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Hooke’s law In elasticity (1676)

In the physics and mechanics of
F — —kx elastic solids, Hooke's law is
an empirical law that states
that the force needed to
extend or compress a spring
IS proportional linearly to the
distance.
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The law is named after 17th-
century British physicist

o=Ee¢ Robert Hooke who first

v stated the law in 1676.
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Elastic dumbbell models: kinetic theory of polymers

Hyper-elastic materials such as rubber (amorphous solid)

Talk 3/23

Mostly phenomenological models such as Mooney
(1940)—Rivlin (1948) solid model
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Classification of gas flows in non-equilibrium
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Boltzmann kinetic equations

= Afirst-order partial differential equation of the probability density of finding a

particle in phase space with an integral collision term

9, 1
(a+v-vj f(t,r,v)=EC[f, f,]

Movement Collision (or Interaction)
Kinematic Dissipation

C[f, £,]~ [[v=v,|(f"f, = ff,)dv,

= Gain (scattered into) - Loss (scattered out) = (ij _(Sf j

St 5t

Maxwell’s equation of transfer for molecular expression h("

%<h(n)f>+v-(u<h(“) f )+ (ch®™f >)—<f %h(”’>—<fC-Vh(”)> =(hcrf, 1)
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Relationship with conservation laws (moments)

Boltzmann transport equation (BTE): 10%3
pu =(mvf (t,r,v))

0
(E‘FV'VJ f (t, r,V) = C[ f ; f2] where <>=Ij ...dvxdvydvZ
Differentiating the statistical definition pu = (mvf (t,r, v)) with time and
then combining with BKE (t,r, v are independent and v =u +c)
g<me > = <qu> = _<m (V Vi )V> + <mVC[ f, f2]> [A]? : Traceless symmetric

ot ot part of tensor A
Here —(m(v-Vf)v)=-V-(mwif)=-V-{ puu+(mccf )}

After the decomposition of the stress into pressure and viscous shear stress
P =(mccf ) = pl + I where p = (mTr(cc) f /3), T =(m[cc]® f),
and using the collisional invariance of the momentum, (mvC[f , f2]> =0, we have

d(pu)
ot

Conservation laws: 13

+V-(puu+pl+II)=0
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Closing-last balanced closure on open terms

Hs<m[cc](2) f>,Q s<mczc/2f>
Closure theory: how, where (open terms), when (last)

New balanced closure with closure-last approach (PoF 2014)

2nd-order for kinematic LH = 2nd-order for collsion RH

D

= (117 )4V - ¥ 2[1-vu]? + 2p[vu]” = (mfec]”c[f, 1))
p 2"d-order closure 2"d-order closure

= ———11q,,, («;) where ¥ = (mcccf ) - (mTr(ccc) f ) 1/3

2nc Hs

D

Dt( W p)+V-E+-: <h(‘P(H))C[f,f2]>
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Other collision operator

Collision operator C(fu]))
Boltzmann Idu,L d¢J; dbbg,(f*fr—r 1)
Vlasov-Landau 2me2e? In A f du' 3, - U'lg) - 3, fw)f,(w)
TR 0] 5 ey 2 s Ok u—k-u
Balescu-Lenard ST k-, | awteri?) - m, 3, — mio. tulgw) Sri—
Fokker-Planck —2mele;m;” 'InAd,, Jdu' [ fiw)d,p fi(u')/m; — fi(w')d,5 fi(w)] Uglu — u')

Uiplx) =x"3x%8,5 — Xaxg); 0y =m.'d, —m;'d,; g=u—u}
w? = 4mn,e?/m;; In A = Coulomb logarithm,;

ko) =1+ T (w/k?) f dulo — K+ ujk - 3, 7,(u
i If there are no external forces, and conditions are uniform

throughout the gas, this equation takes the form (equation (16)):

(%, 1) _T *f‘[fcf,n farx—60) m
Boltzmann a ;) VE Vot =9 vx v«
(1872) v/ (xx") !}r(x, x', €) dx’' d¢

where the variables x and x” denote the energies of two molecules before a
collision, and ¢ and (x4 x'— &) denote their energies after the collision;
Y(x, x’, £) is a function which depends on the nature of the forces between the
molecules.
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Closure of dissipation terms via 2nd-law

Key ideas; exponential canonical form, consideration of
entropy production o, and non-polynomial expansion
called as cumulant expansion (B. C. Eu in 80-90s)

By writing the distribution function f in the exponential form

I OING! 1
f=exp|—p|=mc“+ > X*""h'"" =N ||, f=——
2 r k T

Nonequilibrium entropy ¥ : W(r,t) = kg ([In f (v,r,t)-1] f (v,r,1)),
Nonequilibrium entropy production: o, = -k, (In f C[f, f,]) >0 (satisfying 2nd-law)

o, = x,q(x”, x{",---) via cumulant expansion

o, ==k (In f C[f, f,]) =%ix<"> (h™C[f, 1,]) :%ixmw”),
n=1

=1
a thermodynamically-consistent constitutive equation still exact to BKE, can be derived;

p—D(gt’ P) iy g4 o[mm.vu]? + 2p[vu]® = zRf”xmq( SNCS
L =1

Note: When f is truncated to a finite number of terms, the set is truncated in such a way that the divergence problem would not arise.
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Cumulant expansion method

<x'>=jx'f(x)dx, (e”) = j ™ £ (x)dx

Then we have P

<e“> =ii:<x'>::exp Z%/q where

=0 "~ =1

K :{d—lln<e“>} i =(X), = ()= (x)" (mef;ln,variance)

l:o Probability density function
T T T T T T T T T T
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2nd_order NCCR model NCCR: Nonlinear Coupled

Constitutive Relation

Conservation laws (exact ~ d(pu) o

consequence of BKE) P (PUU+ pl +H):0

in conjunction with the 2"d-order constitutive relations (CR)

Zero in 2"d-order approximation

N
(9_1_[ +U-VII+ VP 42 [H ' Vu](Z) +2p [Vu](Z) - _LHand (k)

ot Non-local term 2nd-grder coupling Hns

Y = (meeef ) - (mTr(cce) f)1/3 Navier 1% aw

/2
sinh x T (I Q-Q/T "* Onsager-Rayleigh
0y () = 1 [ +Q g yleilg

y K= . _
K R R Kys dissipation function

Sinh{1st-order theory}

Navier-Fourier laws inclusive __----- e’ N
like onion!
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Topology of 2"d-order NCCR (shock structure) (PoF 2020)

[ﬁ.vﬂ](z) +(1+ f A)f[ =TIq,., (cR), (shear stress) Letorder

b 0 2nd ' ﬁo _ —Zu[VU](Z)
g(fl + f Al ) :VO+A, = Ag,, (CR), (excess normal stress) |3 — vy
0-Q, +(1+ ,8)Q, = Q, (GR),  (heat flux) Q, =—kVT

where R* =I1:I1+(5—3y) f,A’+Q-Q (Onsager-Rayleigh dissipation function)
A=(mTr(cc) f /3-mTr(cc) f©/3), p=(mTr(cc) f*/3)
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Topology of 2"d-order NCCR (velocity shear) (PoF 2016)

u T ++2[1-vu]® + 2p[vu]? = P11, , (x5

Zéro In > NS y 4
velocity ny :_g 1. Hyy Hyy u(y)
shear >

P 2 P P R
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3D mixed modal DG method for the 2"9-order model

o.U+VE_, (U)+VFE vis (U,VU) =0
Discretization in mixed form
{ S-vU=0
o.U+VFE_, (U)+VF, (U,S)=0 JCP 2022
NSF model (I1, Q) = f}; .., (S(U))
NCCR model (IT, Q)ncer = Thondiinear(S(U), p, T) NCCR: Nonlinear Coupled

Constitutive Relation

U, (x,t) = iu; ()¢ (X), Sp(xt) =§:S} (t)e' (x)

nv Vvis

gjugodV—ij dV+j¢ ndr—jvq)l: dV+j¢ -ndT =0,
I | |

js(pdv +jTSv¢Udv - jTSgou-ndr -0,
L I
Dubiner basis function, Lax-Friedrichs inviscid flux, central flux for viscous terms
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2-D hypersonic rarefied flow past a cylinder

Argon gas
Mach 5.48
Knudsen 0.02

1st-order model 2nd-order model

Argon gas
Mach 5.48
Knudsen 0.2

Oth-order model 1st-order model 2nd-order model DSMC
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New nonlinear intramolecular interaction model

Loss (out of, .. /

forward, pr Gain (into, g .
orward, pre) . inverse, post) 7 >

-

—:C[f] Gain - Loss =— ( — ) %J-RUdeln-Out:(ﬁSF-(—n)dS

New nonlinear intramolecular interaction model Conservation in control volume
for the “spring” in the dumbbell
When linearized, it reduces to (/% — /) / & (BGK model, 1954)

Preprint (2023): A Boltzmann-type kinetic intramolecular model and its application to
viscoelastic fluids
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Boltzmann-type intramolecular interaction model

A molecular-level equation of the marginal probability density function of
finding a dumbbell in the configuration vector space r connecting two beads

for a given time, f (r,t)(g friction coefficient, s spring force, 4 = ¢ /4S, relaxation)

ot S S
s = Syr: Linear Hookean

iquv.((Vu)T r— 2kgT V] f = V-(é fj Fokker-Planck

of T. 2kgT s
EJFV {(Vu) r : VJ _ﬂ(f f) New Boltzmann-type

Note that the interaction occurs through the "spring" in the dumbbell.
For the dumbbell models the forces on the two beads are equal and opposite,

leading to a connector force.
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Corresponding second-order constitutive model

Nonequilibrium entropy ¥ : W(r,t) = —k; ([In f (v,r,t)-1] f (v,1,1)),
Nonequilibrium entropy production:

o, =—kg (In f C[f]) =ﬁk8 <In( £/E)(F - f)> > 0 (satisfying 2nd-law)
since In(x/y)(x—y)ZO.

o= Ly 5 (£ (x=y)[exp(-y) —exp(-X)]) = x,q(x”, x5, -+-) via cumulant expansion

O, =—k (In f C[f] Zx(n)<h(n)c[f]> ix(n)A(n)’
1=1

a thermodynamically-consistent constitutive equation can be derived;

D 1

DI (VW) T+ eVu |- £ £ (wu' +Vu) = 2 T (),
sinh \/

Ong (1) = X L K =a ,11//1 (T ns <r‘|"f>—nkBT|)
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2nd-order extension of Hooke’s Law in elasticity

—E(VUT+VU)=—£T%, Klzam
P FA 1112
_ f:sinh‘l(afo)
a
g
4
3
z
1
o 4 x5 5 1
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Application to viscoelastic fluids

p@+Vp+,uSV2u—V-T=O

Dt
Dt T 7 1 sinhx, = Tt
Dt [(Vu) 1:+1'Vu} /I(VU +Vu)——z1'—K1 , K =0 my

10°

Extensional viscosity
—
o
N

(o] Experiment (PS300K)

NCCR (o = 1.0)
101 | | |l|III| | | Illtlll | | IlII||| | | I\Illll | 1
10° 10 10 10 10"

Strain-rate
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Computational simulation of viscoelastic fluids

200 .
i ——— Newtonian Implementation
ok 00 i Oldroyd-B fth
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- — — — - NCCR
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= - + Fan et al. (Oldrd-B)
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Viscoelastic fluids: Barus effect in die swell

B

We=2.5 We =5.0 We =10.0

(a) (b) (c) (d)
Newtonian New New New
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Concluding remarks

Proposal of a new Boltzmann-type kinetic spring model

L Ll BGK (1954)
ﬂ(f — f) Cf. z( fO_f ) Yamamoto (1956), Lodge

(1964), Modified network
model

Second-order extension of Hooke’s law in elasticity
- _1 A
sinh™(a7,)
o

=
Application to viscoelastic fluids

Similarities between rarefied gases and viscoelastic fluids
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