electronic temperature (Tve or simply Tv). Park stated that,
in the case of forward reactions, the temperatures supplied to the
Arrhenius equation are the geometric mean of the trans-rotational
and vibro-electronic temperatures. Several modifications to the tem-
perature indices have been reported.50 Furthermore, a detailed dis-
cussion on the transport properties of the mixtures has also been
presented.47,51,52 However, the effect of the nonequilibrium state on
the transport properties has not been thoroughly investigated. In the
present work, it is clear that the collision cross section depends on
the vibrational energy. Thus, it is obvious that different combina-
tions of trans-rotational and vibro-electronic temperatures will have
a considerable effect on the transport properties, in particular, the
viscosity coefficients. As vibrational level-dependent cross sections
are now available, it is possible to approximate the coefficient of vis-
cosity in nonequilibrium conditions to the following relation, which
is similar to Eq. (9),

TABLE II. Parameters for the analytical fit of nonequilibrium viscosities.

a ω ωv b Tref

N2–N2 4.4783× 10−5 0.6484 −0.0195 3.8948× 10−8 1000
O2–O2 5.6416× 10−5 0.6375 −0.0792 6.7929× 10−7 1000
N2–O2 4.3565× 10−5 0.6829 −0.0481 −1.6876× 10−7 1000
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μ(T, Tv) =
(5/8)(πmkT)1/2

( m
4kT
)

4
Q−1

v [ ∑
v1 ,v2

exp(− Ev1

kTv
)exp(− Ev2

kTv
) ∫ ∞0 c7

r
2
3σT(v1, v2)exp(−mc2

r

4kT
)dcr]

, (11)

where again cr is the relative speed, T is the temperature, Tv is the
vibrational temperature, Ev1 and Ev2 are the vibrational energies of
the two molecules at v1 and v2 vibrational levels, respectively, and
Qv is the partition function for the vibrational degree of freedom.

This formula is employed to calculate the coefficient of vis-
cosity for various combinations of translational and vibrational
temperatures. The following analytical function is used to fit the
data:

μ(T, Tv) = a( T
Tref
)
ω

( Tv

Tref
)
ωv

+ b, (12)

where a, ω, ωv , b, and Tref are parameters. The parameters for var-
ious combinations of gases are listed in Table II. The maximum
relative error for each of the fits is less than 0.1%.

Figures 10(a)–10(c) show the effect of the varying vibrational
temperature on viscosity–temperature relations for O2–O2, N2–N2,
and N2–O2 systems, respectively. The viscosity–temperature rela-
tion in the equilibrium condition is also plotted along with the
nonequilibrium viscosities to highlight the difference in the values.
It is clear, especially at higher temperatures, that nonequilibrium
conditions have a significant effect on the coefficient of viscosity.
Additionally, when the conditions are further from equilibrium,
there is a greater effect on the viscosity values. It is also notewor-
thy that the nonequilibrium effect is more pronounced in the case
of the O2–O2 system than the N2–N2 system. From Fig. 10, it is evi-
dent that the effect of the vibrational level is stronger in the case of

O2–O2 and N2–O2 collisions than for the N2–N2 collisions. The rea-
son for this is likely to be the difference in the molecular structure of
oxygen and nitrogen molecules. The equilibrium distances for dif-
ferent vibrational levels in the case of nitrogen molecules are smaller
than those in oxygen molecules. Furthermore, the extremities or
turning points for the vibrating oxygen molecules are wider than
those found in nitrogen molecules. As a result, the collision cross
sections for the nitrogen molecule at different vibrational levels, as
shown in Fig. 7(b), are more compact than those observed for the
oxygen molecule (shown in Fig. 7).

At higher altitudes, the nonequilibrium degree is very high.
Thus, the temperatures corresponding to different modes of energy
are different, and the distribution of populations in different energy
levels does not correspond to an equilibrium one. The formulation
provided in the present work can be used to calculate the trans-
port properties in situations with nonequilibrium energy distribu-
tions. In our previous work, the vibrational energy distribution in
the shock front and at the stagnation point was analyzed.53 The
translational, rotational, vibrational, trans-rotational, and total tem-
peratures in the shock front for reacting oxygen flow over a cylin-
der at a re-entry speed of 5000 m/s are 14 000 K, 6700 K, 1065 K,
11 080 K, and 9820 K, respectively. Five separate cases are consid-
ered for calculating the local viscosity in the shock front. A single-
temperature viscosity model employing either the translational (Tt),
trans-rotational (Ttr), or total (Ttot) temperature is used. In addition,
the two-temperature model detailed in the present work, employing

FIG. 10. Nonequilibrium effect of vibrational temperature on the viscosity–temperature relation for (a) O2–O2 collisions, (b) N2–N2 collisions, and (c) N2–O2 collisions.

Phys. Fluids 32, 036102 (2020); doi: 10.1063/1.5141148 32, 036102-12

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

TABLE III. Comparison of viscosities calculated using different models in the shock
front for re-entry flow (U∞ = 5000 m/s).

Viscosity
Model (×10−5 Pa s)

Single temperature (T = Tt = 14 000 K) 24.9472
Single temperature (T = Ttr = 11 080 K) 22.1128
Single temperature (T = Ttot = 9 820 K) 20.7396
Two temperature (Ttr = 14 000 K and Tvib = 1 065) 28.4018
Nonequilibrium model 27.4876

the trans-rotational and vibrational temperatures, is used. Finally, a
nonequilibrium model employing the actual vibrational and kinetic
energy distributions, instead of an equilibrium distribution for the
vibrational and translational temperatures, is used to calculate the
viscosity. The results are presented in Table III. The difference in
the viscosity calculated using the single-temperature model employ-
ing the translational temperature and the two-temperature model
presented in this work is around 12%. Furthermore, the difference
in the viscosity calculated using the two-temperature model assum-
ing an equilibrium distribution for the vibrational and kinetic energy
with the nonequilibrium model is around 3%. It is clear that the
difference in the viscosity values given by different models is consid-
erable, thus highlighting the need to choose the transport coefficient
models and parameters more carefully. At higher re-entry speeds,
the distribution of the vibrational energies will further diverge from
the equilibrium distribution, making the difference in the viscosities
calculated using the two-temperature model and the nonequilibrium
model more prominent.

In the case of re-entry flows, highly nonequilibrium conditions
are encountered, and hence, it is important to include the nonequi-
librium effects on the transport coefficients. Generally, the vibra-
tional temperature is much lower than the trans-rotational temper-
ature because of the higher relaxation time for vibrational energy
distribution. The figures suggest that the viscosity values employed
in traditional codes underpredict the viscous effect. This might have
significant ramifications for the boundary layers and, subsequently,
the surface properties. As stated in Sec. IV B, the theoretical limi-
tations of calculating collision cross sections that are a function of
vibrational level affect the calculation of nonequilibrium transport
properties. Hence, the present work employs first-order approxima-
tions to calculate the transport properties. Higher-order approxima-
tions of the transport properties based on nonlinear theories will be
employed in the future.

VI. CONCLUSION
Atom–atom, atom–molecule, and molecule–molecule collision

cross sections are extremely important for several applications. This
work has examined the calculation of the collision cross sections
for several collision partners encountered in air chemistry. Our
investigations established that the rotational levels have a negligible
effect on the collision cross section of diatomic molecule interac-
tions. However, the same cannot be concluded for the vibrational
levels. The collision cross sections for higher vibrational levels are

significantly higher than those calculated at the zeroth vibrational
level. Additionally, the collision cross sections calculated in the
present work are appreciably different from the VHS cross sections
employing different sets of parameters. In highly nonequilibrium
simulation conditions, the effect of the vibrational levels on the col-
lision cross section can be vital. This factor is often neglected by the
widely used phenomenological models. In the case of re-entry flows,
the vibrational levels in the vicinity of the shock have a nonequi-
librium distribution. The population of the diatomic molecules in
lower vibrational levels is higher than the equilibrium distribution
population at the given vibrational temperature. At lower vibra-
tional levels, the collision cross sections calculated using the present
method are smaller than the values predicted by the VHS models.
This directly affects the collision rate and the reaction probability
in cases where the energy of the collision is higher than the activa-
tion energy. Additionally, the scattering angle distribution derived in
the present work can be used to model collisions in a better manner
for DSMC-like methods. For continuum-based solvers, the effect of
nonequilibrium conditions on the coefficient of viscosity was exam-
ined. This new transport property model will have a profound effect
on the physics of re-entry flows.

SUPPLEMENTARY MATERIAL

The fitting parameters for the collision cross section for N2–N,
O2–O, N2–N2, O2–O2, and N2–O2 collision pairs are tabulated in
the supplementary material.
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