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Abstract: For understanding many real-world problems involving rarefied hypersonic, micro-, and
nanoscale gas flows, the primary method may be the direct simulation Monte Carlo (DSMC). However,
its computational cost is prohibitive in comparison with the Navier-Stokes-Fourier (NSF) solvers,
eclipsing the advantages it provides, especially for situations where flow is in the near continuum regime
or three-dimensional applications. This study presents an alternate computational method that bypasses
this issue by taking advantage of data-driven modeling and nonlinear coupled constitutive relations.
Instead of using numerical solutions of higher-order constitutive relations in conventional partial
differential equation-based methods, we build compact constitutive relations in advance by applying deep
neural network algorithms to available DSMC solution data and later combine them with the conventional
finite volume method for the physical laws of conservation. The computational accuracy and cost of the
methodology thus developed were tested on the shock wave inner structure problem, where high thermal
non-equilibrium occurs due to rapid compression, for a range of Mach numbers from 2 to 10. The
simulation results obtained with the computing time comparable to that of the NSF solver showed almost
perfect agreement between the neural network-based combined finite volume method and DSMC and
original DSMC solutions. We also present a topology of DSMC constitutive relations that allows us to
study how the DSMC topology deviates from the NSF topology. Finally, several challenging issues that

must be overcome to become a robust method for solving practical problems were discussed.
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I. INTRODUCTION

In fluid dynamics, constitutive relations play a crucial role in describing the thermo-fluidic behavior of
a flow subjected to certain thermodynamic forces like spatial gradients of velocity or temperature. These
relations, in combination with the conservation laws of mass, momentum, and energy, provide the
governing equations applicable to a physical flow situation. For any application, the solution of these
governing equations with imposed initial and boundary conditions provides the physical representation of
the system.

The most widely used set of constitutive relations in fluid dynamics are the Navier-Stokes and Fourier
(NSF) relations (linear in nature). A vital assumption in these relations is that the flow constitutes a near-
local thermal equilibrium (LTE). This assumption does not hold for applications that are not near LTE.
With recent advancements in science and technology, various applications have surfaced where the flow
exhibits the presence of thermal non-equilibrium. These include the motion of a gas in rarefied, micro-
scale [1-7], and hypersonic flow conditions [8-10], electron transport in semiconductor devices [11, 12],
and non-Newtonian viscoelastic fluids (like polymer solutions, lubricant fluids, and complex fluids) [13,
14]. The solution for these applications requires a governing equation that consists of higher-order
constitutive relations.

These flow situations require a set of governing equations comprising a new set of constitutive
relations or gas kinetic equations. The most general governing equation capable of providing the correct
solution for flows with the presence of thermal non-equilibrium is the Boltzmann kinetic equation (BKE).

The BKE for a monatomic gas can be written as,
0
(aJrv-ij(v,r,t):C[f,fz] , (1)

where f(v,r,t) and C[f, f,] represent the distribution function in terms of the particle velocity, the

particle position, and time, and the Boltzmann collision integral, respectively. The direct analytical and

numerical solutions of BKE are complex due to the Boltzmann collision integral term.



An alternative to this approach involves solving BKE using the computational methodology; for
example, direct simulation Monte Carlo (DSMC). In the DSMC method, the molecular behavior of gases
is simulated directly by decomposing the motion of the particles into two steps, i.e., deterministic
movement and stochastic collision via Monte Carlo [15-17], with the assumption of one simulated
particle representing a large number of real particles. The DSMC method is a pure particle method that is
not based on any partial differential equations (PDEs). Mathematically, the solution of DSMC converges
to the solution of the BKE, where the gas experiences binary collisions of gas particles. However, utmost
care must be taken when choosing the critical computational parameters, such as the time step, the cell
size, and the number of DSMC particles [15-19]. Since its inception, DSMC has evolved into a primary
workhorse for obtaining the numerical solution of the BKE and has been routinely applied to various flow
problems of scientific and technological interest.

A critical issue with DSMC is that it is generally computationally expensive, prohibitively so,
especially in the regime near the continuum limit and in three-dimensional flow problems [15-19]. The
problem is that DSMC requires the tracking of a large number of statistically representative particles. To
address this issue, in recent years various researchers have focused on developing hybrid NSF-DSMC
solvers [20-23]. Since these solvers still employ DSMC for at least some part of the computational
domain, these solvers still suffer a higher computational cost compared to conventional CFD methods. In
parallel, various researchers have worked on the critical issue with the direct solution of BKE, i.e., the
collision integral, and have attempted to create a simplified model for this term. Among these, the
Bhatnagar-Gross-Krook (BGK) [24], Shakhov-BGK [25], and ellipsoidal statistical BGK (ES-BGK) [26]
present linearized or simplified Boltzmann model equations.

Instead of the aforementioned particle-based methods, the PDE-based methods would propose a new
set of equations using higher-order constitutive relations. Taking this approach, various researchers have
presented a new set of equations called the extended or generalized hydrodynamic equations. These

include the Burnett equations [27-29], the Grad equations [30], and the regularized moment equations (R-



13 [31] and R-26 [32]). In another study, based on Eu’s generalized hydrodynamic equations [33], Myong
[1, 3,5, 6, 7, 34, 35] developed the nonlinear coupled constitutive relations (NCCR) in algebraic form.

Estimating macroscopic properties using methods based on hydrodynamic equations is
computationally efficient, but has a crucial disadvantage in that the predicted values of the macroscopic
properties are less accurate than the ones predicted using full kinetic methods. Consequently, the
development of a computationally comparable (to conventional NSF solvers) solution methodology for
non-equilibrium gas flows remains a prime concern.

Specifically, it is necessary to develop an innovative technique that can solve the key shortcoming of
the DSMC method, i.e., the high computational cost that results from the solution methodology
implemented in DSMC, i.e., being a stochastic simulation process. One computationally efficient scenario
could be to solve the conservation laws in conjunction with the nonlinear coupled constitutive relations
directly obtained from the DSMC data.

The origin of this novel idea can be traced back to Myong’s 1999 article in the Physics of Fluids in
which it was stated that “if a method in which the constitutive relations are stored as a separate database
or an operator-splitting method is adopted, the additional computational cost can be trivial compared
with the Navier-Stokes relations.” [1, p. 2800].

In this study, instead of using numerical solutions of higher-order constitutive relations in
conventional algebraic or differential form, we use DSMC data to build a separate database for
constitutive relations (CR) in advance and later combine it with the conservation laws (CL), which are
fundamental laws of physics. It should be noted that this new method is the third way to solve gas flows in
thermal non-equilibrium (PDE for CL and data extracted from DSMC for CR), which distinguishes it
from the existing methods: PDE-based CFD method (PDE for both CL and CR) and pure particle method
(DSMC for both CL and CR).

In recent years, a new statistical technique based on data-driven modeling has proved to be a useful
tool in various fields. It has also piqued the interest of researchers working in fluid dynamics. In the field

of turbulence, numerous researchers have employed this data-driven technique to develop models for the
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Reynolds-averaged Navier-Stokes (RANS) utilizing high-fidelity numerical and experimental data [36-
39]. Recently, this data-driven technique has attracted the attention of researchers working in rarefied gas
dynamics.

Zhang and Ma [40] employed the PDE-FIND algorithm [41] to derive the governing equations of
various flow situations using macroscopic property data from DSMC. Xing et al. [42] used gene
expression programming to derive the governing equation for various fluid flow situations using the
macroscopic properties and their gradients predicted by DSMC as the input data. Yao et al. [43] and Zhao
et al. [44] developed machine learning (ML) models using a randomized tree algorithm, where the
mapping was carried out between the data of macroscopic properties and their gradients from the unified
gas kinetic scheme (UGKS) and the NSF solution. Nair et al. [45] developed a deep neural network (DNN)
model mapping the gradients of macroscopic properties from DSMC using similar gradients from NSF.

The current work exploits the advantages of constitutive relations, i.e., developing a DNN model (one
of the ML algorithms) for the constitutive relations using the DSMC data. This model can then act as the
new higher-order constitutive relations for the conservation laws, allowing the development of a
computational methodology that predicts the DSMC results with a computational cost comparable to the
conventional NSF solvers. The choice of the DNN model over less complex techniques like simple curve
fitting, regressions, or least-square to develop the constitutive relations emanates from the fact that the
one-dimensional shock problem has a high degree of non-linearity and modeling such a phenomenon by
using routine curve-fitting/least-square methods will cause the model to lose generality, which prevents us
from achieving our critical goal, i.e., a single model that works for all the intermediate Mach numbers and
whose DSMC solution is not a part of training the DNN model.

To verify the essence of the new method, we first consider the NCCR model for a monatomic gas
developed by Myong and his collaborators [1, 5, 7, 34, 35] in conjunction with conservation laws. We
generate the NCCR data by numerically solving the NCCR model, develop a DNN model for the
constitutive relations from the NCCR data, and finally combine the DNN model with the finite volume

method (FVM) of conservation laws. By comparing this FVM-NCCR-ML solution with an original
5



FVM-NCCR solution, we can verify the accuracy of the FVM-NCCR-ML method. Further, we construct
a topology of DSMC constitutive relations, which allows us to study how the DSMC topology deviates
from the NSF topology when the flow is away from local thermal equilibrium.

While various situations can cause a gas flow to become non-equilibrium (some of which are
compression, expansion, and velocity shear), the current study focuses on FVM-ML algorithms (FVM-
NCCR-ML and FVM-DSMC-ML) for the one-dimensional compressive shock structure problem because

of its simplicity and importance for gases in high non-equilibrium states.

II. CONSERVATION LAWS AND CONSTITUTIVE RELATIONS
Any conventional numerical technique shares the same physical laws of conservation which for mass,

momentum, and energy are as follows [1, 18, 19, 35],

ol 7 pu 0
" puU +V-| puu+ pl +V. II =0. )
,DE Conserved (pE + p) u Inviscid H U+ Q Viscous
Variable Flux Flux

Here p is the density, u is the fluid velocity, p is the pressure, and E is the total energy. The following
relations of the equation of state (EOS) and E are also assumed (T, 7, and R, are the temperature, the

specific heat ratio, and the gas constant, respectively);

p
p(y -1

1
p:pRgT, E = +EU'U. (3)

It should be mentioned here that the perfect EOS is satisfied in DSMC solutions [16]. It has been shown
in previous works [2, 5, 7, 18, 19] that this set of equations (2) is an exact consequence of the original
Boltzmann kinetic equation (1). Only after some approximations like the linear Navier and Fourier
constitutive relations are introduced into the viscous shear stress (II) and the heat flux (Q) in (2); do

they become approximate, thereby valid only near LTE.
The key difference between various methodologies is how the constitutive relations for the viscous

stress tensor and heat flux vector are modeled. The NSF set of equations (widely applied to solve in many
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applications) employs a linear approximation ( «, k being the viscosity and thermal conductivity,

respectively), i.e.,

(2)
M =—2u[Vu]”,
Qusr =—kVT.

(4)

Here, | is the viscosity, k is the thermal conductivity, and the symbol [A](Z) stands for the traceless

symmetric part of a tensor A . If the conservation laws (2) are solved together with these linear
constitutive relations for non-equilibrium gas flows, the predictions of macroscopic properties will be
valid only near LTE.

Thus, for the case of non-equilibrium flows, the constitutive equations for the two undetermined
variables, i.e., viscous stress tensor, and heat flux are derived by first differentiating the statistical

definition of the variables with time and then combining them with the Boltzmann kinetic equation [2, 5,

71,
P—d (I(Ijt/ Py ™ 2 -vul® + 2p[Vul® = A,
(5)
d(Q/ du
p—(?jt P Ly .y @ 1y ® VU+Q-Vut = M+TL-V(C,T)+ pvV(C,T) =AY,
H,Q,P)

Here, C, is the heat capacity per mass at constant pressure. In the constitutive equations (5), y/(

represent the open high-order terms of the viscous stress tensor, and the heat flux, respectively. AP on
the right-hand side of Eq. (5) represent the dissipation in the non-conserved quantities which is attributed
to the collisional operator in the Kinetic equation. At this point, it should be mentioned that the
constitutive equations (5) are an exact consequence of the Boltzmann equation [2, 5, 7] and are thus

capable of capturing the whole flow physics if they are provided with accurate closure on the open
higher-order terms ™" and A™?.

In the present work, we implement this observation with the key difference that instead of analytically

deriving the accurate closure of these higher-order terms in the constitutive equations (5), we simply



employ the closed solution of DSMC in combination with DNN to reach a closed representation of these
constitutive relations. Therefore, the current methodology does not suffer the so-called closure problem.

To attain accurate closure of the constitutive equations (5), these relations require DSMC data or a

higher-order formulation consisting of nonlinear coupled functions f, f, , which for direct

implementation in the conservation laws can be expressed as,

M psuc or Higher-order — fn (HNSF ’QNSF )' (6)
=f

Q (HNSF’QNSF )

QDSMC or Higher-order

It should be mentioned here that the first-order quantities such as g psuc) = —2,u(TDSMC)[VuDSMC ](2)

were introduced as a bookkeeping role to efficiently construct the topology of DSMC
constitutive relations to be coupled with the conservation laws (2). Therefore, introducing these
quantities does not contaminate the DSMC constitutive data and does not affect the final
solutions in principle.

On the other hand, the simplest second-order NCCR model that contains the essence of the

nonlinearity and tight-coupling in the nonlinear coupled constitutive relations can be expressed as follows

[1,5, 7, 34, 35]:

1_[and—order (CR) = 1_[NSF + [H : Vl:I](Z)'

. A .~ . (7
Qand»order (cR) = QNSF +1II- QNSF )

where

~. sinh(cR) - N A A A2
q2nd—order (CR) = #, R= |:H ‘TI +Q Q:| .
cR

Here c is the coefficient of gas power laws [1]. The following dimensionless and hat quantities have been

applied:
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Here the subscript r represents the reference state and L denotes the characteristic length.

In traditional CFD solvers, where the majority of the solution techniques are based on the numerical
solution of some PDE, to gain a theoretical understanding of physical phenomena (for example, Prandtl’s
boundary layer theory), one can analyze the relationship between the mathematical equations, their
structure, and solution behavior.

In recent years, data-driven modeling has proven to be a practical tool in various fields of science and
technology, capable of extracting essential physics from the data. Thus, in the current work, data-driven
modeling will be employed for extracting the higher-order constitutive relations (as formulated in Eq. 6)
from the DSMC solution data, and this model will serve as the constitutive relations to the conventional

FVM solver of the conservation laws, which are fundamental laws of physics.

A. Shock wave structure problem

A stationary shock wave structure is a pure one-dimensional compressive gas flow that manifests as a
sliver of a stationary gas flow region (order of mean free path) [46]. It forms between the supersonic
upstream and the subsonic downstream. This flow is the most widely studied problem in gas dynamics
[47-51], as the physical understanding of this flow has crucial technological implications.

The advantage of this flow (on top of being a one-dimensional case) is the absence of boundary
conditions. Thus, the shock structure problem is an ideal case to test a new numerical algorithm, as the

solution does not suffer from the contamination caused by the solid wall boundary condition.



The conservation laws that need to be solved to obtain the numerical solution for the shock structure

problem are,

0 P 0 P
—| pu [+— puu+p+IT,, =0. 9)
ot OX

pE (PE+p+I1, )u+Q,

To further emphasize the importance of the requirement for higher-order constitutive relations, the
density distributions in the shock structure are compared in Fig. 1 for solutions obtained by NSF, NCCR,
and DSMC. Differences in the numerical predictions of each solver result from the difference in the

estimation of viscous shear stress and heat flux by the constitutive relations unique to each method.
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FIG. 1. Comparison of normalized density profiles predicted by NSF, NCCR, and DSMC for Mach
numbers; (&) M =2 and (b) M = 10.

Comparisons of the viscous stress and heat flux computed by the constitutive relations of each of these
methods are presented in Figs. 2 and 3, respectively. Thus, the present work aims to develop data-driven
models of constitutive relations that estimate the viscous stress and heat flux with accuracy equivalent to

DSMC.
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FIG. 2. Comparison of normalized viscous stress profiles predicted by NSF, NCCR, and DSMC for Mach
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B. Computational methodology

The computational methodology consists of two parts. The first is the development of a DNN model,
which contains the extracted higher-order constitutive relationships, and the second is the development of
an FVM solver capable of solving the conservation laws in conjunction with these constitutive
relationships. The FVM solver developed for the present study is based on the second-order monotonic
upwind scheme for conservation laws (MUSCL) [52] with a min-mod limiter, Harten-Lax-van Leer-
Contact (HLLC) flux solver [53] for the convective terms, and a central difference scheme for the
calculation of viscous terms. The time integration of the set of conservation laws is achieved via the

explicit Euler method.

The details of the algorithm employed to develop the present DNN model for DSMC or a solution

methodology that encompasses higher-order constitutive relations can be summarized as follows:

Step 1. Generation of data.
For the current study, this is achieved with numerical solutions of the flow problem for a range of
critical parameters (Mach Numbers in the case of the shock structure problem) using DSMC or a

solution methodology that encompasses higher-order constitutive relations. This step provides the

solution for DSMC or higher-order stress and heat flux (TL gy or pigher-order » @ psmc or Higher -order )-

Step 2. Computing the following values from data obtained in Step 1.

a) NSF linear viscous stress (I ) is calculated using the velocity information obtained in
Step 1. The viscosity () is assumed to be a function of temperature and is calculated

using the relation,

H= :uref (T /Tref )w ' (10)
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Step 3.

b)

Here u, is the reference viscosity, T, the reference temperature, and « the

ef

coefficient of viscosity. In the current work, @ is ‘1’ (Maxwellian molecule), g, is

2.117x10° kg/m-s, and T, is 273.15 K.

ref
NSF linear heat flux (Q s ) is calculated using the temperature information obtained in
Step 1. The thermal conductivity is estimated using the following relation (Pr=0.75),

k=uC, IPr. (11)

Training the DNN model of constitutive relations.

The input for this modeling is the I, (explained in Step 2a) and Q- (explained in Step 2b)

and the output for this model is Il g, o pigner-order @A Q psc or Higher-order - 116 DNN model

maps the linear viscous stress and heat flux into the DSMC or higher-order viscous stress and

heat flux. Figure 4 presents the pictorial representation of how the topology on the DNN model

looks like.

II

NSF(DSMC) DSMC

QDSMC

QNSF(DSMC)

FIG. 4. Topology on the DNN model of constitutive relations.

When developing a DNN model, in addition to the choice of the input and output parameters,

various other DNN-related parameters require careful selection. These parameters include the number

of hidden layers, number of neurons in each layer, epoch, learning rate, batch size, type of activation

function, and optimizer function. The optimizer and the activation function are chosen as ‘adam’ and

13



‘relu’, respectively, in the present work. Since the numeric values of the rest of the parameters are
dependent upon the quality and size of the data, these parametric values are problem-dependent and

were chosen accordingly (i.e., the aim was to avoid over-fitting).
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> 1 1
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Solving ! Y :
Governing €« ML Model |
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| 1
| 1
| 1
I 1
| 1
1

FIG. 5. Flowchart of the algorithm employed in the FVM-ML solver.

The next step is implementing the DNN model within a conventional FVM framework which is

achieved by the following algorithm:

Step I. Estimating the NSF flux at the cell interface using the methodology explained previously
in Step 2. Here, the macroscopic properties used for calculation are the initial values for that
iteration.

Step Il.  The estimated value of NSF flux is normalized using the methodology given in (8) and
explained in detail by Myong [1, 34, 35]. These normalized values are the input to the DNN
model, and the corrected flux, i.e., the output from the DNN model, is communicated back to the
FVM solver.

Step I11.  The solution for the current iteration proceeds by employing these corrected fluxes

(communicated by the DNN model).
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The FVM-ML solver keeps iterating until the solution converges. The progress of the simulation
towards convergence is monitored by calculating the L1 error in macroscopic properties density, velocity,

and temperature by employing

1 Nee .
L1 error =’\I—Z“abs(¢5it - g). (12)

cell i=1

Here ¢ represents density, temperature, and velocity, and N, is the mesh number. The solution is

assumed to achieve convergence when the value of the L1 error is <10°° for all the monitored
macroscopic properties. For more clarity, Fig. 5 presents the flowchart of the algorithm implemented in

the FVM-ML solver.

C. Verification of the FVM-NCCR-ML strategy

Before combining the FVM-ML algorithm with DSMC, this methodology is tested by replicating the
FVM-NCCR solutions for the shock structure problem. The upstream pressure (pi1) and temperature (T1)
chosen for this study are 6.6595 Pa and 300 K, respectively. Based on the upstream conditions and the
flow Mach number (Mi), the remaining required macroscopic properties are calculated employing the
Rankine-Hugonoit relations [46] that are as follows,

Po g, 2 (g2l
p1_1+y+1(M1 1),

2_1+[(y—1)/2]|\/|f
M. = yME-(y-1)/2 13)

T_2= " 2y 2 2+(7/_1)M12
T, {1 (7+1)(M1 1)}{ (r+)M; }

In the equations above, subscript ‘1’ indicates the upstream conditions, and the subscript ‘2’ indicates

the downstream conditions. The specific heat value () is 1.667 (since the working gas is a monatomic

gas). Thus, based on the upstream conditions, the mean free path of the current study is 6.564x10“ m, and

the simulated domain extends from [-30.0, 30.0] times the upstream mean free path (containing 500 cells).
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The initial discontinuity is placed at the center of the domain. The data for developing the DNN model is

generated (from the in-house NCCR solver) for Mach numbers 2, 4, 6, 8, and 10.

Both the in-house one-dimensional FVM-NCCR-ML and FVM-NCCR are based on the methodology

explained in Section 11.B. The transport coefficients, i.e., viscosity and thermal conductivity, are

calculated employing the temperature-dependent power laws as defined in Egns. (10) and (11)

respectively. The value of the coefficient of the gas power laww is ‘1.0°, the reference temperature

T (=273.15 K), the reference viscosity ( ) is 2.117x 10 Pa-s, and the assumed Prandtl number

(Pr = 0.75).

Before carrying out the FVM-NCCR-ML simulations of conserved (density, velocity, and temperature)

and non-conserved (viscous stress and heat flux) properties using the developed DNN model, the

distribution of non-conserved properties estimated by this model is compared with the one predicted by

NCCR. Figures 6 and 7 compare two Mach number cases, 2 and 10, respectively. From these figures, one

can observe that the DNN model predicts the overlapping results.
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FIG. 6. Comparison of non-conserved viscous stress and heat flux profiles predicted by the DNN model
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with the actual results from the NCCR solver for the Mach 2 case; (a) viscous stress and (b) heat flux.
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FIG. 7. Comparison of non-conserved viscous stress and heat flux profiles predicted by the DNN model

with the actual results from the NCCR solver for the Mach 10 case; (a) viscous stress and (b) heat flux.
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of the FVM-NCCR-ML and FVM-NCCR solutions for Mach numbers; (a) M =2 and (b) M = 10.

The next test compares conserved macroscopic properties (density, velocity, and temperature) of the
FVM-NCCR-ML and FVM-NCCR solutions for the Mach numbers 2, 4, 6, 8, and 10. The Courant
number for all the simulations is 0.45, and the time-step is calculated based on the correlations presented
in [34]. For brevity, only the results for Mach numbers 2 and 10 are presented in Figs. 8a and 8b,

respectively. The conserved macroscopic properties are normalized employing the following relation,

o —-D
o = —2—2L where ® is either p or T, (14)
q)z - ch
V. -V
Vnorm = el 2 ) (15)
V, -V,

The results for all the cases show excellent agreement in FVM-NCCR-ML and FVM-NCCR solutions.
When comparing the computational cost, that of the FVM-NCCR-ML solver ranges from
approximately 1.1 to 1.2 times the standard FVM-NCCR solver. The cost increases as the shock Mach

number increases with approximately 1.2 times being the maximum at Mach number 10.

I11. DSMC SOLUTIONS USING THE FVYM-DSMC-ML SOLVER

The current section presents the FVM-DSMC-ML solver that aims to provide the DSMC solution for
the shock structure problem. For the first case, a machine learning model of the constitutive relations is
developed individually for each Mach number. The second case tests a practically implementable case,
i.e., developing a single DNN model of the constitutive relations for all the Mach numbers ranging from 2

to 10.

A. DNN constitutive relation model for individual Mach numbers

This section presents the case wherein the DNN model from DSMC data is trained for each Mach
number individually. The methodology implemented here, i.e., developing different DNN models for

each Mach number, does seem impractical but can be construed as a confidence-building exercise.
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Thus, in this study, first, the data for the shock structure problem is generated for Mach numbers 2, 4,
6, 8, and 10 employing the in-house MPI parallelized DSMC solver and then, utilizing the algorithm
explained in Section 11.B, a DNN model of constitutive relations is trained for each Mach number. Next,
simulations are carried out for the shock structure problem using the FVM-DSMC-ML solver (the solver

methodology is explained in Section I1.B), and these results are compared with the DSMC solution.

In the current study, the simulations are carried out with a monatomic gas (molecular diameter
4.618x101° m and molecular mass 6.64x102 kg) as the working gas. The value of the coefficient of
viscosity (@) for all the simulations is set to ‘1.0’ (Maxwellian molecule) for the sake of simplicity.
Other values of the viscosity coefficient can be treated without any change. The upstream conditions, i.e.,

density and temperature for all the cases, are 1.068x10“ kg/m® and 273.15 K, respectively. The upstream
mean free path (4,) is 6.564x10“ m (the cell width is 1/50" of the upstream mean-free path), and the

time-step for the DSMC simulations is 1/100" of the mean collision time (z ) based on the upstream
conditions. The weight ratio (i.e. the number of real molecules a single DSMC particle represents) is 5.0

x 10 and the domain extends from [-150.0,150.0] times the upstream mean free path.

The initial discontinuity is placed at the center and the remaining upstream and downstream conditions
are calculated using the Rankine-Hugonoit relations presented in Eq. (13). In the current in-house DSMC
solver the sampling cells are intentionally kept the same as the collision cells to achieve a better

resolution of the solution which is deemed as a requirement for proper DNN modeling.
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FIG. 9. Comparison of viscous stress predicted by the DNN model developed using the data of a single

Mach number with the actual results from the DSMC for the Mach numbers; (a) 2 and (b) 10.

The DSMC solution carries out sampling until the DSMC stress (I, ) and heat flux (Q gy )
predictions are smooth (requiring ~ 1 million samples), but even after these many samples, the calculated
values of DSMC linear stress (II-) and heat flux (Q s ) remain noisy. This noise results from the
solution methodology employed in DSMC, which is probabilistic in nature. To achieve a smooth solution

for linear stress and heat flux, these predictions from DSMC are filtered. The algorithm employed to

achieve a filtered solution can be summarized as follows:

i.  This process treats the predictions of linear viscous stress and heat flux from the DSMC as a
signal that is a function of space and first calculates the fast Fourier transform of the signal, which
provides the signal frequency vs amplitude distribution. This distribution provides the cut-off
frequency, i.e., the frequency beyond which the amplitude of the stress and heat flux solution is

negligible.
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ii.  In the next step, based on this frequency, the data is filtered employing a low pass filter. The low

pass filter employed in the current study is the Butterworth filter, and the order of filtering is 2",
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FIG. 10. Comparison of heat flux predicted by the DNN model developed using the data of a single Mach

number with the actual results from the DSMC for the Mach numbers; (a) 2 and (b) 10.

As carried out in Section I1.C, first, the estimations of viscous stress and heat flux by the DNN model
are compared with its counterpart predicted by DSMC for all the Mach numbers. For succinctness, Figs. 9
and 10 present this comparison for only two Mach numbers, 2 and 10. From the comparison, one can
observe that the estimations from the DNN model overlap with the DSMC values.

To further validate the solution algorithm, the shock structure problem is simulated using the FVM-
DSMC-ML solver (which employs the DNN model trained for the respective Mach number), and the
results from these simulations are compared with the DSMC solution for similar conditions. The Courant
number, convergence monitoring, and time-step calculation follow a similar protocol as mentioned in

Section II.C.
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Figures 11 (a) and (b) compare the normalized profiles of density, temperature, and velocity predicted

by the FVM-DSMC-ML and DSMC solver for two Mach numbers, 2 and 10, respectively. From these

figures, one can perceive that the simulation results from both the solvers overlap.
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FIG. 11. Comparison of normalized conserved macroscopic properties (density, velocity, and

temperature) of the FVM-DSMC-ML and DSMC solutions for Mach numbers; (a) 2 and (b) 10. The

DNN model employed here is trained individually for each Mach number.

When comparing the computational cost, a single DSMC simulation (which is simulated by the in-

house Fortran solver) took approximately 200 hours on 26 processors, while the FVM-DSMC-ML solver

(which is developed in-house in Python) took only about 20 hours on a single processor (which is 1.5

times higher than that of the FVM-NSF solver). As far as the computational cost of DNN modeling is

concerned, the model training took approximately 15-20 minutes on a single processor. Thus, the new

method provides a massive reduction in computational cost while preserving solution accuracy.
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B. DNN constitutive relation model for all the Mach numbers

We confirmed in the previous sections that the present numerical algorithm performs well if tested for a
Mach number whose DSMC data is a part of DNN model training. However, from a practical perspective,
the model of constitutive relations should be able to predict the correct solution for a wide range of Mach
numbers. Here we develop a single DNN model using the DSMC data for Mach numbers 2, 3, 4,5, 6, 7, 8,
9, and 10 and then employ this DNN model in the FVM-DSMC-ML solver to predict the results for other
Mach numbers whose data were not employed in training the DNN model, i.e., 2.5, 4.5, 6.5, and 8.5.

The simulation parameters, i.e., gas properties and initial conditions for the current case, are similar to
the ones chosen in the previous section. The DNN model uses 70% of the DSMC data for training and
employs the remaining data for validation. The root mean square loss observed as the training of the DNN

model progresses is presented in Fig. 12.
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FIG. 12. Progress of root mean square loss in the DNN modeling.
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FIG. 14. Comparison of heat flux predicted by the DNN model developed using the data of Mach
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and (b) 8.5.
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Figures 13 and 14 compare non-conserved viscous stress and heat flux profiles provided by the DNN
model developed using the DSMC data. From these figures, one can observe that the DNN model predicts
the correct thickness of the viscous stress and heat flux profiles for all the Mach numbers.

The comparison of normalized conserved density, temperature, and velocity profiles predicted by the
FVM-DSMC-ML and DSMC solutions are presented in Fig. 15. As with the previous individual Mach
numbers, the simulation results show almost perfect agreement between the FVM-DSMC-ML and DSMC
solutions. Likewise, the FVM-DSMC-ML solver took about 1.5 times more than the FVM-NSF solver
(mainly due to the reduced time-step), showing that it is possible to significantly reduce computational
cost while maintaining accuracy.

C. Topology of the DSMC constitutive relations

Topology is an important mathematical concept for understanding the properties of a system that are
preserved under continuous change. The study of the topological aspects of the dynamics of fluids has
been very instructive for describing fluid flows with complicated physics. One of the central ideas in
topology is that objects can be treated in their own right, and knowledge of objects is independent of how
they are embedded in spatial space. Topological representations in fluid dynamics may be categorized
into several groups, including vortex and helicity, stability in a dynamical system, phase transition, and
constitutive relations. For example, the topology of vortex and helicity provides a fundamental knowledge
of the propensity of flows to form vortices or coherent structures in classical fluids [54, 55].

One of the main goals of this study is to develop the DNN-based constitutive relations from the DSMC
data and obtain a better understanding of the DSMC topology so that it may provide confidence in the
DNN-based DSMC constitutive relations. This is achieved by comparing the DNN-based DSMC

topology for the case of untrained Mach numbers with the original DSMC topology for the training set.
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(1:[0 , 1 ), and (d) 2D projection of heat flux topology on (QO and Q ).

Figure 16 presents three-dimensional topologies (original DSMC, DNN-based DSMC model, and NSF)

for shock structure solutions, confined to the compressive flow regime with positive viscous stress and
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negative heat flux. We believe these topologies to be new. The ¥, y, and z-axes in Figs. 16 (a) and (b)

represent the normalized quantities (f[o, QO, f[) and (ﬁo, QO, Q), respectively. The blue-colored

symbols represent the topology of the original DSMC data (for the Mach numbers whose data is used to
train the DNN model in Section 111.B) and the red-colored symbols represent the DNN-based DSMC

topology for the intermediate Mach numbers, i.e., whose data was not included in the training of the DNN

model. Figures 16 (c) and (d) present a two-dimensional projection of viscous stress topology on (ﬁ0 : il )

and a two-dimensional projection of heat flux topology on (QO : Q ).

The NSF topology (black-colored symbols) to the driving (viscous stress and thermal) forces is linear
and has uncoupled viscous stress and thermal components. The viscous stress is a function of the viscous
stress force but is independent of the thermal force. Likewise, the heat flux is a function of the thermal
force but is independent of the viscous stress force.

On the other hand, the DSMC and DNN-based DSMC topologies become highly nonlinear when the
flows are away from the LTE (local thermal equilibrium; origin in the figures). In addition, the topologies
become strongly coupled to the viscous stress and thermal components, as evidenced by the curved
surface in the thermal force direction for a specified value of viscous stress force. The viscous stress
varies nonlinearly for the thermal force, although it is influenced more by the viscous stress force.
Interestingly, though the topologies are highly nonlinear, they are smooth and neither overlap nor cross
themselves. Furthermore, in most regimes, the values of viscous stress and heat flux in DSMC and DNN-
based DSMC topologies are larger than those of NSF topology. This difference is responsible for
different shock structure profiles observed in DSMC and NSF solutions, even though both DSMC and
NSF obey the same conservation laws. Interestingly, all these characteristics were also observed in the

case of the NCCR topology [55, Subsections I11.B and 1V.C].
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IV. CONCLUDING REMARKS

The ultimate goal of this study is to build compact constitutive relations in advance by applying DNN-
ML algorithms to available DSMC solution data and to combine them with conventional CFD codes such
as FVM or DG for conservation laws to develop a third method (after PDE- and pure particle-based
methods) for rarefied and microscale gas flows. In this context, DNN-ML models play the role of
constructing constitutive relations in a multi-variable space for the elementary flows that will form the
basis of all flow situations, replacing the traditional technique of deriving simple constitutive relations
using experimental data or empirical methods.

Therefore, in principle, in addition to DSMC covered in this study, the present idea can be applied to
molecular dynamics (MD) and gas kinetic solvers (GKS) in which explicit forms of PDEs for constitutive
relations are not available. In such cases, it becomes possible to develop various solvers such as FVM-
MD-ML and FVM-GKS-ML.

As a first step, we considered the one-dimensional shock wave internal structure problem, which is the
most studied problem of non-equilibrium gas flow, and then developed a single DNN model using the
DSMC solution data and the associated FVM-DSMC-ML solver that can provide solutions for arbitrary
Mach numbers with the computing time comparable to that of the FVM-NSF Solver. The simulation
results showed almost perfect agreement between the FVM-DSMC-ML and DSMC solutions for the
conserved variables. We also constructed the topology of DSMC constitutive relations for the first time,
which allowed us to study how the DSMC topology deviates from the NSF topology when the flow is
away from local thermal equilibrium.

The present deep neural network-based FVM-DSMC-ML solver has been presented as an innovative
method with great potential, but many challenging problems must be overcome to become a robust
method suitable for solving real-world problems of scientific and technical interests.

First, in addition to the compressive flow branch of the topology of constitutive relations covered in
this study, additional ML models must be developed for other flow branches such as the expansion and

boundary-driven velocity shear [56]. Next, it should be able to be extended to diatomic and polyatomic
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gases and high-temperature gas flows with vibrational modes or chemical reactions and unsteady flow
problems. Lastly, it must be developed to handle two-dimensional and three-dimensional flow problems
beyond the one-dimensional flow considered in the present study. We hope to report on our progress on

these challenging topics in due course.
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