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Abstract: The thermal and flow characteristics of nonequilibrium monatomic, diatomic, and
polyatomic gases in cylindrical Couette flow are investigated using first- and second-order
Boltzmann–Curtiss-based constitutive models. The mixed modal discontinuous Galerkin
scheme is used for solving the conservation laws in conjunction with the Maxwell velocity-slip
and Smoluchowski temperature-jump boundary conditions. Also derived are new analytic
solutions for compressible cylindrical Couette gas flow including the temperature profile, and
they are used to verify the numerical scheme. Further, the second-order non-Navier–Fourier
constitutive relations are derived for the cylindrical coordinates. Various abnormal behavior is
found in the second-order constitutive model, such as non-zero normal stress and excess normal
stress, non-zero tangential heat flux, and flattened pressure and density profiles. The physical
mechanisms behind this abnormal behavior are found to be similar to the Knudsen layer in
planar Couette gas flow, and the curvature of the cylindrical geometry does not affect the
fundamental second-order physics. Moreover, two new abnormal mechanisms are found in
diatomic and polyatomic gases: (i) the subtle interplay of excess normal stress (and bulk
viscosity) with the nonlinear coupled constitutive relation, and (ii) the combined role of the
bulk viscosity ratio and the specific heat ratio.
Keywords: Rarefied and microscale gases; heat transfer; diatomic and polyatomic gases;
non-Navier-Fourier laws; slip and jump conditions
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1. Introduction
Understanding the flow dynamics and thermal characteristics of gas flows is crucial when
designing devices with rarefied gases near vacuum [1,2], vehicles flying at high altitude or in
a low-density atmosphere such as that on Mars [3,4], microscale heat exchangers, motors, and
sensors in microfluidics [5-11], and vapor deposition methods for semiconductors and displays
[12,13]. Assessing the thermofluidic characteristics accurately enables efficient prediction of
the system performance in these applications, such as the aerothermodynamic loads exerted on
re-entry vehicles, the thermal management system in spacecraft, the thermofluidic performance
in micro-electromechanical systems, and the deposition of nano-layers in organic light-emitting
devices (OLED). In these applications, gas flows in channels, tubes, exchangers, motors,
sensors, and ducts driven by the pressure and temperature gradients in the flow direction are
common. The performance of shear-driven devices with moving components is also affected
significantly by the rarefaction of gas [1,2,5,7].
Consequently, it is critical to model the molecular motion of rarefied gas particles close to
solid surfaces, which is known as the Knudsen layer (or kinetic boundary layer) [14]. In the
gaseous Knudsen layer, continuum assumptions based on no-slip and linear constitutive
relations such as the Navier-Fourier laws may no longer be valid because the gas flow is no
longer near a local thermodynamic equilibrium (LTE) [15-20]. Moreover, relative motion
between multiple surfaces further complicates the problem because it introduces nonlinearity
and nonisothermal behavior in the gas flow, which is known as the classical Couette flow
problem [21,22].
Gaseous cylindrical Couette flow (CCF) is shown schematically in Fig. 1. A finite amount
of gas (monatomic, diatomic, or polyatomic) is confined between two concentric cylinders
separated by a characteristic length (𝐿 = 𝑟𝑜 − 𝑟𝑖 ) and rotating relative to each other at different
temperatures. Because of the larger surface-to-volume ratio of the domain, phenomena such as
viscous friction and dissipation and heat transfer are dominant. The first diagram in Fig. 1
shows the experimental setup of concentric cylinders rotating with relative speed, wherein the
outer cylinder is held stationary. The inner cylinder is rotated using an air turbine and, to
prevent the shaft from whirling, vibration dampers are placed below in the vacuum chamber.
In 1971, Alofs et al. [7] conducted an experiment using this setup to investigate rarefied gas
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flow between concentric cylinders. They reported the radial density profile (redistributed by
the motion of the inner cylinder) and the values of tangential momentum and thermal
accommodation coefficients from the measurement for aluminum cylinders. However, their
work was limited to monatomic argon gas, and no information on diatomic and polyatomic
gases and the thermal characteristics was given.

Fig. 1. Schematic of cylindrical Couette flow (CCF) and computational domain in present
study.
Because of its simplicity and diverse applications to practical problems, gaseous CCF has
been extensively investigated. For instance, previous studies [20,23-27] reported the velocity
inversion phenomenon in which the tangential velocity increases in the radial direction when
the inner cylinder is rotating and the outer one is stationary. Other studies [28-33] investigated
the effects of the radius ratio and gas–surface interactions on the tangential velocity profiles
and the shear stress and torque exerted on the cylinders. Those studies used various theoretical
and computational methods such as the Navier–Stokes equations with Langmuir and Maxwell
slip conditions [20,25], the power-law wall-scaling approach [28,29], the Bhatnagar–Gross–
Krook (BGK) model [26], the regularized 13-moment equations [34], the Boltzmann equation
[35], and direct simulation Monte Carlo (DSMC) [29-32,36-40].
Independently of the aforementioned methods, Myong [14] investigated the Knudsen layer
close to the wall surface for planar Couette flows of monatomic gases, using the so-called
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second-order nonlinear coupled constitutive relations (NCCR) together with gas–surface
molecular interaction models [41-46]. The NCCR, which is a thermodynamically consistent
hydrodynamic model for high-Knudsen-number gas flows, was proposed first by Myong in
1999 [47] and it has been studied since by other researchers [3,48-53] as a novel alternative to
previous moment-based approaches [54]. However, there is still room for improvement in our
understanding of this important flow problem.
To date, most studies have focused on the mechanical characteristics of rarefied and
microscale gases in CCF, such as the velocity profile, tangential shear stress, and torque,
whereas very few studies have been devoted to thermal characteristics (temperature, density,
and heat transfer). Note that mechanical and thermal properties are in general tightly coupled
in nonequilibrium flow fields of rarefied and microscale gases. Therefore, complete
understanding of nonequilibrium gases in CCF requires full treatment of the mechanical and
thermal aspects. The present study aims to achieve that goal: full description of all conserved
variables (not only velocity and pressure but also density and temperature) and non-conserved
variables (not only tangential shear stress and normal heat flux but also normal shear stress and
tangential heat flux).
Most previous studies considered monatomic gases only in the analysis. In gas molecules,
the internal energy is stored in various modes, such as translational, rotational, and vibrational.
Diatomic and polyatomic gas molecules possess rotational and vibrational modes, which are
associated with the rotation of atoms around an axis and vibration of atoms along an internuclear axis, respectively. Because the vibrational mode becomes relevant only in hightemperature gases beyond 1000 K, it is usually neglected in the analysis. However, to treat
diatomic and polyatomic gases such as nitrogen and carbon dioxide rigorously, theoretical and
computational models developed initially for monatomic gases must be modified significantly.
For example, the Stokes’ hypothesis introduced in the two-century old Navier–Stokes
equations must be abandoned, and the Boltzmann kinetic equation and DSMC must be
extended to include the rotational mode of gas molecules in both kinematic and collisional
descriptions. Otherwise, the rotational mode of gas molecules is accounted for only in the
equilibrium level (through the specific heat ratio), completely neglecting additional
nonequilibrium effects associated with the excess normal stress and the bulk viscosity present
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in diatomic and polyatomic gases.
The literature contains some kinetic models for diatomic and polyatomic gases [8,55-65] and
experimental studies of heat exchange between fine filaments and a rarefied gas [66,67].
However, these studies were limited to pure experimental study, simple geometries such as
planar Couette and Poiseuille, or a stationary rarefied gas confined between non-rotating
concentric cylinders. The present study attempts to fill this gap by focusing on nonequilibrium
diatomic and polyatomic gases in rotating CCF.
The second-order constitutive model for diatomic and polyatomic gases can be derived
systematically from the Boltzmann–Curtiss kinetic equation [68] based on Eu’s modified
moment method [69,70] and Myong’s closing-last balanced closure [71]. The BoltzmannCurtiss kinetic equation additionally introduces the angular momentum and azimuth angle
associated with the rotational mode of molecules to the kinetic formulation and thus smoothly
extends the original Boltzmann kinetic equation to diatomic and (linear) polyatomic gases. In
the second-order constitutive model, the constitutive relations between stresses (and heat flux)
and the strain rate (and the temperature gradient) are generally nonlinear and coupled in states
far from thermal equilibrium.
Implementing the second-order non-Navier–Fourier constitutive model numerically presents
non-trivial challenges, particularly in the multi-dimensional problem. For example, the
functional form of the second-order non-Navier–Fourier constitutive model is highly nonlinear
and implicit and requires an additional computational algorithm. Among several possible
numerical methods, the discontinuous Galerkin (DG) method [72-77] was used in the present
study because of its ability to compute low- and high-Mach number flows with a single
framework without resorting to the time-preconditioning techniques normally required for the
finite-volume method. The implicit nature of the second-order constitutive model was treated
by introducing an auxiliary variable, resulting in a mixed-type DG method. This type of multidimensional DG scheme of the second-order constitutive model has an advantage in solving
various practical problems, such as the three-dimensional experimental configuration of
rotating CCF shown in Fig. 1. It has also been applied successfully to some challenging
problems of nonequilibrium diatomic and polyatomic gas flows, such as shock vortex
interactions [76,77].
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Here, based on the DG scheme of the second-order non-Navier–Fourier constitutive model
and the gas–surface molecular interaction models, both the fluid dynamic and thermal
characteristics of nonequilibrium diatomic and polyatomic gases in rotating CCF are
investigated. Section 2 outlines the problem statement for solving rotating CCF, and Sec. 3
presents the governing equations, slip and jump conditions DG method, and verification and
validation of the numerical code. Section 4 presents the second-order non-Navier–Fourier
constitutive relations in the cylindrical coordinates. Using theoretical and computational
results, the thermo-physical behavior of nonequilibrium monatomic, diatomic, and polyatomic
gases in rotating CCF is investigated. Section 5 provides some concluding remarks and
discusses issues of further development in this topic. Finally, the Appendix presents new
analytic solutions for CCF of a compressible gas flow with the Navier–Fourier constitutive
laws and the Maxwell slip and Smoluchowski jump conditions including the temperature
profile.

2. Formulation of rotating cylindrical Couette flow with focus on thermal effects
The computational domain comprises inner (𝑟𝑖 ) and outer (𝑟𝑜 ) radii rotating with their
respective angular velocities Ω𝑖 and Ω𝑜 , as shown in Fig. 1. The rotational axes of these
cylinders coincide with the z-axis of the Cartesian coordinate system. The cylinders are
assumed to be of infinite length and variations in the axial direction (end effects) are neglected.
Consecutively, there exists a temperature distribution in only the radial direction. In this study,
the non-dimensional radial distance is defined as (𝑟 − 𝑟𝑖 )/(𝑟𝑜 − 𝑟𝑖 ). For consistency with the
literature, all the numerical simulations were performed with constant angular speed at the
inner cylinder and keeping the outer cylinder stationary. Note that no velocity inversion (nonlinear behavior) occurs in the opposite scenario, i.e., rotating outer and stationary inner
cylinders [25].
To analyze thermal effects in CCF, two sets of Dirichlet temperature boundary conditions
were considered for the walls: (i) isothermal walls (where the gas and cylinder walls are at the
same temperature), and (ii) non-isothermal walls (where a higher temperature is imposed on
the inner wall).
To characterize the temperature distribution in CCF, the dimensionless parameter,
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is introduced, where 𝑇𝑖 (= 𝑇𝑤1 ) and 𝑇𝑜 (= 𝑇𝑤2 ) are the temperatures of the inner and outer
cylinders, respectively. The reference temperature 𝑇𝑟 is defined as the initial temperature of
the gas (273 K).
To measure the degree of rarefaction in the nonequilibrium flow regime, the Knudsen
number defined as [71,78],
Kn 
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is introduced, where λ is the mean-free-path, M is the Mach number, Re is the Reynolds
number. The specific heat ratio γ of the gas has different values depending on the type of gas
molecules (monatomic, diatomic, or polyatomic), as summarized in Table I. The specific heat
ratio is assumed to be 5/3 for argon, 7/5 for nitrogen, and 1.312 for methane. In Eq. (2),
the variable-hard-sphere model is used for the interactions of the gas molecules [47].
Table I. Physical parameters for monatomic, diatomic, and polyatomic gases [79].
Gas parameters
Viscosity ratio (𝑓𝑏 )

Monatomic (Ar)
0.0

Diatomic (N2)
0.8

Polyatomic (CH4)
1.33

Degrees of freedom (𝜁)

3

5

6.4

Heat capacity ratio (𝛾)

1.667

1.4

1.312

Gas constant (R)

208.24

296.913

518.45

Heat capacity (𝑐𝑝 )

519.04

1039.19

2177.49

Viscosity (𝜇)

2.117  10-5

1.656  10-5

1.024  10-5

Viscosity index (𝑠)

0.81

0.74

0.84

Prandtl number (Pr)

0.667

0.7368

0.7706

Thermal conductivity

0.01725

0.02335

0.02893

(𝑘)
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In passing, note that the Knudsen number alone cannot represent the degree of thermal
nonequilibrium in the macroscopic description of rotating CCF. The reason for this is that the
Knudsen number is a pure thermodynamic quantity and provides no average-velocity
information in the present dynamic gas flow. Rather, a combination of the Knudsen and Mach
numbers, specifically Kn×M, should be used to measure the degree of thermal nonequilibrium
[42].

3. Mathematical formulation and numerical procedure
3.1. Governing equations for nonequilibrium diatomic and polyatomic gases
3.1.1. Boltzmann–Curtiss kinetic equation for diatomic and polyatomic gases
In case of no external force field, the Boltzmann–Curtiss kinetic equation for diatomic (and
linear polyatomic) molecules with a moment of inertia 𝐼𝑚 and an angular momentum 𝑗 can
be expressed as follows [68-70,77],


j  
  v  
 f  v, r, j, , t   R  f  ,

t
I


m


where 𝑓, v, r, 𝜓,

(3)

𝑗, and 𝑅[𝑓] represents the distribution function of the population of

molecules, the particle velocity, the particle position, the azimuthal angle associated with the
orientation of the molecules, the magnitude of the angular momentum vector j, and the
collision integral, respectively. When ignoring the angular momentum of the molecule related
to the rotational mode from equation ( 3), the original Boltzmann kinetic equation for a
monatomic gas is recovered [80-82],



  v   f  v, r, t   C  f  ,
 t


(4)

where 𝐶[𝑓] refers to the Boltzmann collision integral of the interaction between two particles.
The macroscopic quantities, conserved variables (𝜌, 𝜌u, 𝜌𝐸) and non-conserved
variables (𝚷, Δ, Q), can be defined using the following statistical relationships:



h

k 

 h f ,
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where the angular bracket denotes the integration over the velocity space v and the azimuthal
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angle j. The ℎ(𝑘) indicates the molecular expression of the ℎ-th moments of the distribution
function and 𝜙 (ℎ) denotes the corresponding macroscopic quantity. The leading elements of
the sets of the conserved and non-conserved variables (in the statistical form) are defined as
[69],
 1   ,   2   u,  3   E ,
 2

1
3

  4     P  ,  5    Trace P  p,   6  Q,

(6)

where 𝜌, u, and 𝐸 are the density, velocity vector, and total energy density, respectively.
Non-conserved variables 𝚷, Δ, 𝐏, and Q denote the shear stress tensor, the excess normal
stress, the total stress tensor, and the heat flux, respectively. The corresponding molecular
expressions to this set read as

1
h1  m, h 2  mv, h3  mC 2  H rot ,
2
1
 2
1

h 4   mCC , h5  mC 2  p / n, h 6   mC 2  H rot  mhˆ  C.
3
2


(7)

Here 𝑚 is the molecular mass of gas, C = v − u is the peculiar velocity of the molecule, 𝑛
is the number density per unit mass, ℎ̂ is the enthalpy density per unit mass, and 𝐻𝑟𝑜𝑡 =
𝑗 2 ⁄(2𝐼𝑚 ) is the rotational Hamiltonian of the particle.
The pressure 𝑝 and temperature 𝑇 are related through the equation of state, 𝑝 = 𝜌𝑅𝑇. The
total stress tensor (P) is decomposed into the hydrostatic pressure (p), the viscous shear stress
(𝚷), and excess normal stress (Δ) through the relation,
1
(2)
P  Tr(P)I   P    p    I   ,
3

(8)

where 𝐈 is the unit second rank tensor and the symbol [P](2) denotes the traceless symmetric
part of the second rank stress tensor P.
The conservation laws of mass, momentum, and total energy for diatomic and polyatomic
gases can be derived directly from the Boltzmann–Curtiss kinetic equation by noting collision
invariants, that is, 〈ℎ(1,2,3) 𝑅[𝑓]〉 = 0. After differentiating the statistical definition of the
conserved variables with time and combining them with the Boltzmann–Curtiss kinetic
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equation, the following conservation laws, all of which are an exact consequence of the
Boltzmann–Curtiss kinetic equation, can be derived [70],

u
0




  
 




 u       uu  pI      Π + I   0.

t
  E  p  u 
 Π + I  u  Q 
  E 

(9)

Here the total energy E is given as

1
p
E  u u 
.
2
  1 

(10)

It is convenient to express the conservation laws (9) in dimensionless form for computational
purpose. We introduce the following dimensionless variables and parameters
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where the subscript 𝑟 denotes the reference state, 𝐿 denotes the characteristic length, 𝑐𝑝 is
the heat capacity per unit mass at constant pressure, and the terms 𝜇, 𝜇𝑏 , and 𝑘 represent the
Chapman–Enskog shear viscosity, bulk viscosity, and thermal conductivity, respectively. The
non-dimensional conservation laws for diatomic and polyatomic gases can be written as [70],
U*
*
*
 *  Finv
U*   *  Fvis
U* ,  * , * , Q*   0,


*
t

(12)

*
*
where U* , Finv
represent the conserved variables, inviscid flux vector, and viscous flux
, Fvis

vector, respectively, defined as,
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Here Mach, Reynolds, Eckert (Ec), Prandtl (Pr) numbers are defined as follows,
M 

  1 M 2 , Pr  c pr r , c   R , f  br .
ur
uL
, Re  r r , Ec 
p
r
T / Tr
kr
  1 b r
 RTr

(14)

If the reference temperature ΔT in the Eckert number is defined as 𝑇𝑟 (the initial temperature
of the gas 273 K), it is reduced to Ec=    1 M 2 . The factor

𝑓𝑏 = 𝜇𝑏 ⁄𝜇 is the ratio of the

bulk viscosity to the shear viscosity. Its value is experimentally determined using a sound wave
adsorption measurement [83]. The value of

𝑓𝑏 is assumed to be 0.0 for argon, 0.8 for nitrogen,

and 1.33 for methane, as summarized in Table I. The value of the Prandtl number may be
calculated through Eucken’s relation,
Pr 

4
.
9  5

(15)

3.1.2. First-order (Navier–Fourier) Boltzmann–Curtiss based constitutive model
The first-order constitutive model (also termed as Navier–Fourier) of non-conserved
variables can be derived by differentiating the statistical definition of the non-conserved
variables with time and combining them with the Boltzmann–Curtiss kinetic equation. Using
these formulations, the shear stress tensor, the excess normal stress, and heat flux vector can
be obtained,

0  2 u  ,  0   b  u, Q 0  k T .
(2)

(16)

Here the subscript 0 represents the first-order Navier–Fourier constitutive model. During this
process, the first-order balanced closure was applied [71]. In the first-order constitutive model
(16), the following Chapman–Enskog linear transport coefficients can be employed,
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1
1
2  1

  T s , b  fb  , k  T s, where s  

(17)

In this expression, the superscript s stands for the index of the inverse power laws of gas
molecules, and the parameter 𝜈 is the exponent of the inverse power laws for the gas-particle
interaction potentials. The value of s is assumed to be 0.81 for the argon, 0.78 for the nitrogen,
and 0.84 for the methane gas, as summarized in Table I.
Once the Stokes’ hypothesis is applied, that means 𝜇𝑏 = 0, the first-order Navier–Fourier
model (16) reduced to the well-known two-century old Navier–Stokes–Fourier (NSF) equation,
0  2  u  , Q 0   k T .
(2)

(18)

Note that, because of zero bulk viscosity, the dilatational term  u does not play any role in
the level of the constitutive equation of viscous stress in the NSF equation, even though it may
play a significant role in the level of conservation laws, like shock-dominated compressible gas
flows. While the Stokes hypothesis can be regarded legitimate for monatomic gases like argon
(or at least the value of the bulk viscosity is very small), there is ever increasing evidence that
now indicates this is not the case for diatomic and polyatomic gases—like nitrogen (or air),
hydrogen, methane, and carbon dioxide [69,70,76,77,83].
3.1.3. Second-order Boltzmann–Curtiss constitutive model
Similarly, we can derive the second-order constitutive model by first differentiating the
statistical definition of the non-conserved variables ℎ(4,5,6) with time and then combining
them with the Boltzmann–Curtiss kinetic equation [82]. However, it turns out that the
derivation of the second-order constitutive model (also referred to as nonlinear coupled
constitutive relations (NCCR)) is extremely difficult, mainly due to two fundamental issues
[84,85]: the so-called closure problem and accurate treatment of the dissipation terms

h(4,5,6) R  f  .
Myong in 2014 proposed a new closure theory [71], known as “closing-last balanced closure,”
from a keen observation of the essence of the closure problem in a complex system. On the
other hand, to accurately calculate the dissipation terms while making the underlying theory
compatible with the second law of thermodynamics, Eu in 1980 proposed cumulant expansion
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based on the canonical distribution function in the exponential form for the explicit calculation
of the dissipation term [82,84].
Furthermore, the temporal dependence in the equations can be neglected, owing to the very
short relaxation times of the non-conserved variables, being on the order of 10−10 seconds
[47,82], compared to those for conserved variables and the characteristic times of the flow
process. These so-called adiabatic approximations simplify the partial differential equation into
a set of algebraic equations, which significantly reduces the numerical complexities involved
in solving the constitutive equations.
Once these tenets—Myong’s closing-last balanced closure and Eu’s cumulant expansion
for the explicit calculation of the dissipative term—are applied and after introducing the
adiabatic approximation, the following second-order constitutive model for diatomic and
polyatomic gases [70,77,86] can be derived,

ˆ q (cRˆ )  
ˆ


2nd
 uˆ 

(2)







ˆ ,
 1  f b ˆ 
0



3 ˆ
ˆ q2nd (cRˆ )  
 fb ˆ I : uˆ  ˆ 0 ,
2
ˆ q (cRˆ )  
ˆ  1  f ˆ Q
ˆ ,
ˆ Q
Q
2nd
0
b
0



(19)



where

sinh(cRˆ )
q2nd (cRˆ ) 
.
cRˆ

(20)

All terms in equations (19) are normalized by introducing following variables and parameters,

ˆ 
ˆ    N  * , Q
ˆ    N  * , 

*
p
p
p p*

uˆ 

p

N
Q
 *
p
C pT

Q*
T * / (2 )

,

(21)

2 Pr

N
 u / L M2
2u
2
1
1
 2 * * *u* , N δ  r r

 Kn M
,
.
p
p
pr
Re

Ec Pr Tr T

Here the caret (^) over a symbol represents the ratio of the stress Π to the pressure p and the
̂ 0 , and 𝐐
̂ 0 are
̂ 0, 𝚫
ratio of the heat flux Q to a quantity p (C pT / 2 Pr)1/ 2 . The values of 𝚷
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determined by the linear Newtonian law of shear and bulk viscosity, and the linear Fourier law
of heat conduction, respectively, given in equation (16). The constant c, which is given by

c   2



A2     4  2 1  , has a value between 1.0138 (Maxwellian) and 1.2232 (𝜈 = 3); for
1/2

5

instance, 1.018 for the nitrogen gas molecule [70]. The tabulated values of 𝐴2 (𝜈) are available
in the literature [87].
The Rayleigh-Onsager dissipation function 𝑅̂ appearing in (19) and (20) can be expressed
as [70]
12

ˆ :
ˆ  2  fb ˆ 2  Qˆ  Qˆ  ,
Rˆ  




(22)

where    (5  3 ) / 2 . Note that, once 𝑞2𝑛𝑑 (𝑐𝑅̂ ) is taken first-order closure, that is, 𝑞1𝑠𝑡 =
1, all the coupled terms in the left-hand side of equations (19) are neglected, the corresponding
constitutive models exactly recover the first-order Navier–Fourier model (16), ensuring the
smooth extension from the first-order to the second-order.
Constitutive equations (or relations) in fluid dynamics describe the thermo-fluidic behavior
of fluid under certain thermodynamic driving forces like spatial gradients of velocity and
temperature. Fig. 2 shows the topology of the second-order solution of the Boltzmann-Curtissbased constitutive model in the velocity-shear flow problem in a phase space (Π𝑥𝑥 , Π𝑥𝑦 , p)
[88]. The topological representation of the constitutive relations can provide new information
and fascinating insight into the physics of fluids, which otherwise is not obtainable.
The topology of the Boltzmann–Curtiss-based constitutive model in the velocity-shear flow
problem varies from an ellipse (at small 𝑓𝑏 ) to a circle, to a parabola, and then finally to a
hyperbola (at large 𝑓𝑏 ) with the bulk viscosity ratio in diatomic and polyatomic gases. Such
topologies are very similar to orbits of planets and comets in the Solar system governed by the
two-body Kepler’s laws. The bulk viscosity associated with the rotational mode of gas particles
in reference to the shear viscosity plays exactly the same role in the energy associated with the
angular motion of the planets and comets in reference to the gravitational potential energy [88].
Moreover, as the pressure decreases, the ellipse cone (at 𝑓𝑏 = 0) keeps its topology, whereas
the hyperboloid (at 𝑓𝑏 = 1.0) approaches a different topology of straight lines, as shown in
15

Fig. 2. All these properties indicate critical roles of the rotational mode of diatomic and
polyatomic gases in the thermo-fluidic behavior of nonequilibrium gases under thermodynamic
driving forces.

Fig. 2. Topology of the second-order Boltzmann–Curtiss-based constitutive model in the
velocity shear flow problem in a phase space (Π𝑥𝑥 , Π𝑥𝑦 , 𝑝) for 𝑓𝑏 = 0.0, 1.0. (Reproduced
with permission from Singh et al., “Topology of the second-order constitutive model based on
the Boltzmann–Curtiss kinetic equation for diatomic and polyatomic gases,” Phys. Fluids 32,
026104 (2020). Copyright 2020 AIP).
Fig. 3 shows the general features of the first- and second-order constitutive models for
monatomic and diatomic gases in the compression-expansion and velocity shear flows. In the
case of rapid compression and expansion of gas, the second-order constitutive model shows
non-linear asymmetric relation of the normal stress, as illustrated in Fig. 3(a). Although slight
differences are observed in the profile of second-order constitutive models for monatomic and
diatomic gases, the general pattern remains the same.
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Fig. 3. First-order and second-order solutions of the Boltzmann–Curtiss-based constitutive
model for monatomic (𝑓𝑏 = 0.0) and diatomic (𝑓𝑏 = 0.8) gases in (a) compression - expansion
flow, (b) velocity shear flow.
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In the case of velocity shear flow, which is directly related to the present cylindrical Couette

ˆ
flow, the viscous shear stress 
xy obtained using the second-order constitutive model
recovers the first-order model near the origin, but it becomes highly nonlinear as the stress
force (shear velocity gradient) increases, as illustrated in Fig. 3(b). The second-order
constitutive model displays shear-thinning characteristics, yielding a smaller shear stress
compared to the first-order constitutive model. Furthermore, it produces non-zero normal stress
values for a velocity gradient in the velocity shear flow, which is in stark contrast with
vanishing normal stress of the first-order constitutive model.
3.1.4. Conservation laws in compressible one-dimensional cylindrical Couette flow
The conservation laws of mass, momentum and total energy given in (9) reduce to the
following forms for the steady-state one-dimensional CCF of a compressible gas:

1d
 r ur   0,
r dr
 du u 2  d ( p  ) d  rr  rr  
  ur r    


 0,
dr
r
dr
dr
r


   r
 du u u  1 d
  ur   r    2  r 2 r   r
 0,
r  r dr
r
 dr
du 

dE 1
1 d  rQr 
 ur  ( p  )ur   r   r u   ur 
 0,
dr r
dr
r
r
r dr

(23)

where 𝑢𝑟 and 𝑢𝜃 are the velocity components in 𝑟 and 𝜃 directions, respectively. Note
that these equations are exact physical conservation laws, not the Navier–Fourier equations,
and so they hold for any flow situation irrespective of the Knudsen or Mach number, the type
of gas, or the boundary conditions.
The radial velocity vanishes by the solid wall boundary condition ( 𝑢𝑟 0) in onedimensional CCF. However, the normal stresses Π𝑟𝑟 and Π𝜃𝜃 remain finite in states away
from thermal equilibrium, as indicated in Fig. 3 (b). Because the viscous stress tensor 𝚷 is
symmetric, the shear stresses Π𝑟𝜃 and Π𝜃𝑟 are the same. Note that the radial heat flux Q𝒓
appears in the conservation law of total energy, whereas the tangential heat flux Q𝜃 does not,
because the tangential heat flux has no dependence in the circumferential direction 𝜃. However,
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the tangential heat flux Q𝜃 itself remains finite in states away from thermal equilibrium.
3.1.5. Description of important physical quantities
To characterize the mechanical and thermal characteristics of gases in CCF, the following
physical quantities are often used.
3.1.5.1 Torque
The constant angular speed of the rotating cylinder exerts a torque on its wall, which is
represented in terms of wall shear stress as [29,89]

  2 r 2  r ,

(24)

where Π𝑟𝜃 is the shear stress acting on the wall and 𝑟 is the radius of the cylinder.
3.1.5.2 Torque coefficient
The torque coefficient measures the ratio of the torque exerted on the cylinder wall to the
power of the bulk gas flow, and it is expressed as [29,89]

C 


0.5 r u2w   r 2

,

(25)

where 𝑢𝜃𝑤 is the rotational speed of the inner cylinder.
3.1.5.3 Stanton number
The Stanton number (St) is the ratio of the amount of heat transfer of the gas to its thermal
capacity, and the sign of the heat flux determines the sign of the Stanton number. This number
characterizes the intensity of energy dissipation in a gas flow and is expressed as [89,90],

St 

Qr
.
r c p uw Tw1

(26)

3.2. Discontinuous Galerkin method
The standard DG method cannot handle the spatial discretization of the conservation laws
(12) in conjunction with the second-order constitutive relations (19), because of the highly nonlinear and implicit form of the second-order constitutive relations. To overcome this
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computational difficulty, we employ an in-house, mixed modal discontinuous Galerkin (DG)
code developed by Myong and co-researchers [73,76,77,80,86,91]. In this mixed formulation,
an additional auxiliary variable “ Θ” is introduced to handle the second-order derivatives
appearing in the conservation laws due to the implicit constitutive relations of viscous stress
and heat flux. This auxiliary variable can be defined as the derivative of either primitive or
conservative variables. To apply the mixed DG formulation, the conservation laws (12) (with
the asterisks omitted for notational brevity) can be expressed as a coupled system for 𝐔 and
Θ as,

  U  0,
U
   Finv  U     Fvis  U,    0.
t

(27)

These coupled systems of equations are solved by discretizing the computational domain
into the unstructured triangular elements. These discretized coupled systems of equations over
the domain Ω are approximated by Ωℎ such that Ωℎ → Ω as ℎ → 0 . The approximated
domain Ωℎ is then tessellated into a collection of non-overlapping elements Ω𝑒 such that
𝒯h = {Ω𝑒 }. Finally, over this domain Ωℎ , we introduce the piecewise polynomial space of the
functions νℎ : Ωℎ ⟼ ℛ such that,



Vh  vh  L2  h  : vh   P k  e  , e 
e

h

,

(28)

where 𝐿2 (Ωℎ ) denotes the space function of the squared Lebesque integrable over the domain
Ωℎ and 𝑃𝑘 (Ω𝑒 ) denotes the space of polynomial functions of degree at most 𝑘 in element
Ω𝑒 . Thereafter, the exact solutions of 𝐔 and Θ are approximated by the DG polynomial
approximations of 𝐔ℎ ∈ Vℎ (𝒯h ) and Θℎ ∈ Vℎ (𝒯h ), respectively,
Nk

U h  x, t    U h (t )bi (x),
i

i 0
Nk

 h  x, t     (t )bi ( x),
i 0

i
h

(29)
x  e .

̂ 𝑖ℎ are the local degrees of freedom of 𝐔 and Θ, 𝑏𝑖 (𝐱) is the basis function for
̂ ℎ𝑖 , Θ
Here 𝐔
the finite element space, and 𝑁𝑘 is the number of required basis functions for the 𝑘- exact
DG approximation. In this work, we employ the second-order modal basis functions of Dubiner
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[92] for unstructured triangular elements. Furthermore, the mixed system of equations (27) is
multiplied with the test function, which is considered the same as the basis function 𝑏ℎ , and
then integrated by parts over an element Ω𝑒 , resulting in weak formulation of the mixed system,

  b dV   b
h h

e

h

 U h dV 

e

 bU
h

h

 nd   0,

e


U hbh dV   bh  Finv dV   bh Finv  nd    bh  Fvis dV   bh Fvis  nd   0,
t e
e
e
e
e

(30)

where 𝐧 is the outward normal vector, 𝑉 and Γ are the volume and boundary integral of the
element, respectively.
The Gaussian–Legendre quadrature rule has been employed for the calculation of both
boundary and volume integrals using 2𝑘 and 2𝑘 + 1 order accurate Gauss quadrature
formula, respectively [93]. The number of Gaussian quadrature points increases with the order
of accuracy of the DG approximations. In the present case, 𝑘 = 1 (DG polynomial “𝑝1”) is
used [91]. The inviscid and viscous fluxes in equation (30) are formulated using the local LaxFriedrichs (LLF) flux and BR1 schemes, respectively [80]. The monotone LLF flux is
commonly used in the DG method owing to its computational efficiency. Although it is the
most dissipative flux, it improves the stability of the DG numerical approximation. On the other
hand, the BR1 flux is used as the numerical fluxes to calculate the auxiliary and viscous fluxes
at the elemental interfaces. All these flux formulations can be written as,
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(31)
.


  max U h  as , U h  as .

Here 𝑎𝑠 = √𝑇⁄𝑀 is the speed of sound at an elemental interface, and the superscripts (+)
and (−) denote the left and right states of the element interface. The weak formulation of the
mixed form equation (30) then becomes
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Finally, assembling all the elemental contributions yields a system of ordinary differential
equations in time for each element [80,94],
U h
 M 1R  U h  .
t

(33)

Here 𝐌, 𝐑(𝐔ℎ ) represent the elemental orthogonal mass matrix and the residual vector of the
system of equations, respectively. To solve the system of equations (33), we employ an explicit
three-stage, third-order accurate strong stability preserving Runge–Kutta method (TVD-RK)
proposed by Shu and Osher [95].
3.3. Implementation of velocity-slip and temperature-jump conditions
The velocity-slip and temperature-jump conditions on solid surfaces are necessary for
describing rarefied and micro- and nano-scale gas flows accurately [14,42,96]. To date,
extensive studies have been conducted to derive the proper velocity-slip and temperature-jump
conditions near a solid surface [97]. The present study uses both the Langmuir and Maxwell–
Smoluchowski slip and jump conditions.
3.3.1. Langmuir slip and jump conditions
In the Langmuir slip and jump conditions, the gas molecules (the absorbate) are assumed to
be adsorbed to the surface (the adsorbent) [98-101]. The amount of adsorbate on the adsorbent
is proportional to the pressure at a constant temperature and can be determined by the Langmuir
adsorption isotherm [20,42]. This gas–surface interaction process is then expressed based on
the fraction  (0    1) of surface covered at equilibrium in dimensional form [42]:
 p
1   p ,

  n
p

,
1  n  p


for monatomic gas,

(34)
for diatomic (n=2) and polyatomic (n  2) gas,

where the equilibrium constant

 is given by
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(35)

Note that  depends on the wall temperature as well as an interfacial interaction parameter
De , which is the heat of adsorption; e.g., De  5, 255 J/mol for the N2–Al molecular

interaction model. In these equations, the slip coefficient 𝜔 varies with the type of gas, and
its value can be taken from previous work [20]. The role of 𝜔 is similar to that of the slip
coefficient 𝜔𝑀 =

2−𝜎𝑢
𝜎𝑢

in the Maxwell slip model (𝜎𝑢 being a momentum accommodation

coefficient). In the incompressible limit, Eq. (34) simplifies into
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,
n

1  4 Kn

for monatomic gas,
for diatomic (n =2) and polyatomic (n  2) gas.

(36)

Finally, with the information about the fraction 𝛼 of surface covered at equilibrium, the
velocity slip and temperature jump conditions are written in dimensional form as

u   uwall  1    u g ,
T   Twall  1    Tg ,

(37)

where the subscript g denotes the local value adjacent to the wall, uwall is the velocity vector
of the solid surface, and Twall is the temperature of the solid surface.
For CCF with a cylinder rotating at an angular velocity Ω, the gas velocity on the cylinders
in the Langmuir slip model is expressed as [20]

r
u  r  1    u  r  ,
r

(38)

where 𝑢𝜃 is the tangential velocity, 𝑟 is the radial coordinate, and 𝑟̅ is the radius of the
reference position defined as
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3.3.2. Maxwell velocity slip condition
In 1879, Maxwell [41] derived a velocity slip boundary condition known as the Maxwell
velocity slip condition. The slip in tangential velocity near a solid surface is related to the
tangential shear stress and the tangential heat flux at the wall; in dimensional form, we have
uslip  u wall  M
2−𝜎𝑢

where 𝜔𝑀 = (

𝜎𝑢


3 Pr    1
Π tan 
Q tan ,

4 p

(40)

) is the slip coefficient; Πtan and Q tan are the tangential shear stress and

tangential heat flux at the wall, respectively, and are defined in general coordinates at the
surface as

Π tan   n  Π   S,

(41)

Q tan  Q  S.

Here S is the surface vector from which the normal component is removed, which is defined
mathematically as S = 𝐈 − 𝐧⨂𝐧 using the dyadic product (⨂). Note that the tangential heat
flux term in Eq. (40) vanishes for the first-order constitutive model (18), so that the following
linear Maxwell slip condition in Cartesian coordinates is recovered [14,20,79,102]:

uslip  uwall  M 

u
.
y

(42)

Interestingly, a previous study by Myong et al. [20] showed the existence of a common
point (at the golden ratio 𝜒=0.382) at which both the Langmuir and Maxwell slip models yield
exactly the same solutions. Furthermore, if the relationship,

M

 f  , equivalently  M 



  f 1   

,

(43)

holds between the Langmuir and Maxwell slip models [20], where 𝑓 = 2𝜒⁄(1 − 𝜒 + 𝜒 2 ),
then the two models yield exactly the same solutions.
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3.3.3. Smoluchowski temperature jump condition
By analogy with the Maxwell velocity slip condition and introducing a thermal
accommodation coefficient (𝜎𝑇 ), the following Smoluchowski jump boundary condition can
be developed [14,43]; in dimensional form, we have

Tslip  Twall  T

where 𝜔 𝑇 = (

2−𝜎𝑇
𝜎𝑇

 2 1
Q normal ,
k    1 Pr

(44)

) is the jump coefficient and Qnormal is the normal heat flux. If the

constitutive relation for the heat flux is taken as being linear with the first-order Fourier law
(18), then the jump condition (44) simplifies in Cartesian coordinates to

Tslip  Twall  T 

2 1 T
.
  1 Pr y

(45)

3.4. Verification and validation of DG code
The present DG code and its variants have been verified and validated extensively in various
contexts, including high-Mach-number in non-equilibrium flows [72,73,77,91,103] and
multiphase dusty gas flows [104,105]. This section describes a verification and validation
analysis specific to the rotating CCF problem.
3.4.1 Grid sensitivity analysis and verification using analytical solutions
First, the relative error norms of the computational results for conserved and non-conserved
variables are compared against previous analytical solutions for the rotating CCF [20]. These
analytical solutions were derived with isothermal and incompressible assumptions and with the
Langmuir and Maxwell slip models. Comparison is also made with new analytical solutions
derived for non-isothermal compressible CCF with Maxwell slip and Smoluchowski jump
conditions, which are summarized in the Appendix A.
To minimize the computation time, the flow domain was reduced to one twelfth of the full
geometry, and rotational periodic boundary conditions were applied on the interfaces between
sub-domains. The number of grid points was varied uniformly in the radial direction, and the
relative error norm was calculated by
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where ua and un are the analytical and numerical values of the flow variables, respectively,
and Np is the total number of grid points in the radial direction.

Fig. 4. Relative error norms of conserved and non-conserved variables for different
nonequilibrium parameters of argon gas using first-order constitutive model without slip and
jump conditions ( M = 0.5 ): (a) N𝛿 = 0.001 (Kn = 0.002) ; (b) N𝛿 = 0.025 (Kn =
0.05); (c) N𝛿 = 0.25 (Kn = 0.5).
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Fig. 5. Relative error norms of conserved and non-conserved variables for different
nonequilibrium parameters of argon gas using first-order constitutive model with Maxwell slip
and Smoluchowski jump conditions ( M = 0.5 ): (a) N𝛿 = 0.001 (Kn = 0.002) ; (b)
N𝛿 = 0.025 (Kn = 0.05); (c) N𝛿 = 0.25 (Kn = 0.5).
To make the computation consistent with the analytic solutions, the flow solutions for
monatomic argon gas were computed based on constant fluid properties. A computational
domain with an outer-to-inner radius ratio of 2 was considered, and the non-equilibrium
parameter (N𝛿 = 𝑀 ∙ Kn) was varied from 0.001 to 0.25. The cylinder walls were assumed to
be isothermal, and the temperature of the confined gas was set initially to be that of the walls
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(273 K). The momentum and thermal accommodation coefficients were assumed to be unity,
meaning fully diffusive walls. The relative error norms were calculated for two sub-problems:
(i) the first-order constitutive model without slip and jump conditions, and (ii) the first-order
constitutive model with Maxwell slip and Smoluchowski jump conditions.
Figure 4 compares the relative error norms of the flow variables for different N𝛿 using the
first-order constitutive model without slip and jump conditions. Irrespective of the values of

N𝛿 , the relative error norms of the conserved variables remained smaller than those of the nonconserved variables. In addition, the relative error norms of the flow variables increased
marginally with the nonequilibrium parameter. The non-conserved variables showed higher
relative error norms than those of the conserved variables, because the former involves spatial
gradients. Furthermore, note that the L2 - norms for the flow variables attained asymptotic
values with more grid points in the radial direction, making the numerical solutions close to
being accurate. In the present case, the asymptote reached at the grid points with 1⁄Np ≤
8.34 × 10−3 .
Figure 5 shows a similar trend in the relative error norms of the flow variables using the firstorder constitutive model with the Maxwell slip and Smoluchowski jump conditions. Moreover,
a further decrease in the cell size (1⁄Np ) did not affect the relative error norms, and so the
results can be assumed to be accurate. Thus, this study adopted the minimum cell size of 𝛿𝑟 =
8.3334 × 10−3 for all numerical computations.
3.4.2 Validation of numerical scheme, constitutive models, and slip and jump conditions
The present DG code was also validated with three different cases based on existing
experimental data and DSMC results [7,23,29].
(a) Case I. Figure 6 compares computed results with three different data sets for density
profiles (normalized with the central value): i) experimental data from Alofs et al. [7]; ii)
DSMC results from Nanbu [32]; iii) numerical results from ANSYS FLUENT computational
fluid dynamics software obtained using a user-defined function to include the Maxwell slip and
Smoluchowski jump conditions. The chosen flow domain was the same as that of an
experiment study conducted by Alofs et al. [7], where the outer-to-inner radius ratio (𝑟𝑜 ⁄𝑟𝑖 )
was taken as 1.25. The working gas was monatomic argon gas and was described based on
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variable-hard-sphere molecules [47]. The initial temperatures at the inner and outer cylinders
were assumed to be 303 and 311 K, respectively. Considered were three different values of
the Knudsen number (0.382, 0.0819, and 0.109) with a constant Mach number of 0.9917. In
the simulations, the momentum and thermal accommodation coefficients at the surfaces for the
slip and jump conditions were assumed to be unity.
Figure 6 shows that at a low Knudsen number, inertial effects dominate, leading to an
increase and decrease of density at the outer and inner cylinders, respectively. However, as the
Knudsen number increases, confined gas is no longer entrained by the rotating inner cylinder,
leading to inertial effects decaying. Consequently, gas tends to accumulate near the inner
cylinder and the normalized density increases near the inner cylinder.
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Fig. 6. Normalized density of argon gas in radial direction for three different values of Knudsen
number with M = 0.9917: (a) Kn = 0.0426; (b) Kn = 0.0819; (c) Kn = 0.109.
Such behavior was discussed in detail by Khayat et al. [21]. According to Khayat et al. [21]
and Nanbu [32], as the Knudsen number increases further beyond unity, there is a weak
minimum in density in the vicinity of the rotating inner cylinder. The present first- and secondorder constitutive models with slip and jump conditions showed no such minimum but a similar
tendency near the inner cylinder with increasing Knudsen number. However, it is still the
subject of debate whether a weak minimum in density indeed exists near the rotating inner
cylinder in gaseous CCF.
The DSMC data obtained by Nanbu [32] in 1984 are the only simulation results available in
the literature, and because of the limited computing resources available in 1984, they may
suffer from nonnegligible computational errors (statistical and decomposition) manifested in
the DSMC simulation [21, 32, 106]. Moreover, the experiment by Alofs et al. [7] suffered from
a low aspect ratio (the ratio of cylinder length to diameter assumed to be one), that might add
to discrepancies caused by nonnegligible three-dimensional end effects.
The first-order constitutive model without slip and jump conditions cannot predict any of
these features. In addition, slight differences were found between the results of the first- and
second-order constitutive models because of the non-linearity and shear-thinning feature of the
second-order constitutive model.
(b) Case II. The velocity profiles are compared with the DSMC results of Tibbs et al. [23].
The numerical simulations were performed with a computational domain and flow parameters
similar to those used for the DSMC results; 𝜎𝑢 = 1.0 and 𝜎𝑇 = 0.98 were used for the
momentum and thermal accommodation coefficients, respectively, of the Maxwell and
Smoluchowski slip and jump conditions. The working gas was chosen as monatomic argon gas
(as tabulated in Table ).
Figure 7 compares the contours and profiles (measured in radial direction) of the normalized
tangential velocity obtained using the first- and second-order constitutive models with the slip
and jump conditions (Langmuir and Maxwell–Smoluchowski) against the existing DSMC
results [23]. As expected, the tangential velocity decreases in the radial direction. Interestingly,
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the reduction in the velocity slip is smaller at the inner cylinder than at the outer cylinder.
Overall, the second-order constitutive model with the slip and jump conditions matches better
with the DSMC results.

Fig. 7. Tangential velocity profiles of argon gas in radial direction for 𝑟0 ⁄𝑟𝑖 = 1.67, Kn =
0.5, and 𝑀 = 0.3.
(c) Case III. Computed results are compared with other DSMC results by Akhlaghi et al.
[29]. This time, an integrated quantity is considered, i.e., the normalized torque at the inner
rotating cylinder, rather than a snapshot quantity such as the velocity profile. The flow domain
was defined by the outer-to-inner radius ratio 𝑟𝑜 ⁄𝑟𝑖 = 2. The same temperatures were assumed
for the argon gas and the cylinder surfaces (273 K), and the Mach number at the inner rotating
wall was selected as 0.1. Values of 0.01, 0.1, and 1.0 for the Knudsen number were considered
to evaluate the performance of the first- and second-order models.
Figure 8 compares the normalized torque of argon gas at the inner rotating cylinder for
varying Knudsen number with the existing DSMC results [29]. As expected, as the
accommodation coefficients decrease, so does the normalized torque, particularly at high
Knudsen number, because the momentum exchange with the solid surface reduces at low
accommodation coefficients. As can be seen, the results of the second-order constitutive model
agree better with the DSMC results [29], and this be explained by the shear-thinning
characteristics of the second-order constitutive model, which lead to reduced shear stress acting
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over the cylinder surface compared to that with the first-order constitutive model [14].

Fig. 8. Normalized torque of argon gas at inner rotating cylinder for varying Knudsen number
with different values of momentum and thermal accommodation coefficients in MaxwellSmoluchowski slip and jump conditions (M = 0.1): (a) 𝜎𝑢 = 𝜎𝑇 = 1.0; (b) 𝜎𝑢 = 𝜎𝑇 =
0.5; (c) 𝜎𝑢 = 𝜎𝑇 = 0.1.

4. Results and discussion: thermo-physical behavior of nonequilibrium diatomic
and polyatomic gases in cylindrical Couette flow
This section investigates the thermo-physical characteristics of nonequilibrium monatomic,
diatomic and polyatomic gases using three gases: argon (𝑓𝑏 = 0.0), nitrogen (𝑓𝑏 = 0.8), and
methane (𝑓𝑏 = 1.33). The outer-to-inner radius ratio is assumed to be 2. The inner cylinder
rotates with a Mach number of 0.5, while the outer cylinder is held stationary. Thus, the degree
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of thermal nonequilibrium is expected to be higher near the inner cylinder.
Considered first is the role of power-law indices and gas–surface interaction parameters in
the context of the first-order constitutive model. Higher-order slip/jump models such as the
second-order model presented in [107,108] and a second-order model [14] obtained using the
second-order NCCR values for the viscous shear stress and heat flux in Eqs. (40) and (44) are
not considered here because our focus is on the effect of the second-order constitutive model
on CCF. Considered next are non-classical effects of the second-order constitutive model, i.e.,
non-zero normal stress difference and tangential heat flux, which have been studied rarely to
date. Considered finally are the effects of diatomic and polyatomic gases, i.e., nonequilibrium
quantity (bulk viscosity ratio 𝑓𝑏 ) and equilibrium quantity (specific heat ratio γ).
4.1. Thermal characteristics of cylindrical Couette flow: first-order constitutive model
4.1.1 Temperature-dependent transport coefficients
To address the role of the inverse power-law index s in the transport coefficients [109],
numerical simulations were performed using the first-order constitutive model with s = 0, 0.5,
and 1.0, equivalent to constant transport coefficients, hard-sphere molecules, and Maxwellian
molecules, respectively. Both the momentum and thermal accommodation coefficients in the
slip and jump conditions were assumed to be unity.
Figure 9 compares the profiles of normalized tangential velocity and temperature of argon
gas (𝑓𝑏 = 0) with varying power-law index at values of the Knudsen number of 0.01, 0.1, 1.0
and 𝛽 = 0.0. At the low Knudsen number of 0.01, the tangential velocity remains insensitive
to the value of s. However, when the Knudsen number is increased to 0.1, marginal differences
are present because the effect of s is amplified far from equilibrium. A similar trend was found
in the temperature profile.
Figure 10 shows the trends of the integrated quantities (torque coefficient and Stanton
number at the inner rotating cylinder) of argon gas with varying power-law index
(𝑠 = 0.0, 0.5, 1.0) and temperature difference (𝛽 = 0.0, 0.05, 0.1) for different values of
the Knudsen number. The torque coefficient increases with increasing power-law index
because of the enhanced intermolecular interactions. In addition, as the Knudsen number is
increased, the torque coefficient increases significantly, because of the drastic reduction in
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dynamic pressure (0.5𝜌𝑢𝜃2𝑤 ) over the total torque acting on the cylinders. Also noticed is a
rise in the torque coefficient in the case of a heated inner cylinder with higher 𝛽.
The Stanton number also increases with increasing power-law index (s). As with the torque
coefficient, the Stanton number increases significantly with increasing Knudsen number
because of the drastic reduction in the thermal capacity of the gas (𝜌𝑐𝑝 𝑢𝜃𝑤 (𝑇𝑊2 − 𝑇𝑊1 )) over
the heat flux on the inner rotating cylinder.
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Fig. 9. Profiles of normalized (a) tangential velocity and (b) temperature of argon gas with
varying power-law index (𝑠 = 0.0, 0.5, 1.0) in radial direction at Kn = 0.01, 0.1, 1.0, 𝛽 =
0.0.
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Fig. 10. Trends of integrated quantities of argon gas with varying power-law index (𝑠 =
0.0, 0.5, 1.0) and temperature difference (𝛽 = 0.0, 0.05, 0.1) for different values of Knudsen
number (0.01, 0.05, 0.1, 0.5, 1.0): (a) torque coefficient; (b) Stanton number.
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Fig. 11. Profiles of normalized tangential velocity and temperature of argon, nitrogen, and
methane gases in radial direction for different accommodation coefficients at Kn = 0.1,
𝛽 = 0.0: (a) tangential velocity; (b) temperature.
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Fig. 12. Trends of integrated quantities of argon, nitrogen, and methane gases with varying
accommodation coefficients (𝜎𝑢 = 𝜎𝑇 = 0.3, 0.6, 0.8, 1.0) and temperature difference
(𝛽 = 0.0, 0.05, 0.1) at Kn = 0.1: (a) torque coefficient; (b) Stanton number.
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4.1.2 Gas–surface interactions including temperature jump
Investigated next is the effect of gas molecules interacting with the atoms of the solid
surfaces by varying the surface accommodation coefficients. Four different momentum and
thermal accommodation coefficients (𝜎𝑢 , 𝜎𝑇 = 0.3, 0.6, 0.8, 1.0) are considered with the ratio
of the thermal accommodation coefficient to the momentum one (𝜎̅ = 𝜎𝑇 ⁄𝜎𝑢 ) kept at unity,
thereby preserving the so-called Reynolds analogy under the slip-flow regime [96].
Figure 11 compares profiles of normalized tangential velocity and temperature of various
gases with no wall temperature difference (𝛽 = 0) for different accommodation coefficients at
the cylinder walls. As expected, as the accommodation coefficients decrease, the velocity slip
increases at both cylinder walls. This increased velocity slip is responsible for the decrease and
increase of the tangential velocity at the inner and outer cylinders, respectively, because of the
reduced momentum exchange between the gas and the surface. Note also that as the
accommodation coefficients are reduced to 0.3, the gas starts behaving in a specular manner
and the tangential velocity deviates significantly from the actual applied velocity with M=0.5
[23]. The present study also confirmed the existence of a common point (around
(𝑟 − 𝑟𝑖 )/(𝑟𝑜 − 𝑟𝑖 ) = 0.73) through which all the tangential velocity profiles pass, irrespective
of the value of the accommodation coefficients, which agrees with previous studies
[20,23,25,28]. Moreover, note that in the case of small accommodation coefficients, some
differences in the tangential velocity profiles emerge among the different gas types.
The temperature jump also increases at both cylinder walls as the accommodation
coefficients decrease. Interestingly, the level of the temperature jump varies significantly with
the gas type, with the monatomic gas showing the highest temperature jump because its pure
translational mode contributes maximally to the heat transfer. Such variation is amplified with
decreasing accommodation coefficients.
Figure 12 shows the trends of the integrated quantities (torque coefficient and Stanton
number at the inner rotating cylinder) of different gases with varying accommodation
coefficients and temperature difference at Kn = 0.1 . As the accommodation coefficients
decrease, so does the torque coefficient in each case because of the decreased gas surface
interactions, as shown in Fig. 12 (a). Interestingly, the torque coefficient varies significantly
with the gas type, with the monatomic gas having the highest value. This is because the viscous
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shear stress of the monatomic gas near the inner wall contributes fully to the torque because of
the absence of excess normal stress of the monatomic gas. Conversely, the substantial level of
excess normal stress in diatomic and polyatomic gases takes some portion of the stress, thereby
reducing the shear stress at the wall and ultimately decreasing the torque. The variation in the
torque coefficient is amplified with decreasing accommodation coefficients.
The Stanton number varies significantly with the temperature difference 𝛽, as shown in Fig.
12 (b). As with the torque coefficient, its variation is amplified with decreasing accommodation
coefficients. With the same wall temperature condition (𝛽 = 0), the Stanton number increases
monotonically with decreasing accommodation coefficients because the heat flux Qr at the
inner wall appearing in the numerator of the definition of Stanton number is drastically
increased at low accommodation coefficients. Moreover, the Stanton number decreases for
diatomic and polyatomic gases because the heat capacity cp appearing in the denominator of
the definition of the Stanton number increases for diatomic and polyatomic gases.
4.2. Effects of second-order constitutive model in cylindrical Couette flow: non-zero
normal stress difference and tangential heat flux
Investigated next are non-classical effects of the second-order constitutive model,
specifically, non-zero normal stress difference and tangential heat flux. To the best of the
author’s knowledge, solutions of these quantities for diatomic and polyatomic gases using the
second-order constitutive model and slip and jump conditions have not been reported
previously. In the Maxwell slip and Smoluchowski jump conditions, both the momentum and
thermal accommodation coefficients were assumed to be unity in all the simulations.
Before presenting the numerical results, the holistic picture of the non-classical effects is
studied with the guidance of theoretical analysis of the second-order constitutive model in onedimensional CCF in (𝑟,𝜃) coordinates. After lengthy tensor manipulation, the second-order
constitutive models (19), (20) reduce to the following instructive form in the present onedimensional CCF problem ( ur   /   0 ) driven by the shear rate

s:
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Rˆ 2  ˆ 2rr  ˆ 2  ˆ 2zz  2ˆ r2  2  fb ˆ 2  Qˆ r2  Qˆ2 .
During the derivation, the second-order constitutive model (19) was cast in the Jaumann
derivative form, which is required for constitutive equations co-rotational with the frame of
reference [21]. Also included were the rotation-related terms newly appearing in the convective
derivative of the shear stress tensor and the heat flux vector in (𝑟,𝜃) coordinates. Here, the
underlined terms

0, 1

represent the first-order driving forces in the present CCF and

correspond to the Navier–Fourier constitutive relations. Note that when neglecting all coupled
terms on the right-hand side of the equations (47), they reduce to the following first-order
Navier–Fourier constitutive model (16):

 ˆ rr ˆ r ˆ rz  0 1 0 

 

ˆ r ˆ  ˆ  z   1 0 0  ˆ r0 , ˆ  0,
ˆ
ˆ
ˆ  

  rz  z  zz  0 0 0 

 Qˆ r  1 
   
Qˆ   0  Qˆ r0 .
 ˆ  0 
 Qz   

(48)

Note from Eq. (47) that many second-order effects exist to cause the underlying physics to be
governed beyond the first-order Navier–Fourier laws, such as the collisional term q2 nd (cRˆ )
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ˆ ˆ , ( f ˆ  ˆ )ˆ , ( f ˆ  ˆ )Qˆ , ˆ Qˆ .
and the kinematic terms 
r r0
b

r0
b
rr
r0
r r0
Although Eq. (47) looks messy at first glance, it yields very enlightening relations among
viscous stresses and heat fluxes after careful examination:

ˆ rr  2ˆ   2ˆ zz ,
9
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ˆ   ˆ  or    fb ,
2
2
2 ˆ2   9  ˆ  ˆ
 r  1  1  fb      0,
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Note that all the constitutive relations can be expressed in terms of the driving forces 
r 0
r0
the (negative) normal stress

ˆ , and the gas coefficients  , c, fb . Combining Eqs. (47) and



(49) gives the implicit non-Navier–Fourier nonlinear coupled constitutive relations
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Surprisingly, Eqs. (49) and (50) turn out to be the same as the second-order Boltzmann–
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Curtiss-based constitutive model in the velocity shear flow problem in Cartesian coordinates
[14,17,47,70,88] with the following correspondences:

 r   xy ,    xx ,  rr   yy .
Therefore, the signs and qualitative properties of the viscous stresses and heat fluxes remain
essentially the same. In addition, most of the non-classical physics present in the velocity shear
flow in Cartesian coordinates carries over to the present CCF in (𝑟,𝜃) coordinates. For example,
the third relation in Eq. (49) is nothing but the kinematic viscous stress constraint for diatomic
gases first identified by Myong [70] in 2004. The existence of such a stress constraint, as shown
in Fig. 2, means that when the diatomic and polyatomic gases with a specific value of
𝑓𝑏 undergo velocity shear, the viscous shear and normal stress (Π𝑟𝜃 , Π𝜃𝜃 ) (in reference to the
hydrostatic pressure) are not independent at all and must be determined along a topological
curve defined by a conic section (an ellipse for 𝑓𝑏 < 2/9 , a parabola at 𝑓𝑏 = 2/9 , or a
hyperbola for 𝑓𝑏 > 2/9) in the phase space [88].
4.2.1 Normal stress difference
Figure 13 (a) shows the profiles of the normalized tangential velocity u𝜃 and the normalized
normal stress difference (Π𝜃𝜃 − Π𝑟𝑟 ) of argon (𝑓𝑏 = 0.0) in radial direction. The first- and
second-order constitutive models were used in conjunction with the Maxwell slip and
Smoluchowski jump conditions (Kn = 0.1, 1.0).
As first noted in Fig. 8, the shear-thinning characteristic of the second-order constitutive
model shown in Fig. 3 (b) is responsible for the smaller velocity slip and shear stress compared
to those with the first-order constitutive model. Specifically, the second equation of Eq. (50)
indicates that the second-order shear stress  r is smaller than the first-order shear stress
 r0 because the following factor is always less than 1:

1
.
ˆ 2 / 3 / q(cRˆ )
3q(cRˆ )  (2  9 fb )
r0

This allows the tangential velocity profile to have a higher slope for a given driving force
 r0  2  s , which in turn leads to a smaller velocity slip at the wall. The difference is

amplified with increasing Knudsen or Mach number.
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The bottom of Fig. 13 (a) shows an important non-classical second-order effect, i.e., a nonzero normal stress difference in states away from thermal equilibrium. The origin of this

ˆ  ˆ  3ˆ  2ˆ ˆ
behavior is traced to the relation 

rr

r r0 in Eqs. (47), (49), and (50),
implying that it remains always negative (with a quadratic function near thermal equilibrium,

ˆ 2r0 ) and does not vanish unless the shear driving force

 r0  2  s is absent. Again, the

difference is amplified with increasing Knudsen or Mach number. In contrast, the first-order
constitutive model cannot describe this abnormal property at all because all the second-order
coupling effects were ignored from the outset.
Figure 13 (b) shows the profiles of the normalized tangential velocity and normal stress
difference of gas with 𝑓𝑏 = 1.0 in radial direction. The specific heat ratio was fixed as 𝛾 =
5/3 to isolate the effect of the bulk viscosity ratio. The qualitative trend remains the same as
that for argon gas with 𝑓𝑏 = 0.0, but the normal stress difference is increased substantially at
Kn = 1.0.

Fig. 13. Profiles of non-classical normal stress difference of gas (𝛾 = 5/3 ) in the radial
direction at Kn = 0.1, 1.0, 𝛽 = 0.0: (a) 𝑓𝑏 = 0.0; (b) 𝑓𝑏 = 1.0.
4.2.2 Tangential heat flux
The top of Fig. 14 (a) shows profiles of the normalized temperature with the first- and
second-order constitutive models. Even though the difference between the first- and secondorder constitutive models is much smaller than that in the tangential velocity profiles, the slope
44

of the temperature profile with the second-order model is larger than that with the first-order

ˆ / 3 / q(cRˆ )]
model. This is again caused by the factor [3q(cRˆ )  (2  9 fb )
r0
2

1

in the second-

order constitutive relation [the fifth equation of Eq. (50)].
The bottom of Fig. 14 (a) shows another important non-classical second-order effect, i.e.,
a non-zero tangential heat flux in states away from thermal equilibrium. The origin of this
behavior is traced to the second-order coupling term on the right-hand side of the constitutive

ˆ Qˆ , in Eqs. (47) and (50). Because the sign
relation of the tangential heat flux, Qˆ q(cRˆ )  
r r0
of the shear stress ˆ r is positive in the present flow with a rotating inner cylinder, the sign
of the tangential heat flux

Q̂ is the same as that of the first-order radial heat flux Qˆ r0 . As with

other non-classical quantities, the tangential heat flux is amplified with increasing Knudsen or
Mach number. In contrast, it remains strictly zero with the first-order constitutive model
because the second-order coupling term was ignored from the outset.

Fig. 14. Profiles of non-classical tangential heat flux of gas (𝛾 = 5/3) in radial direction at
Kn = 0.1, 1.0, 𝛽 = 0.0: (a) 𝑓𝑏 = 0.0; (b) 𝑓𝑏 = 1.0.
Figure 14 (b) shows profiles of the normalized temperature and tangential heat flux of gas
with 𝑓𝑏 = 1.0 in radial direction. The specific heat ratio was fixed as 𝛾 = 5/3 to isolate the
effect of the bulk viscosity ratio. The profiles remain almost the same as those for argon gas with

𝑓𝑏 = 0.0 because the bulk viscosity affects the viscous stress directly but the heat flux
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indirectly to a negligible degree.
4.2.3 Torque coefficient and Stanton number for varying Knudsen number and
temperature difference
Figure 15 shows the trends of the integrated quantities (torque coefficient and Stanton
number at the inner rotating cylinder) of argon gas obtained using the first- and second-order
constitutive models for different values of the Knudsen number. The torque coefficient
increases monotonically with the Knudsen number because of the drastic reduction in dynamic
pressure over the total torque acting on the cylinder surface, irrespective of the temperature
difference imposed on the cylinder walls. Interestingly, a reduction in the torque coefficient is
observed in the second-order constitutive model. This is caused by the shear-thinning
characteristic of the second-order constitutive model, which is shown in the second relation in
Eq. (50).
The trends of the Stanton number are similar to those of the torque coefficient: it increases
with the Knudsen number and decreases with the second-order constitutive model. The origin
of this behavior can be traced to the reduced heat flux of the second-order constitutive model:

ˆ 2 / q 2 (cRˆ )
1  6
Qˆ r
r0

.
ˆ
ˆ
ˆ 2 / 3 / q(cRˆ )
Qr0 q(cR)  2
r0
As expected, a reduction in the torque coefficient and the Stanton number is amplified with
increasing Knudsen number.
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Fig. 15. Trends of integrated quantities of argon (𝑓𝑏 = 0.0) gas for different values of
Knudsen number and temperature difference parameter (𝛽 = 0.0, 0.05, 0.1) : (a) torque
coefficient; (b) Stanton number.
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4.3 Effects of diatomic and polyatomic gases in cylindrical Couette flow: nonequilibrium quantity 𝒇𝒃 and equilibrium quantity γ
To investigate the effects of diatomic and polyatomic gases in CCF in a clearer way, the
specific heat ratio is normalized between zero and one using the relationship
 

5 3   

5 3    ,
2   (bound)  5 3 2  2  5 3


(45)

where γ(bound) = 2 refers to the upper bounding limit for the specific heat ratio. This
normalization bounds different gas types between monatomic and polyatomic gas molecules.
All the other gas parameters are assumed to be the same as those for nitrogen gas. Table II
summarizes the bulk viscosity coefficient (𝑓𝑏 ) and normalized specific heat ratio (𝛾̅ ) of the
different gases considered in this study.
Table II. Bulk viscosity coefficient (𝑓𝑏 ) and normalized specific heat ratio (𝛾̅ =
(5⁄3 − 𝛾)⁄(2 × (γ(bound) − 5⁄3))) of different gases with γ(bound) = 2.
Gas parameter
Gases
(with varying 𝑓𝑏 )
Figs. 16, 17
Gases
(with varying 𝛾̅ )
Figs. 18, 19
Real gases
Figs. 20, 21

Bulk viscosity coefficient (𝑓𝑏 )
𝑓𝑏 = 0.0
𝑓𝑏 = 0.5

Heat capacity ratio (𝛾̅ )
𝛾̅ = 0.4 (𝛾 = 7/5)
(constant)

𝑓𝑏 = 1.0
𝛾̅ = 0.125 (𝛾 = 19/12)
𝑓𝑏 = 0.0 (constant)

𝛾̅ = 0.4 (𝛾 = 7/5)
𝛾̅ = 0.625 (𝛾 = 5/4)

Argon:
𝑓𝑏 = 0.0
Nitrogen: 𝑓𝑏 = 0.8

𝛾̅ = 0.0 (𝛾 = 5/3)
𝛾̅ = 0.4 (𝛾 = 7/5)
𝛾̅ = 0.531 (𝛾 = 1.312)

Methane: 𝑓𝑏 = 1.33

4.3.1 Varying nonequilibrium quantity: bulk viscosity ratio 𝒇𝒃
The thermo-physical characteristics of the gases are investigated by firstly varying the bulk
viscosity ratio (𝑓𝑏 = 0.0, 0.5, 1.0) in a highly rarefied flow regime. The specific heat ratio is
fixed as 𝛾̅ = 0.4 (equivalently, 𝛾 = 1.4) to isolate the effect of the bulk viscosity ratio.
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Figure 16 compares the profiles of the conserved (pressure, density, temperature) and non-

conserved (excess normal stress) variables of the gases with varying bulk viscosity ratio (𝑓𝑏 =
0.0, 0.5, 1.0) in the radial direction at Kn = 1.0 , 𝛽 = 0.0 . The slope of the pressure
distribution in the radial direction reduces with increasing bulk viscosity ratio, thereby
increasing the pressure at the inner cylinder wall. This phenomenon can be explained by
examining the five terms in the conservation law of radial momentum (23):

u2 dp d  d  rr  rr  
  


 0.
r dr dr
dr
r
As the bulk viscosity ratio increases, the normal stress difference with positive sign,

(rr   ) / r , increases and competes with the centripetal force term   u2 / r . To balance
this change in the conservation law, the non-viscous term dp / dr should be reduced, thereby
increasing the pressure at the inner cylinder wall. The reduction in the slope of the pressure
distribution is amplified more in the second-order model than in the first-order model because
of the shear-thinning characteristic of the former [88]. Note that the trend in the density profiles
is the same as that in the pressure profiles. As the bulk viscosity increases, the density profiles
of the second-order constitutive model are flattened more than are those of the first-order
constitutive model. This is because the density is directly proportional to the pressure through
the equation of state.
The rotational energy of the diatomic and polyatomic gases deviates from thermal
equilibrium when subjected to strong non-equilibrium, and the process of relaxation to
equilibrium conditions can be represented in terms of the bulk viscosity [110]. Such relaxation
is effectively absorbed by the excess normal stress term, as shown in Fig. 16 (c). In the present
theory, non-zero excess normal stress can be explained by a second-order relation,
  9 fb  / 2 , in Eqs. (49) and (50), indicating the direct relationship with the normal stress.

Note that the excess normal stress remains finite in the second-order theory, even if the
divergence of velocity vanishes. In contrast, the excess normal stress always remains zero when
the Stokes’ hypothesis [111] is adopted or the divergence of velocity vanishes, as in the present
CCF.
Figure 16 (d) shows that the temperature distributions remain similar for increasing bulk
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viscosity ratio. In addition, the second-order constitutive model predicted only marginal
increase in the gas temperature compared to the first-order model.

Fig. 16. Profiles of conserved and non-conserved variables of gases (𝛾̅ = 0.4) with varying
bulk viscosity ratio (𝑓𝑏 = 0.0, 0.5, 1.0) in radial direction at Kn = 1.0 , 𝛽 = 0.0 : (a)
pressure; (b) density; (c) excess normal stress; (d) temperature.
Figure 17 shows the trends of the integrated quantities (torque coefficient and Stanton
number at the inner rotating cylinder) of gases with fixed 𝛾̅ = 0.4 and varying bulk viscosity
ratio (𝑓𝑏 = 0.0, 0.5, and 1.0) for different values of the Knudsen number. The torque
coefficient increases slightly with increasing bulk viscosity ratio, and the increase is amplified
with increasing Knudsen number. In addition, a negligible increase was found in the Stanton
number with increasing bulk viscosity ratio, even at the high Knudsen number of Kn=1.0.
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Moreover, it was observed that the temperature difference has no impact on the role of the bulk
viscosity ratio. A theoretical explanation for the slight increase of torque coefficient and
Stanton number is possible when recalling the second and fifth equations of the NCCR (50).

ˆ / 3 / q(cRˆ )]
Specifically, the factor [3q(cRˆ )  (2  9 fb )
r0
2

1

increases with increasing bulk

viscosity ratio 𝑓𝑏 , thereby increasing the viscous shear stress and radial heat flux at the inner
cylinder wall.
4.3.2 Varying equilibrium quantity: specific heat ratio γ
The thermo-physical characteristics of gases are investigated further by varying the specific

heat ratio in a highly rarefied flow regime. This time, the bulk viscosity ratio is fixed a 𝑓𝑏 = 0.0
to isolate the effect of the specific heat ratio. As summarized in Table I, only those parameters

that depend on the specific heat ratio are varied, and the other gas parameters such as the
viscosity index s are kept the same as those of nitrogen gas.
Figure 18 compares the profiles of the tangential velocity and temperature of gases with
different specific heat ratio (𝛾̅ = 0.125, 0.4, 0.625) in the radial direction at Kn = 1.0, 𝛽 =
0.0. As the normalized specific heat ratio increases (or the actual value of the specific heat ratio
decreases), both the tangential velocity and temperature decrease. This reduction can be
explained by checking the terms in the conservation law of energy (13):

 *  u* / ( M  RTr ) + Q* / (Ec Pr)  constant .
Because the specific heat ratio 𝛾 is an equilibrium quantity and appears in the definitions of
the Eckert number and the Prandtl number, it directly affects the overall flow field. For a given
Mach number (M=0.5), the parameter 1/EcPr in the conservation law of energy increases via
(9𝛾-5)/(𝛾-1)/𝛾 with decreasing specific heat ratio 𝛾, thereby resulting in smaller heat flux

Q*

and lower temperature near the inner cylinder. Similarly, the reduced specific heat ratio results
in smaller viscous stress * and lower velocity near the inner cylinder. As in the previous
cases, compared to the first-order constitutive model, the second-order constitutive model with
its shear-thinning property predicted larger tangential velocity near the inner cylinder.
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Fig. 17. Trends of integrated quantities of gases (𝛾̅ = 0.4) with bulk viscosity ratio (𝑓𝑏 =
0.0, 0.5, 1.0) for different Knudsen number: (a) 𝛽 = 0.0; (b) 𝛽 = 0.05; (c) 𝛽 = 0.1.
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Fig. 18. Profiles of tangential velocity and temperature of gases (𝑓𝑏 = 0.0) with normalized
specific heat ratio (𝛾̅ = 0.125, 0.4, 0.625) in radial direction at Kn = 1.0, 𝛽 = 0.0.
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Fig. 19. Trends of integrated quantities of gases (𝑓𝑏 = 0.0) with normalized specific heat ratio
(𝛾̅ = 0.125, 0.4, 0.625) for varying Knudsen number: (a) 𝛽 = 0.0; (b) 𝛽 = 0.05; (c) 𝛽 =
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0.1.
Figure 19 compares the trends of the integrated quantities (torque coefficient and Stanton
number at the inner rotating cylinder) of gases (𝑓𝑏 = 0.0) with varying specific heat ratio
(0.125, 0.4, 0.625) . The torque coefficient decreases slightly with increasing normalized
specific heat ratio. Similarly, the Stanton number decreases slightly because of the reduced
heat flux. Moreover, as the gases become more rarefied, the torque coefficient and the Stanton
number increase significantly, especially in the case of a heated inner wall.
4.4 Real gases: monatomic, diatomic, and polyatomic gases
Thus far, to isolate the effects of the bulk viscosity ratio and the specific heat ratio, their
values were selected arbitrarily. However, real gases are known to possess specific
combinations of the two values, e.g., argon (𝑓𝑏 = 0.0, 𝛾̅ = 0.0), nitrogen ( 𝑓𝑏 = 0.8, 𝛾̅ =
0.4 ), and methane ( 𝑓𝑏 = 1.33, 𝛾̅ = 0.531 ). To investigate the thermal and flow
characteristics of real gases in CCF, three real gases (monatomic argon, diatomic nitrogen, and
polyatomic methane) are considered. The aim is to examine the combined effects of the bulk
viscosity ratio and the specific heat ratio of gases in a highly rarefied flow regime.

Fig. 20. Profiles of tangential velocity, normal stress difference, temperature, and tangential
heat flux of argon (𝑓𝑏 = 0.0, 𝛾̅ = 0.0 or 𝛾 = 5/3), nitrogen (𝑓𝑏 = 0.8, 𝛾̅ = 0.4 or 𝛾 =
7/5), and methane (𝑓𝑏 = 1.33, 𝛾̅ = 0.531 or 𝛾 = 1.312) gases in radial direction at Kn =
1.0, 𝛽 = 0.0.
Figure 20 compares the tangential velocity, normal stress difference, temperature, and
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tangential heat flux of the three gases in the radial direction at a Knudsen number of 1.0 and
no temperature difference (𝛽 = 0.0). From monatomic to diatomic to polyatomic, both the
normalized tangential velocity and temperature near the inner cylinder decrease, indicating the
dominant role of the specific heat ratio in the velocity and temperature profiles. On the other
hand, the normal stress difference (Π𝜃𝜃 − Π𝑟𝑟 ) increases, while the tangential heat flux 𝑄𝜃
decreases. This means that the bulk viscosity ratio and the specific heat ratio play a dominant
role in the normal stress difference and the tangential heat flux, respectively.
As first explained in Fig. 13, the shear-thinning characteristic of the second-order
constitutive model is again responsible for a smaller velocity slip and decrease of the tangential
velocity at the inner cylinder, compared to the first-order constitutive model. The same
mechanism explains the slight increase in temperature near the inner cylinder.
Figure 21 compares the trends of the integrated quantities (torque coefficient and Stanton
number at the inner rotating cylinder) of the three representative gases. From monatomic to
diatomic to polyatomic, the torque coefficient and Stanton number decrease. The decrease is
amplified with increasing Knudsen number. This trend is the same as that in the case of varying
specific heat ratio (Fig. 19) but opposite to that in the case of varying bulk viscosity ratio (Fig.
17). This means that the specific heat ratio plays a more dominant role in the torque coefficient
and the Stanton number than does the bulk viscosity ratio. Again, the shear-thinning
characteristic of the second-order constitutive model is responsible for the reduced torque and
radial heat flux (or Stanton number) at the inner cylinder, compared to the first-order
constitutive model.
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Fig. 21. Trends of integrated quantities of argon (𝑓𝑏 = 0.0, 𝛾̅ = 0.0 or 𝛾 = 5/3), nitrogen
(𝑓𝑏 = 0.8, 𝛾̅ = 0.4 or 𝛾 = 7/5) , and methane (𝑓𝑏 = 1.33, 𝛾̅ = 0.531 or 𝛾 = 1.312)
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gases for varying Knudsen number: (a) 𝛽 = 0.0; (b) 𝛽 = 0.05; (c) 𝛽 = 0.1.
4.5 Summary of thermo-physical characteristics of rarefied and microscale gas flows in
cylindrical Couette flow including diatomic and polyatomic gases
In addition to well-known quantities such as the temperature-dependent transport coefficient
and accommodation coefficients, focus is given to the effects of the bulk viscosity ratio in
combination with the specific heat ratio in CCF in the rarefied and microscale gas regimes. In
highly nonequilibrium flow regimes, the thermal and heat transfer characteristics of gas flows
become more critical [112-114].
Based on numerical calculations and theoretical results for the second-order constitutive
model in one-dimensional CCF in ( 𝑟 , 𝜃 ) coordinates [Eqs. (47)-(50)], the underlying
mechanisms behind several intriguing non-classical properties in gaseous CCF are summarized
in Table III.
Table III. Summary of thermal and flow characteristics of nonequilibrium monatomic,
diatomic, and polyatomic gases in CCF.
Nonclassical
behavior

Explanations based on second-order constitutive model


Smaller
velocity slip

The shear-thinning property of the second-order
constitutive model is responsible for a smaller velocity slip
because smaller shear stress for a given shear rate allows
for a higher velocity gradient:
1

 r /  r0   q 2 (cRˆ )  (2  9 fb )ˆ r20 / 3 / q(cRˆ )  .
Reduced
wall shear
stress and
torque
coefficient



The shear-thinning property or equivalently the vanishing
effective viscosity of the second-order constitutive model
in the high Knudsen-number regime is responsible for the
reduced wall shear stress and torque coefficient.

Figures

7, 13,
18 (a), 20
(a)

8, 15
(a), 17,
19, 21
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Non-zero
normal
stress

The quadratic functional form of the second-order
constitutive model is responsible for non-zero normal
stress and normal stress difference in states away from
thermal equilibrium:
ˆ  ()2
ˆ 2 / 3q 2 (cRˆ )  (2  9 f )
ˆ 2 ,


r0 
b
r0 

ˆ   ˆ rr  3ˆ   2ˆ r ˆ r0 .

13, 20
(a)

In contrast, the first-order constitutive model cannot
describe this abnormal property at all because all the
second-order coupling effects were ignored from the
outset.

Non-zero
excess
normal
stress


Non-zero
tangential
heat flux

Reduced
heat flux
and Stanton
number

The second-order coupling term is responsible for nonzero tangential heat flux in states away from thermal
equilibrium:

Qˆ q(cRˆ )  ˆ r Qˆ r0 .

16

14, 20
(b)

In contrast, it remains strictly zero in the case of the firstorder constitutive model because the second-order
coupling terms were ignored from the outset.


Flattened
pressure and
density
profiles

The direct relationship with the normal stress in the
second-order constitutive model is responsible for nonzero excess normal stress:
  9 fb  / 2 .
Note that the excess normal stress remains finite in the
second-order theory, even if the divergence of velocity
vanishes. In contrast, the excess normal stress remains
strictly zero in the first-order theory because the
divergence of velocity vanishes in CCF.





The non-zero viscous normal stress difference with
positive sign, ( rr   ) / r , which competes with the
pressure slope dp / dr , is responsible for the flattened
pressure and density profiles.
The finite bulk viscosity of diatomic and polyatomic gases
further flattens the density and pressure profiles because of
the increased normal stress difference.
The non-linearity of the second-order constitutive model is
responsible for the reduced heat flux and Stanton number:
ˆ 2 / q 2 (cRˆ )  /  q(cRˆ )  2
ˆ 2 / 3 / q(cRˆ )  .
Qˆ r / Qˆ r0  1  6
r0
r0
 


6, 16

15 (b),
17, 19, 21
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5

Conclusions
The main motivation for this study was a recent realization of the increasing importance of

thermal physics in monatomic, diatomic, and polyatomic gases in states away from thermal
equilibrium, such as rarefied and microscale gas flows. To investigate in detail the role of
thermal physics in these gas flows, compressible CCF was selected, because of its fundamental
role in the study of fluid dynamics and heat transfer. Even though the geometry is a twodimensional one, the flow problem is reduced to one-dimension because of the circumferential
symmetry, and it is easily testable by experiments using a configuration with high length-todiameter ratio.
Identified first were four important aspects of physics that might play a critical role in
monatomic, diatomic, and polyatomic gases in strong nonequilibrium: (i) the temperature
dependence of the transport coefficients in compressible gas flow, (ii) the nonlinearity and
coupling in the constitutive relations of gases in strong nonequilibrium, (iii) the bulk viscosity
of diatomic and polyatomic gases and its subtle interplay with the nonlinear coupled
constitutive relations, and (iv) the temperature jump at a solid wall. As a computational method,
the DG method developed previously by the author’s research group was used because of its
ability to compute low- and high-Mach-number flows with a single framework and its
extensibility to handle a three-dimensional configuration of rotating CCF, which can be used
in experimental study. The computational method was verified using new analytic solutions
for CCF of a compressible gas with the Maxwell slip and Smoluchowski jump conditions
including the temperature profile. In addition, the second-order (non-Navier–Fourier)
nonlinear coupled constitutive relations (50) were derived for the cylindrical coordinates.
In general, the physical mechanisms behind abnormal behavior were found to be very similar
to the Knudsen layer in planar Couette gas flow, and the curvature of the cylindrical geometry
did not affect the fundamental physics. For instance, the shear-thinning property of the secondorder constitutive model was responsible for a smaller velocity slip. Moreover, the quadratic
functional form of the second-order constitutive model was responsible for non-vanishing
normal stress and normal stress difference in states away from thermal equilibrium.
However, two new abnormal mechanisms were found in diatomic and polyatomic gases. The
first was the subtle interplay of excess normal stress (and bulk viscosity) with the nonlinear
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coupled constitutive relations. In the present one-dimensional flow, the divergence of velocity
remains strictly zero because the radial velocity is zero and the tangential velocity does not
change in the circumferential direction. Consequently, the excess normal stress remains zero
in the first-order Navier–Fourier constitutive laws, irrespective of the bulk viscosity. However,
through the direct relationship with the normal stress, the excess normal stress remains finite
in the second-order theory, even if the divergence of velocity vanishes. Another mechanism
was the combined role of the bulk viscosity ratio and the specific heat ratio in diatomic and
polyatomic gases. Both ratios played an important role in diatomic and polyatomic gases, but
the specific heat ratio played a more dominant role in the torque coefficient and the Stanton
number than did the bulk viscosity ratio.
During the present investigation, a subject of debate was identified regarding whether a weak
minimum in density indeed exists near the rotating inner cylinder in gaseous CCF in strong
nonequilibrium. Because the experiments conducted by Alofs et al. in 1971 involved cylinders
with low length-to-diameter ratio, it will be necessary to investigate the three-dimensional end
effects, and it is hoped that results from studying this problem will be reported in the future.
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Appendix: Analytic solutions for cylindrical Couette flow of compressible gas with
Maxwell slip and Smoluchowski jump conditions including temperature profile
The conservation laws of momentum and total energy in a steady-state compressible onedimensional gaseous CCF [Eq. (23)] reduce to the following forms when coupled with the
linear Navier–Fourier constitutive laws:


 u2
r



dp
 0,
dr

(A1)

1 d 2
d u
r  r   0, where  r    r  

2
r dr
dr  r
r r

d  u

dr  r


,


(A2)

dT
 1 d  rQr 
 0, where Qr  k
.

dr
 r dr

(A3)

Note that the excess normal stress Δ vanishes in one-dimensional gaseous CCF when coupled
with

the

linear

Navier

constitutive

law

because

the

divergence

of

velocity

ur / r  (1/ r )u /  vanishes in CCF. These equations yield analytical solutions for the
velocity, temperature, pressure, and density fields.
By assuming the transport coefficient μ to be constant, Eq. (A2) reduces to

d  3 d  u  
r
   0.
dr  dr  r  

(A4)

After integrating twice, we obtain the following analytical solution for the velocity field with
two undermined constants a and b:

b
u  ar  .
r

(A5)

This velocity profile yields the following shear stress:
 r  2  b

1
.
r2

(A6)

The Maxwell slip condition (42) for the gas–surface interactions at the inner and outer cylinders
determines the tangential velocity at the wall as follows:
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u  uw 

2 u
M 
 r , where M 
.

u
w

(A7)

The tangential velocity at the inner (𝑟 = 𝑟𝑖 ) and outer (𝑟 = 𝑟𝑜 ) walls reduces to

u1  i ri 

M 1 
M 2 
d  u  
d  u 


r
,
u


r

 r    .

o o





 
dr  r   r r
 
dr  r   r r
1

2

2

i

(A8)

o

Using the velocity relation (A5), Eq. (A8) can be re-written in terms of non-dimensional
variables [20]:

*

u1

1     
 1
M1

M

1 *

u1  u*2

2 1   

1

, u



*

2

𝑟
̅ = Ω𝑜 , 𝑢𝜃∗ = 𝑢𝜃 , Kn =
where 𝜒 = 𝑟 𝑖 , Ω
Ω
𝑟Ω
𝑟
𝑜

𝑖

𝜆

𝑜 −𝑟𝑖

𝑖 𝑖

1     


1

M2

M

1 *

u1  u*2

2 1   

2

1

, and 𝛼𝑀 = 1+4𝜔



2

,

(A9)

. By solving Eq. (A9) for

𝑀 Kn

𝑢∗𝜃 , we obtain

u*1  1  1     1 M 2

1    ,
M1

DM






 2 1     M   1 1   M  
1
2 
*
1 
u2   1  1     M 2 
,
D
M



(A10)

where 𝐷𝑀 = 2(1 + 𝜒)𝛼𝑀1 𝛼𝑀2 + 𝜒 −1 𝛼𝑀2 (1 − 𝛼𝑀1 ) + 𝜒 2 𝛼𝑀1 (1 − 𝛼𝑀2 ) . When we further
̅ = 0 and 𝛼𝑀 = 𝛼𝑀 (= 𝛼𝑀 ), the tangential velocity at the inner and outer walls
assume Ω
1
2
reduces to
u1 
*

*

u2

2 M  1     1   M   3

2 M  1     1   M  1   3 

,

1 M   2


.
2 M  1     1   M  1   3 

(A11)

̅=
By combining Eqs. (A5) and (A11), we can determine the two constants in Eq. (A5) when Ω
0 and 𝛼𝑀1 = 𝛼𝑀2 (= 𝛼𝑀 ) as follows:
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  2 1     2 M  1   M 1     
i

 ,
a

1 
3
      2 M  1     1   M  1    

2 M 1   
r 
.
b   i i1 
      2 M  1     1   M  1   3  

(A12)

2

On the other hand, the analytical solution for the temperature field can be derived from Eqs.
(A3) and (A6):

1 d  rQr 
d u
 r r  
r dr
dr  r

 4b
 4 .
r

2

(A13)

By assuming the transport coefficient μ to be constant and integrating Eq. (A13), we obtain

2b2
1
Qr   3  constant .
r
r

(A14)

Upon inserting the linear Fourier law (16) (with constant thermal conductivity k) into Eq. (A14)
and integrating once, we obtain

T 


k

b2

1
 c ln r  d .
r2

(A15)

Note that the ratio of transport coefficients μ/k is related to Pr, γ, and R. The new constants c
and d are determined by applying boundary conditions on the walls as follows:

1 


T  T  b 2 r 2  ri2   ,
ln   1 2 k  o

ln ri 



d  T1  b2 ri2 
T2  T1  b 2  ro2  ri2   .

k
ln  
k


c

(A16)

With the constants c and d determined, the radial heat flux (A14) now becomes

2b 2 c
Qr   3  .
r
r

(A17)

The Smoluchowski jump condition (44) for the gas–surface interactions at the inner and
outer cylindrical walls affects the temperature field. The temperature at the walls is given by
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2 1
 dT 
T  Tw  T   
.
 , where T  TC
  1 Pr
 dr  w

(A18)

The temperature at the inner (𝑟 = 𝑟𝑖 ) and outer (𝑟 = 𝑟𝑜 ) walls then becomes
T1  Tw1  T1 1

1  2b2 c 
1  2b 2 c 


,
T

T




 2
  3  .
w2
T2 2
k
ri3
ri 
k
ro
ro 

If we introduce 𝜔 𝑇 𝜆 =
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4𝛼𝑇
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4𝛼𝑇

(A19)

𝑟𝑖 (𝜒 −1 − 1) and combine Eqs. (A16) and

(A19), they become
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By solving Eq. (A20) for 𝑇1 , 𝑇2 , we obtain
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where
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Lastly, the analytical solution for the pressure field can be derived from Eq. (A1) and the
equation of state:
dp
p u2

.
dr RT r

(A22)

Using Eqs. (A5) and (A15), we obtain

1 dp
 F (r ),
p dr
u2 / r 
b
F (r ) 
  ar  
r
RT 

2

   2 2

 rR   k b r  c ln r  d   .

 

(A23)

After integrating once, we obtain

p(r )  C exp

 F (r)dr.
r

(A24)

0

Alternatively, when we express the pressure profile based on the pressure (𝑝𝑐 ) at the center
of the channel 𝑟̅ =

𝑟𝑖 +𝑟𝑜
2

, we obtain

p(r )  pc exp

 F (r)dr.
r

(A25)

r

The density field is then calculated by the equation of state:

 (r ) 

pc
exp
RT (r )

 F (r)dr where T (r)   k b r
r

r

2 2

 c ln r  d .

(A26)

Equivalently, the analytical solutions for the pressure and density fields can be derived based
66

on the initial average steady-state density (or the initial uniform experimental density) given
by [21]
ro

 (r )  initial =

2  r  dr
ri

  ro2  ri 2 

(A27)

.

Note that the mass of gas between the two cylinders is conserved in time. From Eq. (A24) and
the equation of state, we obtain

 (r ) 

C exp

 F (r)dr .
r

(A28)

0

RT (r )

By combining Eqs. (A27) and (A28), we derive
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(A29)

The present analytical solutions for the temperature, pressure, and density fields are believed
to be new.
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