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Hooke’s law in elasticity (1676)

In the physics and mechanics of 

elastic solids, Hooke’s law is 

an empirical law that states 

that the force needed to 

extend or compress a spring 

is proportional linearly to the 

distance. 

The law is named after 17th-

century British physicist 

Robert Hooke who first 

stated the law in 1676. 

Hooke’s law is only a first-order 

approximation to the real 

response of springs and 

other elastic bodies to 

applied forces.
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Elastic dumbbell models: kinetic theory of polymers

Mostly phenomenological models such as Mooney 

(1940)–Rivlin (1948) solid model

Hyper-elastic materials such as rubber (amorphous solid) 
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Classification of gas flows in non-equilibrium
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Boltzmann kinetic equations

 A first-order partial differential equation of the probability density of finding a 

particle in phase space with an integral collision term
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Relationship with conservation laws (moments)
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Closing-last balanced closure on open terms

2nd-order closure 2nd-order closure

New balanced closure with closure-last approach (PoF 2014)

 =2nd-order for kinematic LH  2nd-order for collsion RH
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Other collision operator

Boltzmann 

(1872)
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Closure of dissipation terms via 2nd-law

Key ideas; exponential canonical form, consideration of 

entropy production σ, and non-polynomial expansion 

called as cumulant expansion (B. C. Eu in 80-90s)

 

2 ( ) ( )

1

By writing 

1 1
,  ,

2

 :  ( , ) ln ( , , ) 1 ( , , ) ,  

Nonequilibrium entropy producti

exponential form

exp

Nonequilib

the distribution func

r

t  

rium  

t

ent op

ion  i h

y

n e 

n n

n B

B

f mc N
k T

t k f t

X

f t

h

f





  
      

  

    



r v r v r

 

1

(

2

( ) ( )

1 2

( ) ( )

2

) )

1

2

(

1

o

s

n: ln  0

a thermodynamically-consistent constitut

[ , ] satisfying 2nd-law

( , , ) via 

ive equatio

,[

 ( )

1 1

cumulant expansion

, ] [ ]l

n,

 

 

n ,n

c B

c

n n

c B

n

n l

k f

k f X X
T

f

C f f

q

C f h f
T

C f
 

 

 

  



     

  







   ( (2 ) ( ) ( )

12 2

(2) (2)) ( )

2

1

1

hen  is truncated to a finite number of terms, the set is truncated in such a way that tNote: W

t

)
( , , )

ill exact to BKE, can i

( / 1
2 2

be der ved;

l l

l

f

D
p X

Dt g
R q






      
Π

Π u u  







he divergence problem would not arise.



Talk 10/23 International Workshop on Moment Methods in Kinetic Theory IV
R. S. Myong, Gyeongsang National University, South Korea 11-14th April, 2023 – Karlsruhe Institute of Technology

Cumulant expansion method
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Conservation laws (exact 

consequence of BKE)  
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Topology of 2nd-order NCCR (shock structure) (PoF 2020)

Mach 5.0
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Topology of 2nd-order NCCR (velocity shear) (PoF 2016)
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3D mixed modal DG method for the 2nd-order model
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2-D hypersonic rarefied flow past a cylinder

Argon gas 

Mach 5.48 

Knudsen 0.02

Argon gas 

Mach 5.48 

Knudsen 0.2



Talk 16/23 International Workshop on Moment Methods in Kinetic Theory IV
R. S. Myong, Gyeongsang National University, South Korea 11-14th April, 2023 – Karlsruhe Institute of Technology

New nonlinear intramolecular interaction model 

Preprint (2023): A Boltzmann-type kinetic intramolecular model and its application to 

viscoelastic fluids
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Boltzmann-type intramolecular interaction model 
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Corresponding second-order constitutive model 
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2nd-order extension of Hooke’s Law in elasticity 
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Application to viscoelastic fluids 
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Computational simulation of viscoelastic fluids 

X

X X

X

X

X

+

+ +

X

X
X X X XXXX XXXXXX

Weissenberg number

10
-1

10
0

10
1

10
2

10
3

80

100

120

140

160

180

200
Newtonian

Oldroyd-B

Giesekus( = 0.05)

NCCR

Afonso et al. (Oldrd-B)

Hulsen et al. (Oldrd-B)

Fan et al. (Oldrd-B)

Owens et al. (Oldrd-B)

Oliveira et al. (FENECR)

X

+

X

D
ra

g
c

o
e

ff
ic

ie
n

t
(C

d
)

Implementation 

of the new 

model to 

viscoelastic 

OpenFOAM

(cylinder flow)



Talk 22/23 International Workshop on Moment Methods in Kinetic Theory IV
R. S. Myong, Gyeongsang National University, South Korea 11-14th April, 2023 – Karlsruhe Institute of Technology

Viscoelastic fluids: Barus effect in die swell

Newtonian New New New
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Concluding remarks

Proposal of a new Boltzmann-type kinetic spring model

Second-order extension of Hooke’s law in elasticity

Application to viscoelastic fluids

Similarities between rarefied gases and viscoelastic fluids
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