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CHAPTER I

INTRODUCTION

��� Motivation

Magnetohydrodynamics �MHD�
 which studies the hydrodynamic description of

a plasma
 has been regarded as a powerful tool for describing the large�scale struc�

ture and processes of a magnetized �uid	 For instance
 MHD is used to investigate

the macroscopic motion of plasmas such as space plasmas �cf	 the earth�solar wind

interaction ���
 ��
 ���
 the interaction between the bow shock and interplanetary

MHD waves �����
 hot fusion plasma �cf	 Tokamak� ����
 �
 �
 ���
 and the tem�

poral variations of time�dependent plasmas	 Some processes arising in engineering

problems
 for example
 plasma accelerator in space propulsion ����� and MHD power

generator ���� can be also explained by magnetohydrodynamic approximations	

However
 because of the great di�culty attached to laboratory experiments
 and

also to the interpretation of natural phenomena
 it remains uncertain how complete

and accurate the mathematical description of MHD is	 Furthermore
 due to the

mathematical di�culty in full MHD
 some reduced MHD �����
 for example
 the lin�

earized MHD and incompressible MHD are considered without rigorous explanation

of their relevance to the full compressible MHD	

The core problem of MHD is the nonlinear evolution and stability of resistive

�





MHD processes	 The reason is that disruptive processes� �disruption of the Toka�

mak con�nement magnetic �elds and substorm of the magnetosphere� which is of

fundamental importance in understanding of plasmas may develop as a nonlinear

evolution of resistive MHD processes	 These disruptive processes seem to be related

with the reconnection of magnetic �eld lines and the instability
 which are major

consequences of �nite resistivity	

The investigation of the nonlinear evolution and stability of resistive MHD pro�

cesses requires solving the time�dependent resistive nonlinear MHD equations
 which

turn out to be very di�cult even by numerical methods	 However
 because most

of problems occurring in space and fusion plasmas involve the high magnetic con�

ductivity �
 the Riemann problem is the simplest model which retains the e�ect of

time�dependency and convection
 if the resistivity is included at least in the vanishing

limit	

The Riemann problem describes the evolution of nonlinear waves
 and thus its

solution reveals general features of the MHD description	 It can be applied directly

to the magnetic �eld reconnection problem that can be approximated by colliding

plasma jets ���
 ���
 ��
 ���
 ��
 ���	 More importantly
 it serves as a starting

point for numerical boundary conditions ����� and as the building block of high

resolution Godunov�type numerical methods ���
 ���
 ��
 ���	

The Riemann solution de�nes the large time asymptotics of a general resistive

solution and also the instantaneous response to discontinuities	 In gasdynamics
 the

��A common feature of disruptive processes in Tokamak is that they seem to be two�stage
processor consisting of a coherent precursor which can be associated with some MHD instability
and a usually faster turbulent phase� during which rapid transport occurs�� �How can energy be
stored e�ciently without being released prematurely� and if it is �nally released� what is the trigger
mechanism�� 	
�� pages ��� ����

�Note that Rem � uoLT
���� 
��� 
�� in magnetosphere� 
��� 
�� in solar wind� 
��� 
� in

ionosphere� and 
� � 
� in fusion plasmas 	����



�

large time asymptotics are not di�erent from the instantaneous response	 But the

answer for MHD is not obvious	 There are also possibilities of the interaction of

nonlinear hyperbolic waves which may have a great in�uence on the study of the

Riemann problem	

In this thesis
 by considering the MHD Riemann problem
 we investigate the evo�

lution of nonlinear MHD waves theoretically and computationally	 By studying the

well�posedness of the MHD Riemann problem
 we attempt to resolve two fundamen�

tal questions of MHD waves	 What is the consequence of the interaction of

nonlinear waves� How can we apply the Godunov�type numerical meth�

ods to MHD whose well�posedness is questionable� The studies focus on

the shock stability and the well�posedness of the MHD Riemann problem� existence


uniqueness
 and continuous dependence on reference states	

��� Historical Background

Previous studies of MHD nonlinear waves may be classi�ed as three �elds� phys�

ical approach
 mathematical analysis
 and numerical simulation	

��	�� Physical Approach

Since Alfv�en showed the existence of electromagnetic�hydrodynamic waves known

as Alfv�en wave in ��� ���
 MHD waves have been studied extensively ���
 ���
 ��


�
 ���
 ��
 ��
 ��
 ��
 ��
 �
 ��
 �
 ��
 ��
 �
 ��
 ��
 ��
 ��
 ��
 ���	 De

Ho�man and Teller ��� �rst obtained and discussed the MHD jump conditions
 us�

ing the relativistic energy�momentum equation	 L�ust ���� studied stationary MHD

shock waves of arbitrary strength
 while Bazer and Ericson ��
 ��� derived an ex�

plicit form of the MHD Rankine�Hugoniot relations	 Akhiezer et al� ��� developed

the so�called evolutionary condition for MHD shocks
 which has been considered a



�

major contribution to the study of MHD shocks	 According to this theory
 all in�

termediate shocks are considered non�physical	 Germain ���� argued that a MHD

shock for which the tangential magnetic �eld changes its sign is never stable	 By

considering the resistive MHD
 Kulikovskii and Liubimov ���� showed that the fast

and slow shock waves possess structure for arbitrary ratios of the dissipative coe��

cients	 Then they argued that the intermediate shock waves may possess structure	

Polovin ���� computed the Riemann invariants for MHD simple waves	 Finally
 by

putting these works together
 Gogosov ���� developed the theory of resolution of an

arbitrary discontinuity in MHD
 which corresponds to the exact solution of the MHD

Riemann problem	 But these works are far from showing the well�posedness of the

Riemann problem
 since it is known that if only evolutionary shocks are employed


not all Riemann problem have solution ���
 pages ���	 All these studies are based

on the analysis of MHD planar shocks and require the rotational discontinuity for

the non�planar Riemann problem	

Due to this dilemma and the shift of the center of attention to the more complex

kinetic theory
 the study of MHD waves dwindled and remained only in some texts

��
 ��� such as a famous book by Je�rey and Taniuti ����
 and instead some models of

the non�planar problem of collisionless plasmas have begun to be studied	 Rogister

����� investigated the parallel propagation of nonlinear low�frequency waves by using

a model equation	 Laminar wave�train structure of collisionless magnetic slow shocks

considered by Coroniti ���
 nonlinear evolution of parallel�propagating hydromag�

netic waves by Cohen and Kulsrud ���
 instability of long Alfv�en waves parallel to

the magnetic �eld by Mj�lhus ����
 structure and evolution of small�amplitude in�

termediate shocks by Kennel et al� ���
 nonlinear evolution of Alfv�en waves subject

to growth and damping by Hada et al� ���� and Malkov et al� ����
 and evolution



�

of small�amplitude intermediate shocks by Wu and Kennel ���� all lie in Rogister�s

approach in the sense that the governing equations are the form

Bt � �jBj�B�x � DBxx� ��	��

where B is magnetic �eld or �uctuation
 and D �
�
��� ��T � ���� ��T

�
	 This is known

as the CKB �Cohen�Kulsrud�Burgers� model ���� and also as derivative nonlinear

Schr�odinger equation �DNLS� when � � ��

In the eighties interest shifted again to MHD due to increasing concern on denser

plasmas and more complex methods of containment	 From numerical solutions of

resistive MHD equations ������
 ����
 Wu showed that at least some of the inter�

mediate shocks are admissible and can be formed through nonlinear steepening from

continuous waves in the planar problem
 contrary to the evolutionary theory	 By

studying the nonlinear stability of MHD intermediate shock waves using an asymp�

totic ��� model system
 Brio and Rosenau ���� also argued that the outcome of MHD

numerical simulations may be sensitive to the type of the numerical scheme used	

However
 in spite of these numerical experiments
 the behavior of nonlinear waves

in MHD has remained far being completely understood
 since the numerical results

alone cannot yield a theory to explain all the complicated phenomena occurring in

MHD which contain several hundred possibilities	

��	�	 Mathematical Theory

Since Key�tz and Kranzer ���� studied a system of non�strictly hyperbolic conser�

vation laws arising in elasticity theory
 the interactions of hyperbolic waves have been

investigated extensively by many mathematicians	 Freist�uhler ���� discussed the ex�

istence and uniqueness of solutions of the Riemann problem of the left�hand terms in

derivative nonlinear Schr�odinger equation	 By studying the rotationally degenerate



�

hyperbolic model
 Freist�uhler ��� argued that there is a considerable discrepancy

between the approaches of dynamical stability �similar to evolutionary theory� and

vanishing viscosity	 But
 the direct application of this work to MHD remained ques�

tionable since the rotational degeneracy is only part of MHD degeneracies�	

Apparently without awareness of MHD application
 Schae�er
 Shearer
 Gomes

and Isaacson et al� ����
 ���
 ���
 ��
 ������ classi�ed the non�strictly hyperbolic

system with isolated umbilic point and quadratic nonlinearity
 and applied the so�

lutions to oil recovery problem	 According to their results
 the  �  non�strictly

hyperbolic system can be classi�ed as four cases in which the Riemann solution

patterns are qualitatively identical	 In particular
 by introducing a viscous pro�le

entropy condition
 Gomes showed that there are shocks which have viscous pro�les

but do not satisfy the Lax conditions	 Isaacson et al� ���� also introduced a uni�

fying framework for treating all of the fundamental waves occurring in non�strictly

hyperbolic conservation laws	

��	�� Numerical Simulation

In the early eighties
 some researchers in gasdynamics and astrophysics have be�

gun to develop very e�cient conservative �nite di�erence schemes that could resolve

discontinuities such as shocks very accurately ����
 ��
 �
 ���	 The idea behind these

schemes can be traced to the pioneering work done by Godunov ���� in the late �fties

which is developed on the basis of the Riemann problem	

The �rst application of this approach to MHD was done by Brio and Wu ����


who developed an approximate MHD Riemann solver	 Bell et al� ���� extended high

order Godunov�type methods to non�strict
 having local linear degeneracies
 hy�

perbolic system �oil recovery problem�	 By considering the rotationally degenerate

�See Section ����



�

model
 Freist�uhler���� demonstrated that di�erent schemes yield markedly di�erent

results for certain data and argued that precise control of the numerical viscosity

introduced into a computational method is crucial for generating the correct numer�

ical solution	 Chen et al� ��� presented a numerical method based on a discrete

Boltzmann equation	 Zachary et al� ����
 ���� applied BCT scheme �developed

by Bell
 Trangenstein and Colella ����� to the MHD problem and also developed

a high�order Godunov�type method based on operator�split approximation to the

multidimensional equations	 Dai and Woodward ��
 �� presented a MHD Riemann

approximate solver which treats all waves emanating from the initial discontinuity as

themselves discontinuous�
 and also developed a simple approximate Riemann solver

based on characteristic formulations	 Ogawa and Hayashi ���� presented a compari�

son among upwind
 centered di�erence
 and FCT ��ux corrected transport� schemes

with application to the problem of the interaction of a supersonic plasma �ow with

a two�dimensional dipole magnetic �eld	 Tanaka ����� presented a three�dimensional

high resolution MHD simulation scheme based on a linearized Riemann solver on

an unstructured grid system	 van Putten ����
 ��� applied Roe�s scheme to fully

relativistic planar MHD shock problems	 Aslan ��� carried out one�dimensional sim�

ulation of MHD waves using Roe�s approximate Riemann solver	 Powell et al� ����

developed a method enforcing the divergence�free condition and obtained some re�

sults for space physics simulation based on the Cartesian�based adaptive grid method	

Interestingly
 Wu
 who �rst applied Roe�s scheme to the MHD problem
 argued that

numerical schemes based on the Riemann problem might be inappropriate for solv�

ing the temporal dynamics of MHD shocks�
 and returned to two�step Lax�Wendro�

�It is limited to weak rarefaction�
��To use a shock�capturing scheme� we already assume what the physical jump relations are�

Thus� this kind of scheme is not appropriate to use here since we are concerned with the problem
of deciding the admissibility of the Rankine�Hugoniot MHD jump relations�� 	
��� page �����



�

method for investigating the evolution of MHD shocks	

��� Scope of the Present Work

In this work we identify the critical issues of the evolution and stability of non�

linear waves in MHD that will be of great help to enhance the current understanding

of resistive MHD processes	 By showing the relationship between the � � � model

system and the full MHD with mathematical rigor
 we proved the well�posedness of

the planar MHD Riemann problem	

In Chapter II
 we examine the physical reasoning behind the MHD approxima�

tion and present various mathematical forms of large�scale plasma motions	 In this

chapter
 we also present the general feature of the MHD singularity in more clear

manner and derive model systems that preserve the MHD singularity and can be

connected directly to recent mathematical works	

In Chapter III
 based on Gomes� work
 we present a global analysis of the dynam�

ical system of the planar model	 It is also shown that the simple geometric conditions

are inappropriate as conditions for selecting admissible shocks of non�strictly hyper�

bolic conservation laws	 In addition
 the Riemann problem is investigated extensively

and some recent mathematical theories for non�strictly hyperbolic conservation laws

are applied to the model	

In Chapter IV
 we derive the MHD Rankine�Hugoniot conditions and simple

wave relations in a useful form
 and construct the weak solutions to the planar

MHD Riemann problem	 With mathematical rigor
 we prove that the planar MHD

Riemann problem is well�posed and the solutions are always self�similar	

In Chapter V
 we identify the fundamental di�erence between planar waves and

non�planar waves	 In coplanar case
 we show that the solutions of the Riemann



�

problem depend not only on left and right states
 but also on the magnetic �eld

moments	 In non�planar case
 we demonstrate that the Riemann solutions exist but

they are not necessarily unique	

In Chapter VI
 we discuss how �nite amplitude waves develop nonlinearly when

they are subject to external disturbances	 We obtain some patterns of the nonlinear

evolution in canonical cases
 and propose a general pattern of the nonlinear evolution

in non�planar case
 which is distinguished largely in time� very small
 intermediate


and very large	

In Chapter VII
 we discuss numerical issues arising in non�strictly hyperbolic

conservation laws for MHD	 We compute the Lagrangian MHD eigensystem which

satis�es the mean�value property	 We also raise the fundamental questions in de�

veloping Godunov�type numerical methods for MHD
 and suggest a new approxi�

mate Riemann solver
 which is simple and follows exactly the way to generate the

large�time Riemann solution for the non�planar system from the well�posed planar

problem	

In Appendix A
 we show the exact relevance of the model and the MHD system

with mathematical rigor	

In Appendix B
 we describe the analytical tool for selecting shocks which admit

a viscous pro�le	

In Appendix C
 we study the MHD dynamical system and obtain the global phase

portraits	



CHAPTER II

MATHEMATICAL DESCRIPTION OF THE

LARGE�SCALE MOTIONS OF MAGNETIZED

FLUIDS

When a conducting �uid moves in a magnetic �eld
 an electric �eld is generated	

As a result
 the interaction of the electric current with the magnetic �eld changes

the motion of the �uid and changes the magnetic �eld itself	 This self�sustained

process can be described by magnetohydrodynamic approximations which is a kind

of continuum mechanics which studies the motion of electrically conducting media

in the presence of a magnetic �eld ����	

The MHD approximation can be derived from the kinetic equations for ions and

electrons ����
 but we derive the MHD equations in a macroscopic way
 valid for

any electrically conducting �uid
 the speci�c properties of which appear only in the

equation of state	 All quantities are expressed in the GS units	

��� Magnetohydrodynamic Approximation

MHD
 which describes the large�scale motions of electrically conducting �uids
 is

the hydrodynamic description of a plasma	 We neglect not only kinetic e�ects
 but

also the di�erence in motion of the various components of the plasmas	 Its use can

be justi�ed if the characteristic frequency is appreciably smaller than the collision

��



��

frequency	 This condition means small Knudsen numbers

Kn �
l

L
� �� �	��

where l is the mean free path and L is a characteristic length	 Under this assumption


particles �ions
 electrons
 neutrals� are described by their own properties	 In a fully

ionized plasma
 consisting only of electrons and a single kind of ions
 it represents

two��uid MHD	

Strictly speaking
 the hydrodynamic description of a plasma is valid only for high

plasma densities and low plasma temperatures
 when the Knudsen number is small	

Therefore
 a hydrodynamic approximation may be rejected in hot plasmas which have

very long mean free path	 This is true even for some astrophysical plasmas such as

the solar wind
 and so for hot laboratory plasmas such as in Tokamak	 However
 this

argument turns out to be too restrictive ��
 page �� since ��� the plasma behavior is

in general strongly anisotropic due to the magnetic �eld
 and �� a collisionless plasma

is not dissipationless	 The e�ective mean free path in the direction perpendicular

to the �eld is usually very small giving rise to an anisotropic pressure tensor
 and

gradients parallel to the �eld where the mean free path is long tend to be much

weaker than in the perpendicular direction	 Furthermore
 plasma particles feel a

rather short e�ective mean free path due to the small�scale turbulence which causes

stochastic particle orbits and phase mixing	 Therefore
 due to the e�ect of the short

mean free path
 a MHD approximation may be well justi�ed for large�scale plasma

motions	

A magnetohydrodynamic medium can be regarded as a single �uid
 without dis�

tinguishing between the motion of the particles
 provided that the characteristic

frequency is much smaller than the ion cyclotron frequency	 If the characteristic fre�



�

quency is appreciably smaller than the frequency for the exchange of energy between

electrons and ions
 the electron pressure and the ion pressure manage to become

equal and the plasma is characterized by a single pressure	 Since the electrons are

much lighter than the ions
 the mass density and the �uid velocity are then deter�

mined by ions
 and the current density by the electrons	 This is the simple �uid

MHD approximation	 The simple �uid model
 considered as a single entity
 is the

simplest of a single �uid MHD	

In the non�relativistic case
 the displacement current in Amp�ere�s law can be ne�

glected	 Thus the current density J can be expressed in terms of magnetic induction


J � r�B� �	�

��� Conservation Laws in Ideal MHD

Conservation laws for the MHD quantities 	� p�u�B can be obtained by assuming

that the �uid is ideal
 that is
 neglecting all dissipative and dispersive e�ects such

as viscosity
 magnetic resistivity
 thermal conductivity and Hall e�ect	 The mass

conservation law in a di�erential form is


	


t
�r � �	u� � �� �	��

The conservation law of momentum is





t
�	u� �r � �	uu� pI� �B� J � �� �	��

By Eq	 	� and a vector identity

B� �r�B� � r�
B �B


�� �B � r�B� �	��

it reduces to





t
�	u� �r �

�
	uu� I�p �

B �B


��BB
�

� �B�r �B�� �	��



��

The electromagnetic conservation law can be derived from the so�called freezing�

in law that the �uid sticks to the magnetic �eld lines	 The freezing�in law in any

closed material contour which moves with the �uid is

D

Dt

Z
�
B � n dS � �� �	��

We can change the form of the freezing�in law by a kinematical relation ���
 page

���	 The rate of change of out�ow of B through any surface element ndS moving

with the �uid is

�
B

t

� u�r �B��r� �u �B�
�
� ndS � �� �	��

Using a vector identity

r� �u �B� � u�r �B� � �B � r�u�B�r � u�� �u � r�B� �	��

it reduces to


B


t
�r � �uB�Bu� � �u�r �B�� �	���

Using the ideal gas assumption p � 	RT and the total energy

E �
�


	u � u�

p

� � �
�
B �B


� �	���

where � is the ratio of the speci�c heats and is ��� for a monatomic gas
 the energy

equation in the non�conservative form


p


t
� �u � r�p � �pr � u � � �	��

can be cast in the conservative form



E


t
�r �

�
�E � p �

B �B


�u�B�B � u�
�

� ��B � u��r �B�� �	���



��

Finally
 the complete set of equations for ideal MHD has the form�
BBBBBBBBB�

	

	u

B

E

�
CCCCCCCCCA
t

�r �

�
BBBBBBBBB�

	u

	uu � I�p � B�B
�

��BB

uB�Bu

�E � p � B�B
�

�u�B�B � u�

�
CCCCCCCCCA

� �

�
BBBBBBBBB�

�

B

u

B � u

�
CCCCCCCCCA

�r �B�� �	���

By the divergence�free condition
 it recovers�
BBBBBBBBB�

	

	u

B

E

�
CCCCCCCCCA
t

�r �

�
BBBBBBBBB�

	u

	uu� I�p � B�B
�

��BB

uB�Bu

�E � p � B�B
� �u�B�B � u�

�
CCCCCCCCCA

� �� �	���

In ideal MHD
 J�E
 and the charge density 	e are determined from the solution

u�r� t� and B�r� t� by Eqs	 	
 E � �u�B
 and 	e � r �E � �r � �u�B�	

��� Dissipative and Dispersive E�ects

In the ideal MHD the �uid is stuck to the magnetic �eld line
 whereas with

dissipation �from collisions� the �uid slips away from the �eld line	 Therefore
 for

strongly nonlinear dynamic processes we must include dissipative and dispersive

e�ects
 which are represented by various kinds of di�usion and dispersion processes	

Such e�ects can be easily seen by determining how collisions a�ect the freezing�in

law	 Particle collisions or turbulence lead to the plasma not completely screening

the electric �eld
 and the electric �eld in the reference frame of the plasma becomes

nonzero	

E � �u�B�E�� �	���

Then Faraday�s law becomes


B


t
�r� �u�B� � �r�E�� �	���



��

Here the divergence�free condition is applied	 Using Ohm�s law

J �
�

�
E�� �	���

where � is the magnetic resistivity
 Eq	 	
 and the vector identity r � rB �

rr �B�r�B
 we �nd


B


t
�r� �u�B� � �r�B� �	���

In general
 in addition to dissipative coe�cients
 there are dispersive coe�cients	

Dissipative coe�cients have positive sign and are related to energy dissipations	 But

dispersive coe�cients can have any sign and are not related to energy dissipation	

Among dispersive coe�cients
 the Hall coe�cient is the most important	 The Hall

e�ect
 which describes the current �owing at right angles to the electric and magnetic

�elds
 can be explained by using a nonlinear transport theory	 Ohm�s law can be

written in the form

E� u�B� �

ne
J�B � �J� �	��

where n� e are the electron density and charge	 By combining Eqs	 	 and Faraday�s

law
 we �nd


B


t
�r� �u�B� � �r�B� �

ne
r�

�
�r�B��B

�
� �	��

The left�hand side describes the freezing�in law while the �rst term in the right�

hand side corresponds to the magnetic di�usion	 A remaining term represents the

Hall e�ect
 which remains �nite in a collisionless plasma	 In the one�dimensional

problem
 the term becomes

���

�Bz


x�
� �


�By


x�
� for �By� Bz�� �	�



��

where � de�ned as � � Bx��ne� is the Hall coe�cient�	

For dissipations
 a conventional measure of their magnitude can be de�ned as

Rem � uoL

�
� Re � uoL

�
� Pe � uoL

�
� S � caL

�
� �	��

where Rem� Re represent the magnetic and kinetic Reynolds number
 and Pe is

P�eclet number	 uo� L are the characteristic velocity and length
 and � is the thermal

di�usivity de�ned as � � ��	cp�
 where  is the thermal conductivity
 and ca is

the Alfv�en velocity	 The Lundquist number S is used mostly in measuring resistive

e�ects of a static con�guration	

In conclusion
 for strongly nonlinear dynamic unsteady processes dissipation ef�

fects are important because large�scale motions rapidly build up small�scale struc�

tures
 corresponding to singularities in the framework of the ideal MHD	 Therefore

the MHD Riemann problem is not free from such category
 and thus dissipation ef�

fects have to be included for the MHD Riemann problem
 at least
 in the limit of

vanishing dissipation coe�cients	

��� Non�ideal MHD

The longitudinal viscosity �
 the shear viscosity �
 the magnetic resistivity �


and the thermal conductivity  are the main dissipative coe�cients
 while the Hall

coe�cient � is an important dispersive coe�cient	 If there are no external forces


the non�ideal MHD equations take the form in the one�dimensional problem�
BBBBBBBBB�

	

	u

B�

E

�
CCCCCCCCCA
t

�

�
BBBBBBBBB�

	u

	uu � I�p � B��B�
� ��BxB�

B�u�Bxv

�E � p � B��B�
�

�u�Bx�B� � v�

�
CCCCCCCCCA
x

�

�
BBBBBBBBB�

�

D�u

D�B�

�� � T �

�
CCCCCCCCCA
xx

�	��

�It is assumed that the wave propagates in x direction�



��

where B��v represent the transverse components of magnetic and velocity �elds


and � denotes ��u� � �v � v � �B� �B���� D��D� are de�ned as

D� �

�
BBBB�
� � �

� � �

� � �

�
CCCCA � D� �

�
� � ��

� �

�
A � �	��

By means of the divergence�free condition for the magnetic �eld
 Bx is constant in

the one�dimensional problem	

The MHD equations can be put into the Lagrangian form	 If we denote the

speci�c volume by � and de�ne a material coordinates � as

� �
Z x

x�t�
	�s� t�ds� �	��

where x�t� is a particle path satisfying x��t� � u�x�t�� t�
 the MHD equations becomes

�
BBBBBBBBB�

�

u

�B�

et

�
CCCCCCCCCA
t�

�

�
BBBBBBBBB�

�u

I�p � B��B�
� ��BxB�

�Bxv

�p � B��B�
�

�u�Bx�B� � v�

�
CCCCCCCCCA
�

�

�
BBBBBBBBB�

�

D�ux

D�B�x

�� � T �x

�
CCCCCCCCCA
�

� �	��

�
�t�

indicates the time derivative in the Lagrangian description	 ��E � et��

��	 MHD Waves and Hyperbolic Singularity

From Eq	 	��
 the governing equations for the primitive variables V
 if their

properties depend on x
 can be written as �V � �	� u�v�B�� p��

Vt �AVx � �� �	��



��

where

A �

�
BBBBBBBBBBBBBBBBBBBBBB�

u 	 � � � � �

� u � � By

�
Bz

�
�
�

� � u � �Bx

�
� �

� � � u � �Bx

�
�

� By �Bx � u � �

� Bz � �Bx � u �

� 	a� � � � � u

�
CCCCCCCCCCCCCCCCCCCCCCA

� �	��

and a
 the acoustic wave speed
 is given by a� � �p�	 for an ideal gas	 The system

	� yields seven types of wave motion whose speeds relative to the �uid velocity

��i � u� are

�� �cs� �ca� �cf � �	���

where ca � Bx�
p
	
 and cf�s are the fast and slow magnetoacoustic wave speed given

by

c�f�s � a� �
B �B
	

�
vuut�a� �

B �B
	

��
� �a�ca�� �	���

The �rst wave
 which moves with the �uid velocity
 is the entropy wave	 It is

well known that entropy and Alfv�en waves are associated with linearly degenerate

characteristic �elds �r�i � ri � � for all phase space
 where �i and ri represent the

eigenvalues and the right eigenvectors associated with i�waves�
 while slow and fast

magnetoacoustic waves are associated with nonlinear characteristic �eld �r�i � ri not

generally zero�	 However
r�i � ri may change the sign and is zero for certain critical

states	 This implies that the associated characteristic speeds for the magnetoacoustic

waves are not convex	

In addition to the non�convexity
 there are chances that those wave speeds are



��

not distinct	 When B� �B� � �
 then

cs � ca� cf � a for a � ca� �	��

cf � ca� cs � a for a � ca� �	���

In this case
 the Alfv�en wave interacts or resonates with one of the magnetoacoustic

waves �	 In particular
 when B� �B� � � and ca � a
 then

cs � ca � cf � a� �	���

This point is called the triple umbilic point	 This represents the interaction of an

Alfv�en wave and slow
 fast magnetoacoustic waves	 Note that this triple umbilic point

becomes a double umbilic point in the planar problem with variables �	� u� v�By� p�

and such point represents the interaction of slow
 fast magnetoacoustic waves at

ca � a	

The MHD singularity looks like a straight string which corresponds to the �a� �

ca
�� axis in a space �a� � ca

�� By� Bz�	 The resonances have a profound e�ect on

the construction of weak solutions to the hyperbolic conservation laws	 Hyperbolic

conservation laws with wave resonances are called non�strictly hyperbolic and have

been studied extensively in the eighties by some mathematicians Key�tz
 Shearer


and Isaacson et al�
 as mathematical models describing elasticity and oil recovery	

They proposed a  �  non�strictly hyperbolic system and derived mathematical

theorems of constructing the weak solutions near the double umbilic point	

In MHD
 Wu and Freist�uhler have been working on a model system �DNLS�

to describe the interaction of an Alfv�en wave and a magnetoacoustic wave	 As

shown before
 however
 this resonance is only part of MHD resonances and thus the

�Among the non�convexity and the resonance� the non�convexity may be considered essential in
the sense that it appears even in the scalar conservation laws�



�

application of their works to MHD is somewhat limited	 In fact
 a major contribution

of current study is to �ll the gap between the analysis of the interaction of linear

and nonlinear �elds and the analysis of the interaction of two nonlinear �elds
 and

eventually to unify them in the three dimensional �a� � c�a� By� Bz� phase space	

In the next section
 we will derive a model system which preserves the behavior

of the MHD singularity and MHD wave structures	

��
 Derivation of Model Systems

Model systems
 which preserve the MHD singularity and are easier to deal with


can be derived from the full MHD equations	 Brio and Rosenau ���� developed a ���

model system in order to investigate MHD shocks
 using the perturbation method

����	 But
 we can also obtain the same system only by a physical reasoning	 A close

look of MHD waves suggests that the MHD wave structure near the triple umbilic

point can be revealed in a three�dimensional phase space consisting of p�By and

Bz	 In other words
 the nonlinear interactions can be explained by one�directional

waves �either purely left�running waves or purely right�running waves�
 because six

waves are symmetric about the entropy wave moving with the �uid particle	 To

this end
 the MHD system is symmetrically non�strictly hyperbolic	 Therefore
 a

� � � model system preserving the singularity can be derived by considering only

the momentum equation of u and the conservation laws of the magnetic �elds	 Mass

conservation law and energy equation are largely associated with the entropy wave


and momentum equations of v�w are related by the conservation laws of By� Bz	 The



�

resulting equations are
 from the Lagrangian form 	�
�
BBBB�

u

�By

�Bz

�
CCCCA
t�

�

�
BBBB�
p � By

�	Bz
�

�

�Bxv

�Bxw

�
CCCCA
�

�

�
BBBB�

�ux

�Byx � �Bzx

�Byx � �Bzx

�
CCCCA
�

� �	���

with �t� � u�	 Let us assume

Bx � �� � 	 �� v 	 By� w 	 Bz� �	���

Noting that u has the same order of magnitude as a and thus p � u�
 the system of

three equations reduces to the � � � model system developed by Brio and Rosenau

����	

ut � fx � Duxx� �	���

where

u �

�
BBBB�

u

By

Bz

�
CCCCA � f �

�
BBBB�

�
��cu� � By

� � Bz
��

�u� ��By

�u� ��Bz

�
CCCCA � D �

�
BBBB�
� � �

� � ��

� � �

�
CCCCA � �	���

Here
 u represents a thermodynamic property	 The parameter c controls the behavior

of the whole system
 and Brio and Rosenau set its value ��� although they omitted

the proof	

In order to transform the system into a mathematically more manageable form�


we consider the Taylor series of f�u� about a triple umbilic point u� � ������c�� �� ��

������

f�u� � f�u�� � df�u���u� u�� � q�u� u�� � h�o�t�� �	���

where q � R� 
 R� is a homogeneous quadratic mapping and h�o�t� represents the

remainder	 The truncated series fT �u� is

f�u�� � df�u���u � u�� � q�u� u��� �	���

�This is the key step to relate the study of the MHD singularity with the recent mathematical
works on �� � quadratic hyperbolic conservation laws�





In this case the following two relations are satis�ed�

df�u�� is diagonalizable	

dfT �u� has distinct eigenvalues for all u � R� � u�	

Then
 the system can be simpli�ed by the following steps	 First
 the system 	��

is unchanged under replacing f�u� � f�u�� by f�u�	 Next
 using the �rst relation

we have df�u�� � �I for � � c��� � c�	 Therefore
 the linear terms in Eq	 	�� can

be eliminated by the change of variable x� � x� �t	 Finally
 it does not matter to

replace �u� u�� by u and to apply a transformation u � u�	

Therefore
 if v�w are used to representBy� Bz
 the nonlinear features in the system

	�� can be represented by purely quadratic equations	

�
BBBB�
u

v

w

�
CCCCA
t

�

�
BBBB�
cu� � v� � w�

uv

uw

�
CCCCA
x

�

�
BBBB�
� � �

� � ��

� � �

�
CCCCA

�
BBBB�
u

v

w

�
CCCCA
xx

� �	���

Surprisingly
 the planar restriction of this system is nothing but the �  quadratic

system of non�strictly hyperbolic conservation laws developed by Schae�er and Shearer

�����


�
�u

v

�
A
t

�

�
� cu� � v�

uv

�
A
x

�

�
� � �

� �

�
A
�
� u

v

�
A
xx

� �	��

We call this system planar  �  model	 It will be used to study the planar MHD

problem	 Schae�er and Shearer showed that the wave structure of the system 	�

is distinguished by four di�erent cases �I � c � �� II � � � c � �� III � � � c � � IV �

 � c�	 By comparing the  �  model system with the � � � MHD system
 we can

prove that �see Appendix A�

c � � � �� u � �
a

ca
�
� � �� v �

By

Bx
� w �

Bz

Bx
�	���
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The �rst condition implies that the topology of MHD wave structure is identical with

that of wave structure of case IV in the Schae�er�s model	

We can derive another model system by considering the second and third equa�

tions of the system 	��	 Let�s assume that u is balanced by the transverse �elds

through

u �
�


�v� � w��� �	���

But
 notice that by this assumption u has always a positive value�	 Then
 the system

reduces to

�
� v

w

�
A
t

�

�
� �v� � w��v

�v� � w��w

�
A
x

�

�
� � ��

� �

�
A
�
� v

w

�
A
xx

� �	���

We call this system rotational �  model	 This is a rotationally degenerate system

of conservation laws with the cubic �ux function and is similar to the CKB system

���� which describes the interaction of an Alfv�en wave and a magnetoacoustic wave	

It also belongs to the Key�tz�Kranzer model which has been studied as a model for

elastic string ���� and for multi�phase �ow ����	

�In �� � model� u can have any sign�



CHAPTER III

NON�STRICTLY HYPERBOLIC

CONSERVATION LAW

Since Key�tz and Kranzer studied a system of non�strictly hyperbolic conserva�

tion laws arising in elasticity theory ����
 new mathematical phenomena of the inter�

action of nonlinear hyperbolic waves have been identi�ed in various physical systems

modeling phase transition
 real materials
 chemically reactive �ow
 oil reservoirs
 and

MHD ���
 ��	 In particular
 it is shown by recent studies �Shearer and Isaacson et

al� ����
 ���
 ���
 �����
 ���� that the presence of an umbilic point complicates

solving the Riemann initial value problem	 Such complexity is related to the fact

that the associated nonlinear waves are non�convex
 meaning that the well�developed

wave theories based on the convexity break down	 In other words
 discontinuities

that satisfy the Rankine�Hugoniot conditions can not always be associated with a

particular characteristic family
 out of whose simple waves the discontinuity can be

supposed to have evolved	 Therefore
 the most critical issue for the construction of

a weak solution to non�strictly hyperbolic conservation laws is which of these dis�

continuities are admissible	 In case I of the planar  �  model system
 that is
 oil

recovery problem
 a global analysis of the associated dynamical systems is given by

Gomes ����
 showing that there are shocks �undercompressive� which have viscous

�



�

pro�les but do not satisfy the Lax condition and which are needed to solve certain

Riemann problems	

In this chapter
 based on Gomes� work
 we present the global analysis of the

dynamic system of case IV which corresponds to the planar MHD dynamical system	

In addition
 the Riemann solution to the system is given in more clear manner and

some recent mathematical theories for non�strictly hyperbolic conservation laws are

summarized	

��� Nonlinear Resonance and the Failure of Genuine Non�
linearity

The planar  �  model system may be written as

ut � fx � �uxx� ��	��

where

u �

�
� u

v

�
A � f �

�
� cu� � v�

uv

�
A � ��	�

and it is assumed that � � � and  � c	 The waves will be described as slow and

fast their speeds are given by

�f�s � �c � ��u�
q

�c� ���u� � �v� ��	��

always satisfying �s � �f 
 and the right eigenvectors are

rf�s �

��������
�
��f�s � u

v

�������� � ��	��

When u � v � �
 all wave speeds vanish simultaneously and the eigenvectors are

indeterminate even when normalized	 Also
 the rarefaction wave construction breaks

down if the wave speeds �i have extreme values on integral curves of r	 This condition

can be expressed in mathematical terms as r� � r � �	 In the planar  �  model

with  � c
 it is satis�ed on the v � � axis	



�

��� Rankine�Hugoniot Jump Conditions

Travelling shock wave solutions

u�x� t� �

��
	
uL� if x � st

uR� if x � st

are characterized by the Hugoniot waves �f � � s�u�	 For the � model system
 they

are

s �u� � c!u �u� � !v �v� ��	��

s �v� � !v �u� � !u �v� ��	��

where the overbars indicate arithmetic averages taken across the discontinuity and

�Q� denotes the jump of a quantity Q
 that is
 �QR � QL�	 The Hugoniot locus is

obtained by eliminating s it is

!v �u�� � ��� c�!u �u��v�� !v �v�� � �� ��	��

If the state on one side
 say the left
 is taken as given
 then this equation is cubic

in vR
 and quadratic in uR	 Because the equation is homogeneous
 the shape of the

curve depends only the ratio vL�uL	 There is a horizontal asymptote at the value

vmax�vL � c��c � �
 and a loop that passes around the origin	 The highest and

lowest points on the Hugoniot are given by

v �
vL
c� 

� c� �

c� 

q
v�L � �c � �u�L� ��	��

Fig	 �	� displays the Hugoniot curves for �ve cases	 In all our illustrations we have

taken c � ���	 These cases are chosen because there is an aspect of the curves that

depends on where the state uL lies with respect to the critical lines v��u� � c on

which one of the wavespeeds vanishes	 This aspect is the way that the Hugoniot

curve divides into sections corresponding to di�erent types of discontinuity	
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Figure �	�� �a���e�	 Hugoniot loci and shock type� S�� S�� ��  regular
 E�� E�� �� 
expansive
 E � expansive
 O � overcompressive
 X � undercompressive
shocks	 CL� BL� and DL are critical points
 which will be explained in
Section �	�	
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��� Shock Types

In addition to the Rankine�Hugoniot jump conditions
 supplementary conditions

are needed to determine which jumps are physically admissible	 Before considering

such conditions
 it is very useful to classify the discontinuities by how many charac�

teristics enter them from each side	 For a travelling shock
 the signs of the following

four parameters determine which of the slow
 fast characteristics run into the shock�

P� � �f � s� P� � s� �s� P� � �fL � s� P� � s� �sL� ��	��

There are sixteen possible sign distributions of discontinuities of these four parame�

ters
 but only nine can actually arise because the following relations must be satis�ed	

cs � cf and csL � cfL� ��	���

In Table �	� we classify nine types of shocks according to the signs of these parame�

ters	 �
 denote slow and fast waves	 The relationship between the speed of a shock

and characteristics in nine types of shocks is summarized in Fig	 �		 The di�erent

types of shocks occurring in the planar � model system are illustrated in Fig	 �	�	

The types are 

Regular shocks For just one of the families f� s it is true that the Lax condition

�R � s � �L� ��	���

holds
 so that the shock arises from coalescing waves of that family	 Shock

jumps corresponding to slow waves are labelled S� in the diagrams
 and jumps

corresponding to fast waves are labelled S�	 These correspond to I
II or

III
IV shocks in MHD	 �See Section �		�



�

Expansion shocks If the above inequality holds with signs reversed
 the disconti�

nuity is not evolutionary	 These branches are labelled E�E�� E�	

Overcompressive shocks The above inequality is true for both families	 This is

a I
IV shock in MHD	 It can be regarded as belonging to either family	 It

can be shown that the Hugoniot contains overcompressive shocks �labelled O�

only if the left state lies in the region jvL�uLj �
p
c	 Then a particular example

�with s � �� of an overcompressive shock is found by taking u � �uL� v � �vL	

Undercompressive shocks For these
 we have

�s�L � s � �f�L ��	��

�s�R � s � �f�R ��	���

This is a II
III shock in MHD	 It is also called crossing shocks since the fast

and slow characteristics cross each other at the shock	

Hydrodynamic shocks There are cases corresponding to hydrodynamic shocks


that is
 shocks along the axis v � �v� � �	 Their speed is given by s � c!u
 and

represent evolutionary shocks if u decreases	 They are overcompressive if

� � uL and
c

 � c
uL � u �

 � c

c
uL� ��	���

��� Integral Curves

From the right eigenvectors
 the integral curves are de�ned by

dv

du

�
f�s

�
v

�
�
�f�s � u

��	���

which are the paths taken in phase space
 as the solution traverses a simple wave


have the general appearance shown in Fig	 �	�	
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parameternshock S� E� S E O E X Rt Lt

P� � � � � � � � � �

P� � � � � � � � � �

P� � � � � � � � � �

P� � � � � � � � � �

Table �	�� Types of shocks according to the sign of four parameters� S�� S����  reg�
ular
 E�� E� � ��  expansive
 O�X � overcompressive
 undercompressive

E � expansive
 Rt� Lt � right
 left transport shocks	

P4 P3

P1 P2
P4P3 P1 P2

P4 P3 P2 P1

P4 P3 P2 P1

P4 P3

P1 P2

P4 P3 P2 P1

S2 O

E2 E

Lt X

P4P3

P2 P1

P4 P3 P2 P1

P3 P4

P2 P1

S1

E1

Rt

Figure �	� Shock classi�cation according to the sign of four parameters in �x� t�
space� S�� S� � ��  regular
 E�� E� � ��  expansive
 O�X � overcom�
pressive
 undercompressive
 E � expansive
 Rt� Lt � right
 left transport
shocks	 The thick line represents a travelling shock
 and the thin lines
represent characteristics	
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Figure �	�� Integral curves	 The thick lines indicate slow rarefaction waves
 and the
thin lines indicate fast rarefaction waves	 T denotes the umbilic point
and L��������� represent the �ve left states in the Hugoniot curves	
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Invariants for integral curves can be calculated by introducing

u � r cos � �


c� �
r� cos �� and v � r sin � � r� sin ��� ��	���

Then we have

r���cos �� � ��
c��
c���

�� � c� cos �� � �c� ��
� ��c
c��

� const� ��	���

with

tan � �
c� �


tan �� and

r�

r��
�

�

�c� ���
cos� �� � sin� ��� ��	���

Here ��� denote fast wave and slow wave
 respectively	 For case IV
 these integral

curves are similar to the parabola	 If the curves are followed from left to right in

physical space in the direction of increasing u
 the characteristics form diverging fans


and represent rarefaction waves	

Finally
 we can show the non�convexity of waves of the model
 which is illustrated

in Fig	 �	�	

��	 Conditions for Selecting Physically Admissible Shocks

In order to select physically admissible shocks
 supplementary conditions are

imposed on jumps	 In gasdynamics
 the entropy condition is regarded as such a con�

dition	 Although the condition works well in strict hyperbolic systems such as Euler

equations
 a simple extension of such condition to jumps that are not always associ�

ated with a particular characteristic family fails	 In order to overcome this di�culty


several shock admissibility conditions have been proposed
 but the exact relation

between these conditions is a current research issue ���
 ��
 ���	 For the model sys�

tem in which genuine nonlinearity fails and eigenvalues are not distinct everywhere


some admissibility criteria may be used to obtain well�posedness� geometric entropy

condition �or Lax condition�
 entropy��ux criterion
 viscosity admissibility criterion



��

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

v

speed

shock speed

characteristic
speed

Figure �	�� The shock speed and the characteristic speed as a function of v along a
fast rarefaction wave with uL � ��� vL � ��
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����
 linearized stability ����
 nonlinear stability
 and asymptotic stability ����	 The

�rst condition is based solely on the simple geometric interpretation
 while the next

two and three conditions are formulated as physical principles and self�contained

analysis	

����� Geometric Condition

For n� n system
 the Lax condition ���� is

�i�uR� � s � �i�uL� ��	���

for a shock of the i�family	 For the  �  system
 physically relevant shocks satisfy

�s�uR� � s � �s�uL� and s � �f �uR� ��	��

�f �uR� � s � �f �uL� and s � �s�uL�� ��	��

For a scalar conservation law with convex �ux function
 it reduces to

��uR� � s � ��uL�� ��	�

����	 Physical Conditions

The entropy��ux condition can be formulated as

Z Z
�et � hx� dx dt � �� ��	��

where e is a convex entropy function and h is the entropy �ux	

The viscosity admissibility condition requires that admissible shocks satisfying the

Rankine�Hugoniot conditions are those which can be approximated by the travelling

wave solutions to the associated parabolic system	 That is
 a shock wave x � st

joining states uL and uR has a viscous pro�le if the system has a solution of the form

u � u�� � �x� st���� satisfying u�� � ��� � uL and u�� � �� � uR� ��	��
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Then we have the dynamical system that could be used to establish the existence of

heteroclinic orbits	

����� Self�Contained Conditions

The linearized stability condition on a uniform shock is formulated as follows ���


���	 Let us consider inviscid perturbation of a uniform shock

uo�x� t� �

��
	
uo�� if x � sot


uo	� if x � sot	

Across the shock the following jump relations must be satis�ed	

f�uo	�� f�uo�� � so�u
o
	 � uo��� ��	��

Assuming that the shock is perturbed by small�amplitude waves impinging from both

sides
 we have the following perturbation data

u��x� �� � uo��x� � �
pinX
p
�

vp��x�rp�� �� �� ��	��

if we decompose the perturbed components in an eigenvector expansion	 rp� denotes

the right eigenvectors of A� � 
f�
u�uo��
 and vp� is the coe�cient of rp in an eigen�

vector expansion of the vector u�x� t�	 The initial perturbation leads to perturbation

of the shock speed and the generation of outgoing waves from the shock	

Next
 let us consider the linearized n � n system on each side of the shock


ut �A�u��ux � �� ��	��

The solution can be written as

u��x� t� � uo� � �
nX
p
�

vp��x� �p�t� �� rp�� ��	��

where �p� are the characteristic speeds of the linear system in the frame of reference

moving with the shock speed so	 If we assume the shock weak
 the perturbation
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jump relations

f�u	�� f�u�� � �so � �"s��u	 � u�� ��	��

yield a linear system

"s�uo� �
poutX
p
�

�p�v
p
��x� �p�t� �� rp� �

pinX
p
�

�p�v
p
��x� �p�t� �� rp� ��	���

for the unknowns pout � � when incoming distributions are given	 Hence the system

has a non�trivial solution only if ��� pout � n � � �� the vectors rpout and �uo� are

linearly independent	 Since there are n waves present pin � n � � and two waves

get lost in the shock	 If these are waves of the same family then this is the Lax

condition	

Also
 the nonlinear stability condition can be formulated from the linearized

stability condition by relaxing the weakness of perturbation
 becoming a nonlinear

existence problem that the perturbed data lead to a unique classical solution to the

quasilinear problem on each side of the shock	

Finally
 the asymptotic stability condition is related to the question
 whether the

discontinuity evolves from smooth data approximating a uniform shock	

If eigenvalue is a real
 simple
 genuinely nonlinear characteristic value at uL
 all

these conditions are known to be equivalent to the Lax condition for su�ciently small

amplitude shocks	 Especially
 for a system whose characteristic speeds are all real


distinct
 and depend monotonically on the corresponding characteristic variables


the geometric condition and the linear stability condition work well	 However
 for

the  �  model system where these non�degeneracy conditions fail
 such simple

conditions turn out to be inappropriate	

For some non�classical shock types
 the system �	�� becomes insolvable ����	
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A� The system has more unknowns than given equations
 and thus there are in�

�nitely many solutions possible	 For the general quadratic  �  system


X�Rt� Lt are such shocks	 �Expansive shocks are also such shocks
 but they

are obviously inadmissible	� For the  �  model system
 such insolvability is

found only in undercompressive shocks	

B� The system is overdetermined and thus it does not have a solution	 Overcom�

pressive shocks are such shocks	 All characteristics run into the shock	

C� The system is invalid when waves move with the shock speed
 and thus it can

not be characterized as the incoming or the outgoing	 Such cases can be found

in compound waves
 which will be explained later	

D� The matrix of the system becomes singular
 which means large amplitude of the

outgoing waves	 For example
 in the �� � model system
 the evolution of w is

governed by wt � �uw�x � � and its jump relation for the small perturbation

"w becomes

 "w	�u	 � "u	��  "w��u� � "u�� � �so � "s�� "w	 � "w��� ��	���

The linearization yields

"w� � "w	
�u	 � so�

�u� � so�
� ��	��

and then the amplitude of the outgoing wave tends to in�nity as v approaches

zero	

In conclusion
 the linearized stability condition and the geometric condition fail

for the scalar equation with non�convex �ux function and for the system in which

the associated waves are not convex
 because they are based on the characteristic
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speeds only at the end states	 It is expected that nonlinear stability condition will

give the correct result only if the perturbations are large enough	

��
 Dynamical System

The failure of admissibility criteria based on the linear theory for non�strictly

hyperbolic systems implies that a geometric consideration alone can not make the

Riemann problem well�posed and thus there exist some missing physical e�ects	 The

most obvious one is the viscosity
 so that the viscosity admissibility condition is

considered to overcome the limitation of geometric approaches	 It is based on the

analysis of a dynamical system which is the essential tool for selecting shocks which

admit a viscous pro�le	 The dynamical system is determined by travelling wave

solutions to the associated viscosity equation	 Some important theorems of the

dynamical system are summarized in Appendix B	 The dynamical system of the

planar problem �	� can be written as

u� � f�u�� f�uL�� s�u� uL� � #�u�� ��	���

v� � g�u�� g�uL�� s�v � vL� � $�u�� ��	���

where

f � �f� g� � �cu� � v�� uv�� ��	���

and  � c	 In order to analyze this dynamical system
 let us examine �rst singularities

which will be determined by solving # � � and $ � � for given s and uL	 The reason

for this is that we are interested only in pro�les connecting singularities	

In general
 singularities on the �nite domain are the intersection of two curves

�ellipse and hyperbola� de�ned by # � $ � �	 In our case
 we can observe two
 three


and four singularities	 Three singularities occur in a degenerate case	 However
 there
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is a special case in which uL is the umbilic point
 so that eigenvalues become equal	

In this case
 singularities can be attained by considering the Hugoniot locus �	� at

the umbilic point �uL � vL � ��� which is

v � �� ��	���

Hence there are two singularities at in�nity independent of s	 These singularities

can be revealed by the Poincar�e transform	

Following the method given in the theorem 	 of Ref	 ���� or summarized in

Appendix B
 the Jacobian matrix of the vector �eld �#�$� evaluated at singularities


which can be obtained by applying the Poincar�e transformation u � ��z and v � y�z

to the vector �eld
 is

�
�%���� �

� %���

�
A � ��	���

where

%��y� � �f��� y�� yf ���� y� � g���� y�� ��	���

%�y� � �f��� y�� ��	���

and � � � for  � c	 Here � � � corresponds to the v � � condition	 For c � 
 �

has three values � � �p � c� �
 which can be calculated from

�f��� �� � g��� �� � �� ��	���

Note that � is the slope of the Hugoniot through the umbilic point and is equal to

y since singularities at in�nity �y� z � ��
 if existent
 satisfy Eq	 �	��	 To determine

the type of singularities at in�nity
 we consider the sign of %���%����	 At y � �
 we

have

%��y���  � c� �y�� �  � c� ��	���
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%�y��� �y� � c� � �c� ��	��

This indicates that singularities at in�nity are two nodes for  � c �including an

antipodal point of the Poincar�e sphere�	

Once we �nd singularities
 we can determine their type using the index theory


without resolving orbits in detail	 An important result of the index theory is the

Poincar�e index theorem
 which shows that the sum of indices of singularities on a

two�dimensional surface is 	 �See Appendix B	� In four singularities in the �nite

domain
 the index theorem yields N �S� � � N �S � �	 Then
 we obtain two

nodes and two saddles as singularities in the �nite domain	 Similarly
 we can �nd a

node and a saddle for two singularities	 In case of three singularities
 we have one

saddle
 one node and non�hyperbolic saddle�node in which the index is zero	 The

global phase portraits are given in Fig	 �	� �a�c�	 It is shown that all regular shocks

and overcompressive shocks have viscous pro�les since there are saddle�node and

node�node connections
 but undercompressive shocks do not have viscous pro�les

since there is no saddle�saddle connection	

��� Compound Waves

In Section �	�
 it was noted that rarefaction waves can move with the shock

and in that case the linearized theory fails	 Here
 we introduce compound waves


also known as composite waves
 as substitutes for undercompressive shocks which

are inadmissible by the viscous admissibility condition	 Historically
 these waves are

identi�ed in a model for multi�phase �ow in a porous medium ���	 In MHD
 they are

�rst identi�ed by Wu ���� from the numerical solutions to the full MHD�	

�Interestingly� MHD slow compound waves were discovered in an experimental observation per�
formed by Patrick and James� �The experimental observations show that the density ratio across
the shock wave does drop rather sharply� which is� we think� some con�rmation of the characteristic
theory and the fact that the expansion has actually caught up with the shock front�� 	��� pages
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Figure �	�� �a���c�	 Examples of the global phase portrait of the planar model prob�
lem	 Nr�Na� S denote repelling node
 attracting node and saddle
 re�
spectively	

Here
 the simplest of this kind of models will be considered in order to show how

compound waves are constructed	

ut � �u��x � �� ��	���

The characteristic speed for this model � � �u� which is parabola�like about u � �	

For the Riemann problem with the initial data uR � �uL
 � � uL
 the solution can be

obtained by constructing the convex hull ���
 that is
 the smallest convex set
 which

is illustrated in Fig	 �	�	 At u�
 s� �
�
f�u���f�uL�

�
��u��uL� is identical with f ��u��


which means the shock moves as the same speed as the adjacent characteristics	

For the planar  �  model
 they consist of waves of one family �slow and fast�

and are of three types
 shown in Fig	 �	�	 There exist critical points in the Hugoniot

curves that are very helpful for identifying compound waves	 The critical point CL

is de�ned as the point where the Hugoniot locus is tangent to a fast integral curve


�������
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Figure �	�� �a���c�	 �a� The shock speed and the characteristic speed for uL � �	
Compare with Fig	 �	�	 �b� The convex hull construction	 �c� Compound
wave	
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C2C1 C1C2

Figure �	�� Compound waves in �x� t� space� C�� C�� ��  compound
 C�C�� transi�
tional waves	 The shock is shown by the thick line
 while characteristics
are shown by the thin lines	

which satis�es

�f �u�� s�uL�u� � �� ��	���

Similarly
 BL�DL can be de�ned as points satisfying

�s�uL�� s�uL�u� � �� ��	���

Therefore
 a slow compound wave C� can be de�ned as a rarefaction wave followed

by a slow shock
 consisting of a slow rarefaction wave and a jump to the point DL	

Similarly
 a fast compound wave C� can be de�ned as a rarefaction wave followed by

a fast shock
 consisting of a jump to the point CL and a fast rarefaction wave	 For

special left states at which CL and DL coincide
 as found in Fig	 �	� �c�
 there is a

possibility of a slow rarefaction followed by a shock to a fast rarefaction	 This is an

example of the transitional wave ����	

��� Solution of the Riemann Problem for the Planar Model

We study the Riemann problem for the planar  �  model�

ut � fx � �� ��	���

u�x� t � �� �

��
	
uL� x � ��

uR� x � ��
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The wave curve for a given state uL is de�ned as the set of all states that can be

connected to uL by a single
 physically relevant wave	 In a sense
 it is the union of

the integral curves and the Hugoniot curves	 However
 we eliminate from the integral

curves those branches that imply a steepening of the characteristics	 Likewise
 we

eliminate from the Hugoniot curves those branches that would imply characteristic

divergence	

Close to uL
 this is straightforward	 In Fig	 �	� �a�e�
 we take uL to be the points

L���������
 and we see departing from these points the slow �S�� and fast �S�� shock

curves
 along which u and � both decrease
 together with the slow �R�� and fast

�R��rarefaction curves
 along which u and � increase	 We should also eliminate from

the Hugoniot curves those shocks that are undercompressive
 since these turn out to

have unstable viscous pro�les
 and it needs to be noted that this branch includes the

special point u � uL� v � �vL corresponding to the Alfv�en wave that rotates the

transverse �eld through an angle �	

Finally
 we need to add those states that can be reached through compound waves	

These involve shocks that are on the border between regular and undercompressive

shocks	 This occurs when

s�uL�uR� � ���uL�� slow waves� s�uL�uR� � ���uR� fast waves�

Such shocks can be contiguous with rarefaction waves of the same family	 The curve

C� is de�ned by taking an arbitrary point uM on R�
 and then �nding the unique

point uN on the Hugoniot of uM such that s�uM �uN� � ���uM �	 The curve C� is

de�ned by �nding the unique point uK on the Hugoniot of uL such that s�uL�uK� �

���uK� and then continuing the R� curve from uK 	

To solve the Riemann problem
 take uL to be �xed
 and let uR range over the
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phase space	 Whenever uR happens to lie on some branch of the wave curve for uL

the Riemann solution is simply the single wave indicated	 That branch is therefore

a boundary across which the other wave changes sign	 Thus
 the regions either side

of the S� wave curve correspond to wave patterns S�R� or S�S� and are so labelled	

In Fig	 �	�
 exact solution of the full coplanar Riemann problem
 we denote these

boundaries by continuous lines	

On a second type of boundary one of the waves does not vanish
 but changes

character	 This occurs when a compound wave becomes either a regular shock or

else a pure rarefaction	 We denote these boundaries with dashed lines	

Finally
 the O branch of the Hugoniot is a third kind of boundary
 appearing in

the middle of the S�S� region	 It corresponds to a limiting case in which the two

shocks are parallel to each other
 and merge to form a single overcompressive shock	

It is shown
 when it occurs
 with a dotted line	 Note that these waves required to

solve the Riemann problem are precisely those admitted under the viscosity criterion	

Even though only two unknowns are involved
 the reasoning involved in construct�

ing the Riemann solution is intricate and not easy to formalize	 Although we have

independently veri�ed the results in Refs	 ����
 ���
 our &method� consisted mostly

of staring hard enough at the diagrams to become convinced that no case had been

overlooked	 We were
 however
 aided in doing this by the fact that for the model

problem several theorems and analytical results are available	

�� Fundamental Wave Manifolds

In the previous section we showed how the solutions to the Riemann problem

are constructed	 With the help of the complicated diagrams
 we can construct the

global solutions to the Riemann problem	 However
 it is also possible to develop a
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simple geometric framework which incorporates all the elementary waves in a single

space�	 Such framework becomes more important in non�strictly hyperbolic systems

�where the nonlinear coupling in linearized modes leads to non�classical shocks� than

in strict hyperbolic systems �where solutions are obtained by traversing the wave

curves
 which are one�parameter families of solutions associated with a particular

mode�	 Isaacson et al� ���� introduced such framework based on the fundamental

wave manifold
 which consists of a distinguished n�dimensional submanifold contain�

ing a single one�dimensional foliation that represents the rarefaction curves for all

families
 and a foliation that represents shock waves	

A reason for introducing the fundamental wave manifold is that it provides a

natural setting for the study of two fundamental problems on the theory of conser�

vation laws� the physical admissibility of shock waves and the bifurcation of wave

curves	 It can parameterize the dynamical systems associated to shock waves	 It can

also describe the wave curve bifurcation
 in other words
 how solutions of Riemann

problems depend on the initial data
 uL and uR	 But
 in this study
 we apply this

concept to the planar  �  model only for the purpose of extracting a geometric

information on Rankine�Hugoniot relations	

The key idea of their construction is a reformulation of the Rankine�Hugoniot

conditions by introducing a blow�up procedure	 They noticed that three variables

�uL�uR� s� satisfying the Rankine�Hugoniot conditions are of three types� ��� so�

lutions with uR � uL
 representing shock waves �� limits
 as juR � uLj 
 �
 of

shock wave solutions
 which represent rarefaction waves for these solutions
 s is an

eigenvalue of the f ��!u� at !u � uR � uL ��� solutions with uR � uL and other values

of s
 which represent constant states in solutions of Riemann problems	 Then
 they

�The idea is in common with an argument by Kaku 	��� page 
��� �The laws of nature become
simpler and elegant when expressed in higher dimension��
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introduced R and r��� � �cos �� sin�� such that �u� � Rr���	 By doing this
 they

develop a single manifold which represents both rarefaction waves and shocks	 In

this framework
 the idea that shock waves with in�nitesimal strength are in�nites�

imal rarefaction fans is successfully implemented	 That is
 the Rankine�Hugoniot

conditions can be written as

�s�u� � f�uR�� f�uL� � R � H�!u� R� �� s� ��	���

for R � �	 For R � �
 noting that f�uR�� f�uL� � R �A�!u� R� ��r��� where

A�!u� R� ��r��� �
Z �

�

� �
�

f ��!u� �Rr���� d� and A�!u� �� ��r��� � f ��!u�r���� ��	���

we have

H�!u� �� �� s� � ��s� f ��!u��r���� ��	���

�For the quadratic model
 A�!u� R� �� � f ��!u��� When this derivation is applied to

the �  model system
 the Hugoniot function becomes
 for given uL


H�u� v� � R�
��


R����� cos � � ���� sin�� � ����uL � ����vL

�
� ��	���

s �
�


R�"���� cos � � "���� sin �� � "����uL � "����vL� ��	���

where

���� � �� � c� sin �� ���� �  cos �� ��	��

"���� � �c� �� cos � � c � �� "���� �  sin �� ��	���

By putting R � �
 we have the following relations for characteristics

F�u� v� �� � ����u � ����v� ��	���

��u� v� �� � "����u � "����v� ��	���
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Then any solution �u� v� of F�u� v� �� � � takes the form

u � ����� � � v � ���� �  ��	���

for some real 	 The equation de�ning integral curves is

� sin�du � cos�dv � �� ��	���

�� cos� � � sin��d � ��� cos� � �� sin�� � d� � �� ��	���

Thus integral curves may be obtained locally by solving

'� � ��� cos� � � sin��� ��	���

' � ��� cos� � �� sin��� ��	���

They can be written as a �rst�order ordinary di�erential equation	

d


� ��� cos � � �� sin�

� cos � � � sin �
d�� ��	���

The solution is

 � L
�sin� �L

sin� �

� c��
��c��� � ��� c� cos� �� �

�� � c� cos� �L � �

� ��c
��c���

� ��	��

On the other hand
 H�u� v� � � gives

R � �
�uL � �vL

� cos � � � sin �
� ��	���

s � cos �
�
R�c cos� � � sin� �� � �c cos �uL � sin�vL�

�
��	���

� sin �
�
R cos� sin � � �uL sin� � vL cos��

�
� ��	���

Here
 � satisfying � cos � � � sin� � � is called asymptotic angle where the genuine

nonlinearity breaks down and � satisfying �uL � �vL � � is called characteristic

angle	



CHAPTER IV

PLANAR MHD RIEMANN PROBLEM

In the previous chapter
 by considering a planar model system
 we showed that

the simple geometric condition and linearized theory are inappropriate for conditions

for selecting admissible shocks of non�strictly hyperbolic conservation laws
 while the

viscosity admissibility condition works well for such system	 As a result
 non�classical

shocks are needed to ensure the uniqueness and existence of the weak solutions

to the planar  �  model	 In this chapter
 by observing that MHD shocks are

determined on a domain essentially consisting of the transverse magnetic �eld and

the pressure �which makes it possible to apply the theory of the planar �  model

system to the problem of the �� � planar MHD system�
 we present MHD Rankine�

Hugoniot conditions and simple wave relations in a useful form
 and construct the

weak solutions to the planar Riemann problem in MHD ����	

Most of the results are new and their ultimate contribution is the proof of well�

posedness of the planar MHD Riemann problem	 In other words
 with mathematical

rigor
 we prove the validity of the MHD approximation in the limit of vanishing

dissipations	

��



�

��� MHD Rankine�Hugoniot Conditions

From the ideal MHD equations in the Lagrangian description given in Section

	�
 the MHD shock relations are expressed as follows	

m�� �� �u� � �� ��	��

m�u� � �p� � !B��B�� � �� ��	�

m�v��Bx�B�� � �� ��	��

m!� �B�� � !B��u��Bx�v� � �� ��	��

m�et� � ��p �
B��


�u�BxB�v� � �� ��	��

where m is de�ned by �m � u� s and s is the shock speed	 Subscripts L�R denote

the left state and the right state	 Here the left state and the right state represent

properties behind the wave� and ahead of the wave� respectively� Notice that we use

the Lagrangian MHD equations of variables ��� u� v�B�� p�	 The reason is that the

midpoint rule �f � � A�!u��u� is satis�ed in the Lagrangian equations
 but in the

Eulerian equations there exists no unique average	 By combining Eqs	 �	� � �	�


Eq	 �	� can be replaced by

�
�p

� � �
� � !p� �

�

�
�� ��B��� � �� ��	��

which is the generalized Rankine�Hugoniot relation given �rst by L�ust ����	 Notice

that the case m � � for non�zero Bx represents the contact discontinuity across

which there is only the density jump	 Thus we can assume m non�zero for shocks	

Eliminating �v� and m
 we may obtain the Hugoniot relation for the pressure and the

transverse magnetic �eld	

� � �

�
!B��B��� �

� � �

�
�p��B��� � �!p !B��B���



��

���!p �Bx
� � !B�

�
��p��B��� !B��p�� � �� ��	��

We believe this equation to be new	 It can be factored as

pL
��
� � �


�B���B�L��Y � Y���Y � Y�� � �� ��	��

where Y � �p��pL and Y�� Y� are solutions given �rst by Bazer and Ericson ���	 In

their notation


Y��� �
�

sL



�h

�


� h

� �
�
h sin �L � � � sL �

p
R

 sin �L � �� � ��h

��
� ��	��

where h� sL� sin �L� R are de�ned by

h �
�B��q

Bx
� � B�L

�
� sL �

�pL

�Bx
� � B�L

��
� sin �L �

B�Lq
Bx

� � B�L
�
�

R � h��
��

�
sin��L � � � �� � h sin �L� � ���� � sL� � �sL sin��L � �� � sL���

Even though Eq	 �	�
 which treats the left state as a reference
 has been the

usual basis for MHD shock calculations since the late �fties
 Eq	 �	� which treats

the left and right states symmetrically is also useful in the sense that it reveals

more information on the Hugoniot
 for example
 asymptotic property
 limiting shocks

with zero pressure
 and can be readily extended to give the complete solution	 For

example
 given B�L�R and pL�R satisfying Eq	 �	�
 we can derive from Eq	 �	� the

density ratio

( � �

�L
�

��!p � ���
�

�B����� �p�

��!p � ���
� �B���� � �p�

� ��	���

and subsequently the mass �ux via Eqs	 �	� and �	

jmj �

vuut �p� � !B��B��

�L��� (�
� ��	���

Finally the velocity jumps follow from Eqs	 �	� and �	�	



��

��� Shock Types

Whichever method is adopted to �nd states satisfying the jump relationships
 it

is necessary to determine which jumps are physically admissible	 Some parameters

may be found to classify shock types	 These play an important role in establishing

the supplementary conditions
 such as entropy conditions in gasdynamics	 For a

shock
 the signs of the following four parameters P������� determine which of the

magnetoacoustic characteristics run into the shock�

cf
�
� jmj� ��

cs
�
� jmj�� cfL

�L
� jmj� ��

csL
�L
� jmj�� ��	��

where cf�s are positive propagation speeds satisfying

�
cf�s
�

�
�

�
�

�

�
�Bx

� � B�� � �p��
q

�Bx
� � B�� � �p�

� � �Bx
��p

�
�

with cs �
p
�Bx � cf 
 and jmj is the absolute value of the mass �ow rate	

Similar to the model
 there are sixteen possible sign distributions of these four

parameters
 but only nine can actually arise because the following relations must be

satis�ed	

cs � cf and csL � cfL� ��	���

The classi�cation of shock types is identical with the model explained in Section �	�	

At this stage
 the classi�cation is merely geometric in nature we need still to decide

which types are physically meaningful	

��� Viscosity Admissibility Condition for MHD Shocks

The evolutionary condition developed by Akhiezer et al� ���
 Polovin ���� and

Je�rey and Taniuti ���� restricts the physically admissible shocks for planar MHD

Riemann problem to regular planar slow and fast shocks in which the number of



��

small�amplitude outgoing waves is one
 equivalent to the number of the boundary

conditions minus one � � ��	 It turns out
 however
 that regular shocks alone can

not ensure the uniqueness of the Riemann problem	 The failure of the evolutionary

condition has become more obvious after several researchers investigated the MHD

Riemann problem by numerical experiments ����
 ��
 ��
 ��
 ��
 ��
 ���	 In the

past
 it was assumed by the evolutionary condition that MHD intermediate shocks are

unstable because the linearized perturbation of the jump relations is overdetermined	

Contrary to this belief
 recently
 Brio and Rosenau ���� showed that the nonlinear

intermediate shocks have such characteristics
 but the linearized problem cannot be

characterized as incoming or outgoing since there are waves moving with the shock

speed	

In the mean time
 some mathematicians �Schae�er
 Shearer
 Gomes
 and Isaacson

et al��
 who work on the Riemann problem of non�strictly hyperbolic conservation

laws with application to oil recovery
 proposed the viscosity admissibility condition

to overcome failure of the evolutionary condition which restricts the characteristics

that enter and leave a discontinuity	 The viscosity admissibility condition considers

relevant discontinuities to be limits of travelling waves for an associated parabolic

equation in order to take account of certain physical e�ects that have been neglected

in the ideal equations	 Global analysis of the dynamical system de�ned by travelling

wave solutions to the associated parabolic equation plays a crucial role in this theory	

For an example
 by applying this criterion to the planar �  model system in case

I
 Gomes ���� proved that there are shocks �undercompressive� which have stable

viscous pro�les but do not satisfy the Lax conditions	 However
 these undercompres�

sive shocks are not admissible in the version of the model problem �case IV� that is

analogous to MHD	



��

Therefore
 we will adopt the viscosity admissibility condition to determine physi�

cally relevant MHD shocks	� The global phase portraits of the coplanar MHD prob�

lem are given in Appendix C	 In the �nite domain
 typically
 there are four singu�

larities
 two nodes and two saddles	 The saddle�saddle connection cannot exist
 so

undercompressive shocks will be excluded from the wave curve	 But
 overcompres�

sive shocks do have viscous pro�les since a repelling node can be connected with an

attracting node	 In conclusion
 the evolutionary condition excludes certain types of

shocks
 while the viscosity admissibility condition permits them	 It will be shown in

Section �	�� that precisely those shocks admitted under the viscosity condition allow

unique solutions to be found for all planar MHD Riemann problems	

��� Magnetoacoustic Simple Waves

MHD simple waves
 which are rarefaction wave solutions to a MHD system of

equations
 have been studied by various researchers	 Shercli� ����� and Mann ����

examined simple waves in a state space de�ned as �	�B��	 Polovin ���� derived the

Riemann invariants in a state space de�ned as �a��ca�� cf�s��a��	 Recently
 Roe and

Balsara ����� obtained approximate curves for magnetoacoustic simple waves in a

state space �ca�a� ca��a�
 where ca� � B��
p
	
 starting from the MHD magnetoa�

coustic eigensystem	

Here
 we will follow the approach considered by Polovin since it yields an exact

relation for MHD simple waves in a monatomic gas	 Then they will be reformulated

in a non�dimensional phase space which turns out to be very useful	

The system of equations for MHD simple waves can be written
 starting from the

�This condition� too� can fail to guarantee the existence and uniqueness of the solutions of
Riemann problems 	����



��

Eq	 	� in section 	�
 as

��cnd	 � 	du � �� ��	���

��cn	du � B�dB� � a�d	 � �� ��	���

��cn	dv �BxdB� � �� ��	���

��cndB� � B�du�Bxdv � �� ��	���

with constant Bx and entropy
 where � � u � �cn	 For right�running waves and

left�running waves
 � is � and ��
 respectively	 Here
 cn
 which is the characteristic

speed of magnetoacoustic waves
 is given by

cn
�ca�

� � �cn
� � a���cn

� � ca
��� ��	���

From Eqs	 �	�� and �	�� we have

�a� � cn
��d	 � B�dB� � �� ��	���

Introducing the variables r and q through

r � a�

ca�
� q � cn

�

a�
� ��	��

we can write Eq	 �	�� as

B� � Bx

s
�q � ���r � �

q
� sign�B�L�� ��	��

From Eq	 �	��
 we have

du � �cn
d	

	
� �

cn
	

Bx
�

�a�
dr � �

cn
�

dr

r
� �

a

�

p
q
dr

r
� ��	�

where r � 	a��Bx
� and cn � a

p
q are used	 Thus we derive

du

dr
� �

a

�

p
q

r
� ��	��



��

From Eqs	 �	��
 �	�� and �	� we have

Bx
��� � cn

�

ca�
�dv �

B�
Bx

du ��	��

and �nally

dv

dr
� ��a

�

q
�q � ���rq � ��

�rq � ��
sign�BxB�L�� ��	��

Next
 Eqs	 �	� and �	� can be expressed as follows	

)u � �
*a

�

Z p
q� r

� ���
�� dr � ��	��

)v � ��*a

�

Z q
�q� � ���rq� � ��

�rq� � ��
sign�BxB�L� r�

���
�� dr � ��	��

where *a � caLrL
�
�� 	 Note that a� � *a�r

���
� if we introduce *	� *p� *a de�ned by 	 �

*	r
�
� � p � *pr� *a� � �*p�*	� The relation between r and q in simple waves can be derived

by inserting Eq	 �	� and d	 � dp�a� � Bx
����a�� dr into Eq	 �	��	

dq

dr
�

� �

�

q��q � ��

�rq� � ��
� ��	��

The direct integration of Eq	 �	� yields the following solution	

J� � r�q� � ���� � �
Z
q����q� � �����	�� dq�� ��	��

where � � ���� �� and J� represents the fast and slow magnetoacoustic Riemann

invariants	 For a monatomic gas
 it reduces to an analytic form

J� �
�r � ��

�q� � ���
�

�



�

�q� � ���
� �

�q� � ���
�

��

�q� � ���

� �

q� � �
� �

q�
� �� ln�

q�
jq� � �j�� ��	���

For slow waves
 rq � � � �
 � � q� � �
 whereas rq � � � �
 � � q	 � � for fast

waves	 The �nal note is that there exist non�physical portions of rarefaction waves

in �r� q� space it is the region with �q� ���rq � �� � � �See Eq	 �	��
 implying that

r� q coordinates can not serve as the �nal basis for rarefaction waves	 In next section


we will derive the new basis consisting of two non�dimensional parameters	



��

��	 Hugoniot Curves and Integral Curves in the Reduced
Plane

For a particular left state
 we can use equations Eq	 �	� or �	� to trace the

Hugoniot curve	 For each state on the curve
 we can compute the parameters that

describe the characteristic speeds and so identify the shock type corresponding to

that point	 Based on the relatively simple form Eq	 �	� that the Hugoniot assumes

for variables
 p�B�
 we choose these variables to represent the phase space
 and make

them non�dimensional as

U �
�p

Bx
� � V �

B�
Bx

� ��	���

We argue that these variables are the ultimate phase space for non�zero Bx in

which all MHD waves can be represented without any trouble in the sense that ���

they are non�dimensional parameters by which the umbilic point can be �xed �� they

are chosen from the Hugoniot condition
 matching the fact that rarefaction waves

are the solution of Rankine�Hugoniot relations with the limit of juR � uLj 
 � ���

they can represent the entire physical region de�ned by p� 	� T � � and u� v�B� � R	

For special cases such as 	 � �
 T � � and B� � �
 only the pressure p can be a basis

�	 Either 	 or a variable divided by a
 for example �	�B�� by Shercli� and Mann


�a��ca�� cf�s��a�� by Polovin and �ca�a� ca��a� by Roe and Balsara
 can not de�ne

the absolute temperature	 Also
 ��p��pL� �B���
q
Bx

� � B��
L� by Bazer and Ericson

and �p�B�� by Gogosov do not satisfy property ���	 The notation in Eq	 �	� can be

expressed in terms of U� V by �UL � �pL�Bx
�� VL � B�L�Bx�

Y �
U

UL
� �� h �

V � VLq
� � VL

�
� sL �

UL

� � VL
� � sin �L �

VLq
� � VL

�
� ��	��

�Even in the hydrodynamic limit� there is no trouble� The reason is that the hydrodynamic
limit can be represented by B� �  and 	v� � � without Bx � � �See Eqs� ��
 � �����



��

In the �U� V � plane
 the shape and classi�cation of the Hugoniot curves is identical

for either right�running or left�running waves	 Examples of the Hugoniot curves can

be found in Fig	 �	�	 Note that all shocks except the transport shocks can be found

in the Hugoniot loci of MHD	

Similarly
 integral curves de�ned by Eq	 �	�� can be represented by these coordi�

nates using the following relations	

r � U� q� �
�

U

�
� � U � V � �

q
�� � U � V ��� � �U

�
� ��	���

Integral curves are depicted in Fig	 �		 In Figs	 �	� and �	
 the point ��� �� is

the umbilic point where the slow and fast wavespeeds coincide	 Fig	 �	� �a���c�

are topologically identical to the Hugoniot curves found in Fig	 �	� for a particular

case of an  �  set of conservation laws designed to have a singular point where

the wavespeeds coincide	 The curves have the same general shape as for the model

problem
 and the various shock types are encountered along them in the same order	

In each case
 overcompressive shocks are only found if V is su�ciently small	 Similar

to the model
 the non�convexity of MHD waves is observed
 which is illustrated in

Fig	 �	�	

Various critical points on the Hugoniot can be identi�ed
 where one type of shock

gives way to another	 The state CL is the point where the Hugoniot locus is tangent

to a fast integral curve	 It may be de�ned as CL satisfying

�

�
cf �U�� jm�UL�U�j � �� ��	���

In Table �	� it can be found that CL is on the border between fast regular shocks

and undercompressive shocks or on the border between slow regular shocks and

overcompressive shocks	 BL�DL may be de�ned as points satisfying

�

�L
cs�UL�� jm�UL�U�j � �� ��	���



��

Here
 BL and DL are de�ned for the �
p
R branch and the �pR branch at the

Hugoniot curve
 respectively	 BL is on the border between fast shocks and overcom�

pressive shocks while DL is on the border between slow shocks and undercompressive

shocks	 Because the arguments in Section �	� are essentially topological
 they apply

without alteration to the MHD equations	

��
 Compound Waves

In order to ensure the uniqueness to the solution
 so�called compound waves are

introduced as substitutes for undercompressive shocks which are inadmissible by

the viscous stability criterion developed in Appendix C	 Similar to the model
 they

consist of waves of one family �slow or fast� and are of three types	 �See Fig	 �	�	�

A slow compound wave C� is a slow rarefaction wave R� followed by a slow

shock S�	 Similarly a fast compound wave C� can be de�ned as a fast shock wave

S� followed by a fast rarefaction wave R�	 In both cases the speed of the shock s

equals the speed of the adjacent rarefaction wave u�sign�m�cf�s	 From the de�nition

of critical points �eg	 CL� BL�DL�
 it can be seen that a slow compound wave C�

consists of a jump to the point DL followed by a slow rarefaction R�
 and a fast

compound wave consists of a jump to the point CL followed by a fast rarefaction R�	

Similar to the model
 there is a chance of a slow rarefaction followed by a jump to a

fast rarefaction	 �See Fig	 �	�	�
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Figure �	�� �a���f�	 Examples of MHD Hugoniot curves� S�� S� � �
  regular
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 O�X � overcompressive
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 E � expansive
shocks	



��

0 0.5 1 1.5 2 2.5 3 3.5 4
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

U

V

T

slow

fast

Figure �	� MHD integral curves	 The thick solid lines indicate slow rarefaction
waves
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−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

3.5

4

V

speed

shock
speed

characteristic
speed

Figure �	�� The shock speed and the characteristic speed as a function of V along a
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�	�	
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��� Magnetoacoustic Shocks and Rarefaction Waves in Var�
ious Limits


���� Hydrodynamic Limit

In the hydrodynamic limit �B�L � B�R � ��
 the Hugoniot curve can be obtained

from Eqs	 �	�
 �	
 �	� and �	�	

�� �

�L
� � �p�

�� � ���p� � �pL
� or

�

�L
�

� � p�pL
� � �p�pL

where � �
� � �

� � �
� ��	���

and

m � � �p�

�u�
�

�u�

�� �
� m� � � �p�

�� �
� ��	���

Signs of four parameters P�� P�� P�� P� can be determined by

q
U��
L � � � Y � jU��

L � �� � Y �j �
s

 �
� � �

�
Y � ��	���

�
q
U��
L � � � Y � jU��

L � �� � Y �j�
s

 �
� � �

�
Y � ��	���

q
U��
L � � � jU��

L � �j �
s

 �
� � �

�
Y � ��	���

�
q
U��
L � � � jU��

L � �j�
s

 �
� � �

�
Y � ��	���

With the help of Table �	�
 we can classify all hydrodynamic shocks	

S� �E� � E � E� if � � UL � �� ��	��

with boundary points UL� U
�� U ��
 where U � � ��

�	� � ���
�	�UL and U �� � ��

��� � �	�
���UL	

S� �O � S� � E� if � � UL �
�

� � �
� ��	���

with boundary points U ��� U �� UL	

O � S� � E� if
�

� � �
� UL �

�

� � �
� ��	���



��

with boundary points U �� UL	

S� �E� if
�

� � �
� UL� ��	���

with a boundary point UL	 In the second case �Fig	 �	� �b��
 S� and O meet at a

particular point de�ned by

UCL �
�

� � �
� � � �

� � �
UL� ��	���

Note that

lim
UL��

UCL � �� ��	���

Also
 rarefaction waves in the hydrodynamic limit can be derived from Eq	 �	��

� �	��	 They yield

�a� � cn
��d	 � �� du � �cn

d	

	
� and dv � dB� � �� ��	���

and become

)u � �
Z
a

	
d	� ��	���

which is the solution of a pure gas rarefaction wave	 It can be rewritten in our �U� V �

space
 noting that da�a � �� � ����d	�	��

J� � u� �
a

� � �
� ��	���

Along pure gas rarefaction waves
 the velocity u is determined solely by the pressure


yielding the so�called p � u diagram	

)u � �


� � �

jBxjp
	L
UL

� �
�

Z
U

���
� dU� ��	���

since a � jBxj�p	L�U�UL��	�U�



��


���	 Zero Pressure Limit

Let us consider �rst a case pL � pR � �	 For shocks
 the Rankine�Hugoniot

equations in section �	� reduce to

�� � � �u� � !B� � � and �v� � �
p
�L�B��� ��	��

Across this shock
 the transverse magnetic �eld changes its sign without modi�cation

of its magnitude	 Since �L�� �R� can have any value
 this limit is the absolute

temperature limit �i�e� T � ��	

For rarefaction waves
 Eqs	 �	�� � �	�� reduce to

	cn � B�
x � B�

�� c�nd	 � B�dB� and T � �� ��	���

Again
 this case is the absolute temperature limit	 These relations yield a Riemann

invariant for fast rarefaction waves

J	 �
	�

� � V �
� ��	���

Next
 let us consider a case pR � � and pL � �	 For regular shocks
 the density

jump can be written as

	

	L
�

�� � ��pL � ���
� �B���

�� � ��pL � ���
� �B���

��	���

and thus 	R can not be zero
 meaning that in this case pR � � represents the absolute

temperature limit	 Notice that it becomes 	�	L � ����������� in the hydrodynamic

limit	

For rarefaction waves
 the entropy is constant along integral curves and thus

	

	L
� �

p

pL
�
�
�

��	���

is enough to examine the limit	 Since pR � � means 	R � �
 this case is the vacuum

limit	 Therefore
 the vacuum state can be reached only by slow rarefaction waves	



��


���� Zero Bx Limit

In this limit
 the Hugoniot curves can be obtained from Eqs	 �	���	� by inserting

Bx � �	

For non�zero m
 we obtain a Rankine�Hugoniot relation

� � �

�
�B��� � �!p�B��� !B��p� � �� ��	���

The density ratio and the mass �ux are

( �
B�L
B�

� jmj �

vuut �p� � !B��B��

�L��� (�
� ��	���

For zero m
 we obtain a Rankine�Hugoniot relation

�u� � � and �p �
B��


� � �� ��	���

Also
 rarefaction waves in this limit can be derived from Eq	 �	�� � �	�� by

inserting Bx � �	 The characteristic speed of magnetoacoustic waves is given by

cn
� � a� � ca

�
� or cn � �� ��	���

But waves with the speed cn � � will be removed since they can be replaced by shocks

with zero m	 For the magnetoacoustic rarefaction wave
 we obtain the following

relation

dq

dp
�

q � �

�p
� ��	���

du

dp
� �

a

�

p
q

p
� ��	��

It yields

J � p�q � ���� or J � p�	�B����� ��	���

Notice that �p�B�� is the ultimate phase space in this limit	



��

��� Classi�cation of Domains by MHD Shock Type

The only structural di�erence between the model problem and the MHD problem

is that in the latter case there is a physical signi�cance to the value U � �
 that is


p � �	 Thus
 for certain positions of the point L
 some sections of the Hugoniot may

be cut o�
 as in Fig	 �	� �d���f�	 The solution to the MHD Riemann problem needs

to account for this di�erence	 The e�ect is to simplify the solution to the Riemann

problem for states well away from the umbilic point
 and so we will begin with the

case where L is close to the umbilic point
 and the complete loop to the Hugoniot

curve lies in U � �	 Then the topology of the Hugoniot and wave curves is identical

to that of the model problem	

Therefore
 under the same set of hypotheses about what shock types are admissi�

ble
 the topology of the Riemann solutions is also identical	 By this phrase we mean

that for a given �UL� VL�
 the �U� V � plane is divided into non�overlapping regions

within each of which the resulting waves are of the same type	 For the model prob�

lem
 it turns out that the Riemann problem is well�posed if the waves are selected

by the following modi�cation of the evolutionary criterion�

P� � � � P� or P� � � � P�� ��	���

By well�posed� it is meant that a unique solution to the Riemann problem exists for

all pairs of left and right states� and that this solution depends continuously on these

states� It is the property of continuous dependence that has to be assured by a

correct choice of admissible shocks	

Speci�cally
 the following shocks are found to be necessary	

Regular fast and slow shocks These do not change the sign of the transverse

�eld
 and are found in Fig	 �	� �a���f� in the upper half�plane
 labelled S�� S�	



��

Slow intermediate shocks � These do change the sign of the transverse �eld
 and

are found in Fig	 �	� �c���e� in the lower half�plane
 labelled S�	

Fast intermediate shocks These produce a sign change
 and are found in Fig	 �	�

�a���e�
 labelled S�	

Overcompressive shocks These produce a sign change
 and are found in Fig	 �	�

�c�
�d�
 labelled O	

Transitional cases BL� CL and DL These are found in Figs	 �	� �a���e�	

None of the shocks listed
 except for the �rst item
 would be regarded as admis�

sible by the evolutionary criterion	

The remaining parts of the Hugoniot locus have to be discarded	 Branches E�� E�

and E would be discarded by any criterion	 The undercompressive shocks X are not

required in this particular case
 but are needed when solving the model quadratic

problem with parameters that relate to oil recovery rather than MHD	

We claim that a special case of the Riemann problem for the full MHD equations

is also well�posed in terms of such waves	 This special case is one where we prescribe

one of the left and right states
 together with the state between the slow waves	

�We defer to Section �	�� the discussion of how this problem relates to the usual

Riemann problem	� Even the solution to this restricted Riemann problem involves

�� di�erent cases	 Each wave
 fast and slow
 may be a regular shock
 a compound

wave
 a rarefaction wave
 or it may be absent	 The seventeenth case is where the fast

and slow shocks coalesce into an overcompressive shock	 Which of these cases occurs

will depend on where the left and right states lie with respect to certain critical

curves
 which will now be described	

�In this case� the word �intermediate� is equivalent to �non�classical��



��


���� PC�U� Curve

A distinctive feature in Fig	 �	� is that Hugoniot curves for some left states have

the form of a closed loop around the umbilic point
 but for other states the loop

passes out of the physically meaningful range U � �	 Therefore
 it might be useful

to classify the domain by this feature �PC�U��	 The domain can be distinguished

by the following critical curve in �UL� VL� plane de�ned as

�
U

V

�
U
�

� � for V satisfying Eq� ��� or ���� ��	���

An example can be found in Fig	 �	� �a�	 We have from Eq	 �	� that


� � �

�
!V �V �� � � � �

��
UL�V �� �

UL


!V �V �� � �

UL


� � � !V ��

UL

�
�V � �

!V

��
UL

�� ��	���

and after some manipulation Eq	 �	�� becomes

� � �

�
�V ����V � � � !V � �

� � �

��
UL�V �� �

� � �

�
UL

!V �V � � �� � !V ��
UL

�
�

� � �

��
UL

��

��	���

From these equations we can eliminate V to give a relation between UL� VL	 This

critical curve is shown by dotted lines in Fig	 �	�	 The origin and U� given as

U� �
�

� � �
��	���

are located on this curve	 Note that hydrodynamic slow shocks disappear across U�	

Within the PC�U� curve
 the Hugoniot curve is a closed loop
 and if both states lie

within this region the solution to the Riemann problem is identical to the model	

If one state is outside this region then certain waves will not occur	 In fact
 the

remaining classi�cations have to do with which types of wave are available to create

a sign change in B�	



��


���	 TC� Curve

In Fig	 �	�	
 it can be observed that overcompressive shocks may or may not exist

for certain left states	 The critical curves for the existence of overcompressive shocks

can be calculated in the following way	 If !B� � �
 Eq	 �	� reduces to

�p��B����!p �Bx
� �

� � �

�
�B���� � �� ��	���

For �nite B�


�!p�Bx
� �

� � �

�
�B��� � �� ��	���

Using this
 the Lagrangian shock speed �	�� can be written as

jmj �
�p
��L

�
�� � ��Bx

� � �� � ��B�L
� � �pL

�
� ��	���

Then
 the equation csL��L � jmj � � reduces in �U� V � notation to

�����UL � �jVLj
q

�� � ��VL
� � ��� � ���

�
��� � � � �VL

� � �� � ��
�
� ��	��

From Table �	�
 it can be seen that the overcompressive shock disappears across this

critical curve	

The point C�
 which is the intersection of PC�U� and TC� critical curves
 can

be calculated by combining Eq	 �	�� and Eq	 �	��	 We have C� given as



��

q
��� � �� � ��

�� � � � �
� �

vuut�� � �� � �
q

��
���

�� � � � �

�
� ��	���

in �U� V � domain
 which is well�de�ned for � � � �  and � � �� �
p

���	 When

� � �� �
p

���
 C� becomes ��� �
p

���� ���
����	 The Hugoniot curve at this

special left state is given in Fig	 �	� �a�	 The curve is tangent to the U � � axis at

CL�� BL � DL�	



�


���� C�U�� Curve

For some left states
 the right states satisfying csL��L � jmj � � may be located

in the negative pressure domain	 This means that TC� is no longer critical for the

existence of overcompressive shocks	 Instead
 overcompressive shocks will disappear

if the point BL lies to the left of U � � �see Fig	 �	� �d�
�e��	 Thus
 we may de�ne

the C�U�� curve as

csL
�L
� jmj � �� pR � � with �

p
R branch in Eq� ���� ��	���

These two conditions can be expressed in �Y� h� notation as follows	

� �� � ��

�sL
�sL��h���h��h sin �L�sL

�
� � ��sL�

q
�sL � ��� � �sL sin��L� ��	���

� sL
�

� �h
�


�

h

 sin �L � �� � ��h
�
�h sin �L


� � � sL �

p
R�� ��	���

Overcompressive shocks begin to appear across this curve	 The curve is calculated

numerically	 It is easy to show

U�� �
�

� � �
� ��	���

by inserting B�L � B�R � � into csL��L � jmj � ��


���
 C�� Curve

When the point DL crosses U � � �see Fig	 �	� �e�
�f��
 slow shocks are no longer

available to change the sign of B�	 The de�nition is the same as the C�U�� curve

except for the branch	 Thus
 it may be de�ned as

csL
�L
� jmj � �� pR � � with �

p
R branch in Eq� ���� ��	���

The slow�shock part can be found below the U axis across this critical curve	 Note

that the point satisfying csL��L�jmj � � is a starting point at which the undercom�

pressive shock turns into the slow shock	



��


���� PU�� Curve

Fast shocks are no longer available to change the sign of B� across this critical

curve	 The PU�� curve can be de�ned as the Hugoniot passing the origin	 Applying

this condition to Eq	 �	� yields

VL � �
vuuts �UL

��� � ��
� UL

�
� ��	���


��� MHD Wave Mechanisms Available to Change the Sign

Five critical curves are plotted in Fig	 �	� �a� which shows shock wave mechanisms

available to change the sign of the transverse �eld	 The PC�U� critical curve is shown

by dotted lines
 because it is not critical in shock wave mechanisms	 Each region en�

closed by four critical curves �TC�� C�U��� C��� and PU��� will have certain shocks

available to change the sign	 There exist �ve di�erent cases� S�� S�� S�S�� S�S�O
 and

no shock	 All properties are symmetrical about VL � � axis	 Points marked as �

represent the reference states in Fig	 �	� �a���f�	

Compound waves can also change the sign	 Slow compound waves C� are available

everywhere
 but fast compound waves C� are available only when the critical point

CL exists	 Whether CL exists for a particular reference state can be determined by

checking CL for intermediate states which move along the slow shock S� and the

slow integral curve R� originating from the reference L	 By this procedure
 we can

�nd the region in which fast compound waves C� are available
 which is illustrated

in Fig	 �	� �b�	 The region is enclosed by the boundary which consists of some parts

of PC�U� critical curve and section of the slow integral curve starting at C�	 Some

curves are shown by dotted lines to explain how the boundary �indicated by solid

lines� is determined	 Notice that fast compound waves are available where L is close

to the umbilic point	



��

Finally
 by combining shock and compound wave mechanisms
 it can be shown

that MHD wave mechanisms have eight di�erent cases
 which is illustrated in Fig	 �	�	

�� Switch�on and Switch�o� Waves

In MHD
 switch�on waves are de�ned as shocks or rarefaction waves by which

the magnetic �eld is generated at the expense of a decrease of pressure	 Because in

our formulation the left state represents properties behind the wave
 such waves are

those satisfying BR � � and BL � �	 Among slow and fast waves
 slow rarefaction

waves and fast shocks can produce the magnetic �eld	 For slow rarefaction waves


the possible region in �U� V � space can be de�ned as any UL on slow integral curves

starting from UR
 satisfying UL � UR and UR � �	 For fast shocks
 only UL within

the region enclosed by PU�� critical curve can have the corresponding the right state

UR restricted as � � UR � � at which BR � �	

On the other hand
 switch�o� waves are de�ned as shocks or rarefaction waves by

which the magnetic �eld vanishes	 That is
 all the magnetic energy vanish
 causing

an increase of the thermal energy	 Such waves are those satisfying BL � � and

BR � �	 Contrary to switch�on waves
 by slow shocks and fast rarefaction waves


the magnetic �eld can vanish in crossing over waves	 For fast rarefaction waves


the possible region is de�ned as any UR on fast integral curves starting from UL


satisfying UL � UR and UL � �	 For slow shocks
 UR within the region de�ned by

the Hugoniot curve passing the point �U�� �� can have the corresponding switch�o�

state satisfying � � UL � U�	 UR outside the region can also have the corresponding

switch�o� state satisfying U� � UL	
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Figure �	�� �a� Shock mechanisms available to change the sign of the transverse �eld�
PC�U� critical curve is indicated by dot lines
 while the other are indi�
cated by solid lines	 �b� Compound wave mechanisms available to change
the sign� Fast compound waves are available within the boundary curve
indicated by solid lines	 T� P represent the umbilic point and the origin

respectively	
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Figure �	�� MHD Mechanisms available to change the sign of the transverse �eld�
Critical curves are shown by thin solid lines	 Waves available to change
the sign are indicated in the lower half�plane	 All properties are sym�
metrical about the UL axis	
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Figure �	�� Classi�cation of domains by wave combinations and solution patterns	
Critical curves are shown by thin solid lines
 while slow integral curves
are shown by thick solid lines	 The reference states can be classi�ed into
four subdomains D��D�D� and D�	 The left states �L�� � L��� that
represent the reference state in sectors are marked by �	
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���� Solution of the Planar MHDRiemann Problem on One�
Directional Waves

The solution of the Riemann problem in �U� V � space consists of a path LIR where

L�R are the given left and right states and I is an intermediate state such that LI is a

valid slow wave and IR is a valid fast wave	 To facilitate this construction
 we de�ne

the wave curve associated with a given left state L as the set of all points that can be

reached from L by valid waves	 These comprise all points on the Hugoniot through

L representing valid shocks
 all points on the integral curves through L representing

valid rarefaction waves
 and all points that can be reached from L through compound

waves	 Then I lies on the wave curve through L
 and R lies on the wave curve through

I	

For a given left state
 a right state will be connected by one of �� di�erent wave

combinations	 Therefore
 there may exist a large number of cases in solution patterns

which will be beyond classi�cation	 However
 thanks to the classi�cation of MHD

wave mechanisms available to change the sign
 we can classify left states into some

subdomains in which the solution patterns are qualitatively the same	 In the next

section
 these subdomains will be de�ned	


����� Classi�cation of Domains by Wave Combinations and Solution

Patterns

Which MHD waves are available to change the sign
 as described in Fig	 �	�


will play a crucial role in classifying domains by wave combinations	 But
 the PU��

curve in Fig	 �	� is not critical for wave combinations
 even though it is critical for

wave mechanisms changing the sign	 Thus
 it will not be considered in classifying

domains by wave combinations	 The only remaining criterion of the classi�cation

of domains is the slow integral curve	 The reason for this is that for a left state
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di�erent wave combinations begin to appear as intermediate states move along the

slow integral curve	 Therefore
 by inserting slow integral curves passing U�� C� and

U��� four subdomains can be de�ned� These subdomains are shown in Fig	 �	�	 In

each subdomain the solution is di�erent in sectors  through �	 Note that sectors

are de�ned by which wave combinations exist and subdomains are de�ned by the

set of such sectors	 In order to show the solution in each sector
 nine cases �L��
�


L��� L��� L��� L��� L��� L��� L��� L��� marked as � in Fig	 �	� will be considered	 A

special case L�� will be considered to show the transition between the solution of case

L�� and the solution of case L��	 Note that L��� L��� L�� and L�� are not considered	

The reason for this is that because the critical points BL�DL on the Hugoniot of the

left states of �rst three sectors in subdomain D always exist
 the pattern of wave

combinations is the same as that of subdomain D�	

Now we will construct the solution to the Riemann problem	 This construction

can be explained with the help of Figs	 �	� and �	�	 Fig	 �	� �a���d� shows that

Hugoniot curves in the domain D� may be classi�ed into two cases	 For reference

states L��� L�� which are located on the left of the critical curve TC�
 there are no

overcompressive shocks nor slow shocks with negative B�	 However
 both shocks can

be found for L��	 Thus this di�erence in admissible shock curves has an important

e�ect on the solution of the Riemann problem	 Once integral curves and Hugoniot

loci and compound waves are given for a particular left state
 the wave curves are

the set of waves� ��  rarefaction waves
 ��  shock waves
 ��  compound waves
 and

fast rarefaction wave originating from point CL	 These wave curves in the domain

D� are shown in Fig	 �	�	 Points marked as � represent left state
 umbilic point
 the

re�ection points of left states including one on TC� curve �i�e�
 �p� � !B� � �� !B� �

�It represents a left state in the �rst sector of subdomain D
�



��

��
 and pR from Eq	 �	��	

We now discuss all four cases including the switch�o� shock solution and the

hydrodynamic shock solution	


����	 Solution for Subdomain D�

Fig	 �	� �a���d� and Fig	 �	� �a�
 �b� comprise the full set of solutions by which

all possible cases can be represented	 In Fig	 �	� �b� the left state is located above

the critical curve TC�	 The overcompressive shocks and slow shocks cannot be found

below the U axis	 There are three dotted curves split at the point CL
�	 The curve

f��CL
�g is the boundary curve on which the fast shock becomes the fast compound

wave	 The curve fCL
��g represents fast rarefaction waves on which the solution is

the limit of either C�R� or R�C�	 If the right state is on this curve
 the solution

is C�C� or R�R�	 This is a kind of transitional wave for the magnetic �eld	 The

con�guration of this special wave in the physical space �x� t� is presented in Fig	 �	�	

The curve fCL
�Tg is the set of locus BL as the intermediate state moves along the

slow rarefaction wave curve	 It is the boundary of R�S� and C�S� which represent

two di�erent paths	 In fact
 two solutions are identical in the physical space �x� t� due

to equal shock speed and are called a triple shock ����	 Note that right states which

are connected by compound waves always exist below the U axis	 In Fig	 �	� �c�
 �d�

the point CL begins to bifurcate three points BL�DL and CL itself	 Overcompressive

shocks emerge as the triple shock region fBLTg shrinks	 Solution S�R� can be found

below the axis due to the presence of slow shocks while solution R�C� disappears	

The con�guration of solutions becomes symmetrical as the left state approaches the

axis	 Fig	 �	� �a�
 �b� shows switch�o� shocks and hydrodynamic shocks in domain

D�	 In Fig	 �	� �b�
 overcompressive shocks are observed on the line fCLBLg	 We
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can clearly see the continuous dependence of solutions on the left state	


����� Solution for Subdomain D

Fig	 �	�� �a� in addition to Fig	 �	� �a���d� and Fig		 �	� �c� comprise the full set of

solutions in domain D	 The only di�erence with domain D� comes of opening from

the closed Hugoniot loci near the V � � axis due to negative pressure	 As a result


fast compound waves become lost in the domain as the left state approaches the axis	

Contrary to domain D�
 the zero pressure state can be obtained by overcompressive

shocks and S�R� combinations	


����
 Solution for Subdomain D�

Fig	 �	�� �b���d� and Fig	 �	� �c� comprise the full set of solutions in domain D�	

Figure �� �b���d� represent solutions in three subdomains separated by two critical

curves
 C�U�� and C��	 The distinctive feature is that some parts are always cut out

of the Hugoniot loci loop due to the zero pressure limit	 As the left state moves
 slow

shocks with opposite sign begin to emerge in advance of overcompressive shocks	 As

a result
 fast compound waves disappear in domain D� and a new C�S� combination

can make the right state reach a vacuum state	


����� Solution for Subdomain D�

Fig	 �	�� �a�
 �b� and Fig	 �	� �c� comprise the full set of solutions in domain

D�	 The presence of a critical curve yields two cases in the pattern of solution	 The

solution is almost the same as that in domain D�	 However
 a case corresponding

to Fig	 �	�� �d� cannot be found due to the absence of overcompressive shocks	 In

Fig	 �	�� �a� and �b�
 it can be observed that the U axis itself is a boundary line

across which one wave changes character	
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���� Solutions Requiring Special Waves

Fig	 �	� �a���c� represent all the possible solutions for switch�o� shocks and

hydrodynamic shocks	 Switch�o� shocks can be calculated by substituting B�L � �

in Eq	 �	� and hydrodynamic shocks are given in Section �	�	�	 When UL � �


switch�o� can be accomplished only by the fast rarefaction wave	 As UL passes the

umbilic point
 switch�o� shocks begin to emerge	 Switch�o� can be obtained only

through the slow shock as shown in Fig	 �	� �b�
 �c�	 From Figs	 �	���	�
 it can be

shown that switch�on and switch�o� can be attained only through R�� S� and S�� R�


respectively	 For the Riemann problem with pL�R � �
 a special slow shock and a fast

simple wave given in Section �	�	 are the only possible self�similar solutions	 That

is
 when jB�Lj � jB�Rj
 we have always a unique solution
 R�� S� orSR�	 But
 when

jB�Lj � jB�Rj
 there exists no solution so that there is no mechanism amplifying

the magnetic �eld when there is no other energy available	 One �nal note is that

the di�erence in the density between the vacuum limit and the absolute temperature

limit can be sustained by the presence of a contact discontinuity	

Finally
 we have described all possible wave combinations and mechanisms chang�

ing the sign	 It is shown that solutions in domains D��D are most general
 in other

words
 most complicated and are almost the same as that of the �  model system

described in Section �	�	 Solutions in domains D��D� have the same features
 but

due to the cutting o� of the Hugoniot locus by the zero pressure limit they become

di�erent	 From solution diagrams it is also shown that the viscosity admissibility

condition has the advantage of ensuring the existence and uniqueness of solutions

over the evolutionary condition	 On the other hand
 the evolutionary condition can

not ensure the existence of solutions when all non�evolutionary solutions are strictly



��

excluded	 This can be manifested by considering a case in the hydrodynamic limit	

From Figs	 �	� �b� and �c�
 it can be observed that the solutions involve overcom�

pressive shocks and thus there does not exist any evolutionary solution	 In fact
 the

evolutionary condition is not di�erent from ignoring all shocks with opposite sign for

B�	 Therefore
 within its framework
 all overcompressive shocks
 compound waves


and regular S�� S� shocks with opposite sign are lost	

���� Full Riemann Problem


����� Structure of the Riemann Problem

Until now
 we consider only half of the Riemann problem	 That is
 instead of

specifying left and right states
 we specify one of them
 together with an intermedi�

ate state on one side of the contact discontinuity
 so that the two given states are

separated only by right�running �or left�running� waves	 Here
 by observing that the

MHD system is symmetrically hyperbolic and magnetoacoustic waves are determined

by the magnetic �eld and the pressure
 we will prove the well�posedness of full MHD

planar Riemann problem	

Theorem � For planar MHD Riemann problem� let us denote l� r left and

right states� and m intermediate states that consist of left� right states

ml�mr separated by the contact discontinuity� Then the following data sets

are equivalent in that there exists a one�to�one mapping between � and �m� Also�

for any Riemann problem de�ned by such sets� there exists the unique solution if all

the slow� fast� and overcompressive shocks are taken�

�m � f�	� p�B��l�r� �p�B��m� 	 � �� p � �� B� � Rg�

� � f�	� p�B��l�r� )u� )v� 	 � �� p � �� B� � R� �)u�)v� � Ruvg�
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where ) � � �r � � �l and Ruv is de�ned by all combinations of �p�B��l�r�

Remark In the second set
 Ruv denotes a certain subset of R�
 corresponding to

the fact that attempting to prescribe too large a velocity di�erence will lead to a

vacuum behind waves
 just as in hydrodynamics	 The boundary of Ruv depends on

the prescribed values of �p�B��l�r	

Proof In order to show that the following mapping is one�to�one


F � �m 
 �� ��	���

let us rewrite )u and )v	 They can be written as

ur � ul
jBxj �

ur � ump
�mr jBxj

p
�mr �

ul � ump
�ml
jBxj

p
�ml

� ��	���

vr � vl
jBxj �

vr � vmp
�mr jBxj

p
�mr �

vl � vmp
�ml
jBxj

p
�ml

��	��

The most crucial �nding is that the property of
ul�r�ump
�ml�mr jBxj �

vl�r�vmp
�ml�mr jBxj depends only

on the combination of waves which are eventually determined in �U� V � state space	

Let us examine ur�ump
�mr jBxj 	 If we denote r�� r� intermediate states between mr and

r
 and l�� l� intermediate states between ml and l
 then a mapping for right�running

waves Fr can be de�ned by �same for Fl�

Fr � �m
� 
 ��� ��	���

where

�m
� � f�p�B��r� �p�B��m� p � �� B� � Rg�

�� � f�p�B��r� �u� �v� p � �� B� � R� ��u� �v� � Ruv
�g�

� � � �r � � �m and Ruv
� is de�ned by all combinations of �p�B��r�m	 This mapping

can be manifested by the following relations

ur � ump
�mr jBxj �

ur� � ump
�mr jBxj �

ur� � ur�p
�r� jBxj

s
�r�
�mr

�
ur � ur�p
�r� jBxj

s
�r�
�r

�r�
�mr

��	���



��

vr � vmp
�mr jBxj �

vr� � vmp
�mr jBxj �

vr� � vr�p
�r� jBxj

s
�r�
�mr

�
vr � vr�p
�r� jBxj

s
�r�
�r

�r�
�mr

��	���

Since the Rankine�Hugoniot conditions
 the density ratio ( and m� are symmetric

with respect to the left and right states
 the following relations are satis�ed for

shocks	

�u�p
�LjBxj � �

s
��� (��

�u�

�
� !V �V ��� ��	���

�v�p
�LjBxj � ���V �

vuut ��� � (�

�u� � � !V �V �
� ��	���

where

( � � !U �
� � �


�V �� � �U �

�
�� !U �

� � �


�V �� �

�U �

�
�
��
� ��	���

For rarefaction waves
 they can be rewritten as

�u�p
�LjBxj �

�

�
UL

�
��

Z q

qL

fu�q� dq� ��	���

�v�p
�LjBxj � � �

�
UL

�
��

Z q

qL

fv�q� dq� ��	���

where r � �q � ���fJ� � �
R
q���q � ������ dqg� �

�L
� �UL

U
�
�
� 


fu�q� � pq r� ���
��

dr

dq
� fv�q� �

q
�q � ���rq � ��

�rq � ��
r�

���
��
dr

dq
�

Therefore
 the term ur�ump
�mr jBxj depends only on �p�B��r�r��r��mr 	 A diagram in space

de�ned by such terms is given in Fig	 �	��	 It is obtained for a solution diagram

given in Fig	 �	� �b� using Eqs	 �	����	��	 Notice that the left boundary is de�ned

as the zero temperature limit	 The reason is that the boundary represents properties

ahead of the wave	 If the left and right states are de�ned in reverse
 the boundary

becomes a vacuum limit	

Next
 let us examine the mapping Fr in detail	 Since ur�ump
�mr jBxj is monotone

in shocks and rarefaction waves due to the monotonicity of �u�vp
� jBxj 
 and its direc�

tion is not changed by Fr which yields only bending or stretching of rubber
 the



�

mapping Fr is one�to�one on R�
 since it is topology�preserving mapping	 When

�p�B��m � �p�B��r �or �p�B��l�
 the mapping corresponds to Fr �or Fl�	 Any devia�

tion in �p�B�� will locate its counterpart in a di�erent position in � �up
�mr jBxj �

�vp
�mr jBxj�

coordinates �or � �up
�ml

jBxj �
�vp

�ml
jBxj��	 When �p�B��l � �p�B��r
 any deviation from

m in �p�B�� will yield the di�erent position
 since the patch is proper and the e�ect

of Fr �or Fl� is only bending or stretching	 In general case
 for given �p�B��l�r
 a

particular �p�B��m will produce a diagram in space

� ur � ump
�mr jBxj �

ul � ump
�ml
jBxj �

vr � vmp
�mr jBxj �

vl � vmp
�ml
jBxj

�
� ��	���

A deviation from m will yield the di�erent position since each ��u�v�p
�jBxj has the di�erent

value	

Similarly
 the inverse mapping is one�to�one since

ur � ul
jBxj �

um � ulp
�ljBxj

p
�l � um � urp

�rjBxj
p
�r� ��	��

vr � vl
jBxj �

vm � vlp
�ljBxj

p
�l � vm � vrp

�rjBxj
p
�r� ��	���

Thus we proved that the mapping F is one�to�one	�


����	 Solution in �x� t� Physical Space

The exact Riemann solution in phase space can be projected in �x� t� physical

Space	 In gasdynamics
 such procedure is simple	 The calculation of the evolution of

variables through rarefaction waves can be done by determining the velocity pro�les

�rst	 �For shocks
 it is trivial	�

In MHD
 the procedure becomes somewhat complicated	 For shocks
 the propa�

gation velocity can be determined as follows	

s � uL � �Lm � uL � �
p
�LjBxj

vuut �U � � � !V �V �

��� �(�
� ��	���
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temperature limit

u - um
√τm⎪B  ⎪x

v - vm
√τm⎪B  ⎪x

S  S1 2

S  R1 2

S  C1 2
R C1 2

C R1 2

R R1 2

R  S1 2

C  S1 2

S1

R2

R1

S 2 T

hydrodynamic limit

L

Figure �	��� A diagram in the velocity space	 Compare with Fig	 �	� �b�	

For left�running and right�running rarefaction waves
 we have

x

t
�

dx

dt
� u� �cf�s� ��	���

Since r is function of q through simple waves and

c�f�s � �LB
�
xrL

�
� r

���
� q�� Ju� � u� �

p
�LjBxj
�

rL
�
��

Z
fu�q� dq�

u and dx�dt are also function of q	 By plotting u and x�t for q�
 we can obtain u

pro�le in x at a time t	 Similarly
 v can be determined from

Jv� � v � �

p
�LjBxj
�

rL
�
��

Z
fv�q� dq� ��	���

On the other hand
 the pressure p can be calculated by Eq	 �	�
 and then it yields

� by constant entropy condition	 Finally B� is determined by a relation �	�	



��

���� Physical Interpretation of the Exact Riemann Solution

We have shown with mathematical rigor that the MHD Riemann problem
 in

�atland
 is well�posed provided that �)u�)v� are suitably restricted
 implying that

the solutions are always self�similar	 The exact solution showed that the wave com�

binations are determined by the pressure and the magnetic �eld and the velocity

di�erences	 It can be checked that there are �� di�erent wave combinations ��

cases where each of the four waves may be a shock
 a compound wave
 a rarefaction


or absent �� cases where two left�running waves could merge into a left�running

overcompressive shock with any of the �� con�gurations of right�running waves
 and

the mirror image of this is also possible	 If we include the contact discontinuity
 we

have ��� di�erent cases
 which excludes the practical use of an exact MHD Riemann

solver	

When B�LB�R � �
 there always exists a non�classical shock
 either embedded in

compound waves or corresponding to an overcompressive shock	 Interestingly
 even

when B�LB�R � �
 the intermediate state can locate in the region with di�erent B�

sign
 depending on given �)u�)v� � Ruv values	 For example
 if �p�B��l � �p�B��r

and B�mB�l�r � �
 the solution is symmetric about the contact discontinuity and

the magnetic �eld can change its sign twice	 An example is given in Fig	 �	��	

The Riemann data are 	L�R � pL�R � �� B�L�R � ��� )u � )v � �� with

� � ���� Bx � �	 A �rst�order numerical scheme with Roe�s approximate Riemann

solver is used�	 The Riemann solution involves a non�evolutionary shock embedded

in a fast compound wave	 On the other hand
 if �)u�)v� �� Ruv
 which is a subset

of R�
 the complete solution to the Riemann problem does not exist since a vacuum

will form in the �ow	

�Note that it is built using conventional evolutionary waves�
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Figure �	��� An example of the MHD Riemann problem involving the double change
of B� sign	

However
 the most important consequence of the study of the planar Riemann

problem probably is the �nding that all the complicated behaviors of nonlinear waves

can be explained only in �U� V � domain
 which will be of great help in investigating

MHD processes�	

�In fact� we demonstrate the direct correspondences �u � U� �v � V in full MHD� In incom�
pressible MHD� so�called Els�asser variables z � v�B� have been used that represent the dynamic
alignment of v and B� 	
�� pages 
���
����



CHAPTER V

NON�PLANAR RIEMANN PROBLEM FOR

�� � MODEL

Non�planar Riemann problems are of two types coplanar problem with non�zero

w components and non�coplanar problem	 A distinction between two types can be

highlighted by introducing the transverse �eld moment de�ned as

Iz �
Z �

��
w dx � ��	��

Starting from Eq	 	�� and integrating them
 we can derive the relation for the

transverse �eld moment	

dIz
dt

� �uw� � � � ��	�

When end states are coplanar
 Iz is globally invariant	 But once the problem becomes

non�coplanar
 Iz is no longer invariant and is time�dependent	

In this chapter
 keeping in mind the fundamental di�erence of the planar and

the non�planar problem
 we will explore the Riemann problem of the � � � model

����	 Most works are related to the uniqueness of the Riemann solution� entropy


admissibility conditions
 and the existence of viscous pro�les	 By investigating the

singularity near the triple umbilic point
 we will demonstrate how Glimm�s concern�

��It is likely that new phenomena will occur with n� n system� n � �� but this case has yet to
be explored�� 	�
� page �����

��
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and Key�tz�s argument� can be applied to the non�planar MHD Riemann problem	

It turns out that the index theory of dynamical system ceases to work for the model

system with n � � �	

	�� Rankine�Hugoniot Conditions

For the system 	��
 we have the following Rankine�Hugoniot conditions	

s�u� � c!u�u� � !v�v� �  !w�w�� ��	��

s�v� � !v�u� � !u�v�� ��	��

s�w� �  !w�u� � !u�w�� ��	��

Therefore
 the Hugoniot and wave trajectories are all either coplanar �v�w � const��

or purely rotational �u � const�� v� � w� � const��	

	�� Shock Types

For the system 	��
 there appear three waves which can be described using MHD

terminology as slow
 Alfv�en and fast their speeds are given by

�a � u� �f�s � �c � ��u�
q

�c � ���u� � ��v� � w�� ��	��

always satisfying �s � �a � �f 
 and the right eigenvectors are

ra �

�������������

�

w

�v

�������������
� rf�s �

�������������

�
��f�s � u

v

w

�������������
� ��	��

��One must begin with a careful statement of some physical basis for studying a Riemann
problem� including a recognition that a theory centered on Riemann problems can apply only in a
situation in which only self�similar solutions are to be expected� For example� this is the case if one
is looking either at a very large time or a very small one�� 	��� page �����

�All the gasdynamic waves are one�dimensional in the direction normal to the wave front� mean�
ing that n � 
� But in MHD� due to intermediate shocks� the problem becomes generally n � ��
The reason for this can be traced to the fact that electromagnetic waves are inherently non�planar�



��

For a shock arising in ��� model system
 the signs of the following six parameters

determine which of the MHD characteristics run into the shock�

��f�a�s�L�R � s� ��	��

In MHD terminology
 the signs can be represented by four domains I�IV de�ned as

IV �s III �a II �f I�

There are sixteen possible combinations
 but only fourteen can actually arise in the

model system
 since IV 
 IV and I 
 I correspond to the right and left transport

shocks which turn out to be absent in the MHD Hugoniot	 The fourteen shocks are�

S� �II 
 IV� III 
 IV�� S� �I 
 III� I 
 II��

E� �IV 
 II� IV 
 III�� E� �III 
 I� II 
 I��

O �I 
 IV�� E �IV 
 I��

X �II 
 III� III 
 II� III 
 III� II 
 II��

The relationship between the speed of a shock and waves in the fourteen types of

shocks is illustrated in Fig	 �	�	 IS�
 IS� denote intermediate slow
 fast shocks	

Because the classi�cation is based only on the geometry of characteristics
 we need

to determine which shocks are physically meaningful	

	�� Admissibility Conditions

In chapter III
 it is shown that linear theories are inappropriate for the non�strictly

hyperbolic system	 Therefore
 we will introduce the viscosity admissibility condition


and at the same time consider an entropy��ux condition since in n � � system all

viscous pro�les are not necessarily stable	 Then we will show that admissible shocks

of ��� model system are regular shocks S� �III 
 IV�� S� �I 
 II� and intermediate

shocks IS� �II 
 IV�� IS� �I 
 II�� O �I 
 IV�� X �II 
 III�	
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Figure �	�� The relationship between the speed of a shock and characteristics
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Figure �	� The relationship between the speed of evolutionary shocks and charac�
teristics	 In rotational discontinuity
 characteristics of the same family
are parallel each other	

����� Evolutionary Condition

In evolutionary theory
 a discontinuity is evolutionary
 in other words
 physically

relevant
 if and only if the number of small amplitude outgoing waves diverging from

the discontinuity is equal to the number of the boundary conditions minus one	 Or

a travelling step discontinuity is called linearly dynamically stable if the linearized

Rankine�Hugoniot equation has a unique solution for t � � ����	 The evolutionary

condition restricts the permitted shocks to those having two diverging characteristics


that is
 S� �III 
 IV�� S� �I 
 II� and X �II 
 III�� But
 in order to ensure the

uniqueness we need another condition on X �II 
 III� shocks since they can in general

change u and �v� � w�� as well as the angle	 Thus
 only possible X shock is the so�

called rotational discontinuity	 In the framework of evolutionary theory
 the Riemann

solutions of ��� model consist of regular planar shocks and a rotational discontinuity	

The relationship between the speed of evolutionary shocks and characteristics is

summarized in Fig	 �		 The conclusion can be stated straightforwardly that the

magnetic �eld can change its sign only through the rotational discontinuity	



���

����	 An Entropy Condition

For either the � � � or  �  systems there is unique quadratic function that is

conserved in smooth regions of the �ow
 and can serve as an entropy for the system	

It is simply e � �u� � r��� and in smooth regions it satis�es the conservation law

et � hx � � � ��	��

with an entropy �ux h � u�cu��� � r��	 Here
 a vector �v�w� � �r cos �� r sin �� is

introduced	 Across shocks
 this entropy is dissipated
 and it can be shown that





t

Z xR

xL

e dx � h�xL�� h�xR� �
�u�



�
c

�
�u�� � �v�� � �w��


� ��	���

For all compressive waves
 uL � uR	 Thus
 all compressive waves are entropy�

dissipative	 Note that no entropy dissipation is predicted for Alfv�en waves	

When dissipation is included in the governing equations
 the entropy evolution

equation becomes

et � hx � �fexx � u�x � r�x � r���xg� ��	���

Here
 �� � are assumed to be equal	 In the brackets
 the �rst term leaves entropy con�

served
 but the remaining terms dissipate it
 including the last term which provides

dissipation through rotation	

����� Viscous Pro�les

By setting � � � and � � �
 the dynamical system of the � � � model system

can be written as the ordinary di�erential equations	

�
BBBB�
u

v

w

�
CCCCA
�

�

�
BBBB�
cu� � v� � w� � �cuL� � vL

� � wL
�� � s�u� uL�

�uv � uLvL�� s�v � vL�

�uw � uLwL�� s�w � wL�

�
CCCCA ��	��



��

The boundary conditions are

lim
����

u��� � uL� lim
���

u��� � uR� u����� � �� ��	���

The travelling wave solutions can exist only if uL�R lie on the same Hugoniot curve


in which case they are also singular points of the o	d	e	 system	 Therefore
 for any

non�coplanar Riemann problem involving changes of u and r one can not anticipate

single travelling wave solution
 because the Hugoniot curves are all either coplanar or

purely rotational	 For the coplanar problem
 we can obtain the phase portrait of the

�� � dynamical system by using the local approach	 Like the planar problem
 there

are generally four singularities in �nite domain
 representing four reference state I�

IV	 Since the local topology near singularities depends on the sign of �f�a�s � s and

it must be identical with the phase portrait in planar limit
 shown in Fig	 �	�
 four

states can be determined in the topology as

I�Na�� II�S�� III�S�� IV�Nr��

A theory centered on Riemann problems can apply only in a situation in which only

self�similar solutions are to be expected	 For example
 this is the case if one is looking

either at a very large time or a very small one	 A typical phase portrait is given in

Fig	 �	�	 It can be found that

regular planar shocks �III 
 IV� I 
 II� and

intermediate shocks �II 
 IV� I 
 III� I 
 IV� II 
 III��

six in total
 are physically admissible	 Other shocks IV 
 II� IV 
 III� III 
 I� I 


I� and IV 
 I are obviously inadmissible and III 
 II shock is non�physical since

it violates entropy��ux condition �u� � �	 In particular
 the rotational discontinu�

ity
 which is a special case of II 
 III shock
 III 
 III� and II 
 II shocks are
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inadmissible since these shocks contradict the inadmissibility of undercompressive

shocks in the planar problem	� The relationship between the speed of a shock and

characteristics is summarized in Fig	 �	�	

On the other hand
 we can obtain an exact solution for overcompressive and

undercompressive shocks	 It may be veri�ed that the following solution

u � �u� tanh �u�x����

v � �v� tanh �u�x��� � Cw� sech �u�x���� ��	���

w � �w� tanh �u�x��� �Cv� sech �u�x���

is a solution of the system �	� for a stationary shock s � �
 provided

C� � � � �c� �
u��

v�� � w�
�

This represents a viscous pro�le for an intermediate shock with r�� � �� c�u��	 The

transverse vector rotates through the wave	 In the v�w�plane
 it traces an ellipse

whose major and minor axes are in the ration C � �	 Note that C can have either

sign
 corresponding to two senses of rotation around the ellipse	 This special solution

shows how the internal structure of an overcompressive shock can cause the rotation

usually associated with Alfv�en waves	

Without loss of generality
 let w� � �
 so that the wave is polarized in the x� y

plane	 Then
 a transverse �eld moment

Iz � �C�����v��u�� ��	���

Initial data not satisfying this constraints must give rise to additional waves	 An

overcompressive shock necessarily satis�es r� � pcu�
 so that � � �c � ���c � C�	

�Or these shocks are structurally unstable because they all are characterized by the saddle�saddle
connection in �v� w� domain�
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II (S) III (S)I (Na) IV (Nr)

λf - s + + +−

λa - s − + +−

λs - s − + −−

v

w

Figure �	�� The phase portrait of the �� � system in �v�w� domain	 Compare with
examples of the phase portraits of the planar model problem	

Note that solutions with uR � uL must be abandoned in viscous pro�les since

they violate the entropy��ux condition	
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Figure �	�� The relationship between the speed of shocks having viscous pro�les and
characteristics

	�� Solution of the Riemann Problem for the �� � Model

We now consider in more detail the proposal ���� to generate the large time or

small time Riemann problems for the ��� model from those for the planar problem	

If we employ the polar form of the �� � model 	��
 we have

ut � cuux � rrx � �uxx ��	���

rt � urx � rux � ��rxx � r��x�� ��r�xx � rx�x� ��	���

�t � u�x � ��rxx�r � �x
�� � ���xx � rx�x�r� ��	���

From the system �	�
 it is easy to see that the fast and slow waves have no e�ect on

�
 and are solutions of the reduced coplanar problem in which

u �

��������
u

r

�������� � f �

��������
cu� � r�

ur

�������� � ��	���

Alfv�en waves have no e�ect on u or r
 and in the absence of dissipation are governed

by the scalar advection equation

�t � u�x � �� ��	��
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We might therefore suppose that a Riemann problem for the system 	��
 with data

uL � �uL� vL� wL��uR � �uR� vR� wR� could be solved by the following procedure	

Re�express the data as uL � �uL� rL� �L��uR � �uR� rR� �R�
 and for given �uL� rL�

and �uR� rR�
 solve the coplanar Riemann problem with this data and then insert an

Alfv�en wave of strength �R��L	 There is ambiguity in this procedure because we can

represent either given state in one of two polar representations �r 
 �r� �
 �� ��	

Thus we can choose to solve the coplanar problem with rL� rR either of the same sign

or opposite signs	 The Riemann solutions that result never coincide unless one or

both of rL�R vanish	

To eliminate this ambiguity we impose the very simple requirement that the

solution can be mapped into physical space	 Thus
 the coplanar solution will de�ne

u as a function of the similarity variable x� � x�t
 and the Alfv�en wave needs to be

inserted where

F �x�� � u�x��� x� � �� ��	��

We assert that Eq	 �	� always has precisely one root
 which occurs either in the

uniform region between the waves �if rLrR � �� or else inside a shock that reverse

the sign of r �if rLrR � ��	 If the Alfv�en wave coincides with a shock
 the combined

jump does not satisfy the Hugoniot relations unless the data are coplanar
 i�e�

vL
wL

� � vR
wR

� ��	�

Therefore
 for non�coplanar data
 the solution to the � � � Riemann problem

at large times is given by inserting a Alfv�en wave into the reduced  �  problem	

For coplanar data there are two solutions
 one of which e�ects the rotation by a �

Alfv�en wave
 the other through a non�classical shock	 We argue that the non�classical

solutions are relevant in particular at the small time
 and an Alfv�en wave� is needed

�It is not necessarily the rotational discontinuity� Also� it can not be self�similar� since such
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in the large�time solution	 The plausibility of this argument will be given in the next

section by considering canonical cases	

	�	 Canonical Cases

For the coplanar problem
 there is a jump across which u 
 �u� v 
 �v and

wL�R � �	 Since !u � !v � �
 the Hugoniot relationships give s � �	 The wavespeeds

change according to

�sR � ��fL� �fR � ��sL ��	��

The wave is overcompressive if �sL � � this happens if
p
cuL � vL � �	 Otherwise

it is an undercompressive shock	 Although such a jump satis�es the Hugoniot re�

lationships
 it decays into a pair of rarefaction waves
 followed by a reversal shock

along the line
p
cuL � vL in planar limit	 This special case of a reversal shock is

called a triple shock ����	 It can be regarded as a stationary slow shock from u � uL

to u � �
 followed by a stationary fast shock from u � � to u � uR	 Both of the

component shocks and the overall jump satisfy the Hugoniot conditions	 If the same

data is presented to the restricted coplanar problem
 u changes sign
 but v does not	

The solution is then a slow regular shock
 followed by an Alfv�en wave
 and then a

fast regular shock	 The value of v in the Alfv�en wave can be calculated from the

Hugoniot relations as

vm �
�

�

�

q

�cu�L � �v�L cos
�

�
� vL

�
� � � cos��

�
vL��� � �c�u�L � �v�L�

��cu�L � �v�L�
�
�

�
��	��

The solutions in canonical cases are illustrated in Fig	 �	�	 Introducing a non�

dimensional parameter

Iz
� � Iz

�����
��	��

waves violates a constraint �

�t
�x
t
� �  	��� page ����
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we can compare Iz
� for three di�erent solutions	 By using Eqs	 �	�� and �	�
 the

following relation is always satis�ed	

Iz
�
planar�� �� � Iz

�
O�X � Iz

�
S�AS� ��	��

In addition
 we can calculate the rate that the entropy is dissipated across the dis�

continuity	 For the �rst case


X
S��S�


E


t
�


E


t

�
O
� ��	��

and for the second case


X
S� �S�


E


t
�


E


t

�
X

�
X
C��C�


E


t
� ��	��

where E � R�
�� e dx	 Notice that non�classical shocks experience a relatively high

entropy dissipation rate	

	�
 The E�ect of Non�Coplanarity and Dispersive Coe��
cient

In Section �	�
 we showed how Riemann solutions for the ��� model are generated

from those for the coplanar subproblem	 By imposing the simple requirement
 we

proved that an Alfv�en wave must either be within a shock
 which reverses the sign

for v
 or else in the central uniform region	 In order to see how Alfv�en waves in two

di�erent situations �one within a shock and the other in the central uniform region�

are related
 we will consider the following problems	

First
 starting from an stationary coplanar overcompressive shock with I�z �

p
c� �
 we apply a very small non�coplanar variation on the upstream state	 �But

this variation has an in�nite I�z 	� Here
 since we are interested in a global picture of

the non�coplanar solution
 we will not consider �nite I�z disturbances	
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Figure �	�� Riemann solutions in two canonical cases	
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Next
 starting from the shock pro�le
 we apply the dispersive coe�cient	 This will

enable us to examine the e�ect of the non�dissipation coe�cient on exotic shocks	

For numerical calculations
 a conventional two�step Lax�Wendro� scheme is used

����	 To reduce numerical dissipation
 we used a large number of grid points �e�g�

����	

���� Non�Coplanarity

In the beginning of this chapter
 we showed that once the problem becomes non�

coplanar
 Iz is no longer invariant and is time�dependent	 In fact
 the exact solution

of coplanar Riemann problem given in Section �	� is valid only for su�ciently small

Iz and thus can be regarded as the neighboring solution of the coplanar problem

with large Iz and the non�coplanar problem near � rotation	 Therefore
 we can

deduce that intermediate shocks in the coplanar situation become time�dependent

by any non�coplanar variation in the left and right states	 This can be con�rmed by

numerical results described in Fig	 �	� �a�	 This numerical code has dissipation but

no dispersion	 Solutions are shown at regular time intervals	 As seen in Fig	 �	� �a�


an overcompressive shock is broken up into three waves
 two regular shocks and an

intermediate shock
 and eventually the intermediate shock becomes an Alfv�en wave	

From this analysis
 we propose a hypothesis


Proposition �� Intermediate shocks are unstable under any non�coplanar variation

on the upstream and downstream states� so that the large�time solution contains only

regular shocks� but that all exotic shocks are needed to explain small�time behavior�

This hypothesis can be also supported by observing that for very small non�

coplanar variations
 dIz�dt 	 �
 explaining that the solutions evolves in the direc�

tion of increasing Iz	
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���	 Dispersive Coe�cient

Under the dispersive coe�cient intermediate shocks persist in the large�time solu�

tion	 This situation is shown in Fig	 �	� �b�	 Even though the initial overcompressive

shock is broken up into three waves as the previous case
 the time�dependent inter�

mediate shock �undercompressive� does not turn into an Alfv�en wave	 Therefore
 we

may conclude that the intermediate shock with � rotation angle can be sustained

by dispersive e�ects	 This conclusion can be con�rmed by considering a dynamical

system including the dispersive e�ects	 Let us introduce ��� �� � ��ei�� � � ����

where ��� � � � ��	 Then a dynamical system of the ��� model can be written

as

D

�
BBBB�
u

v

w

�
CCCCA
�

�

�
BBBB�

�cu� � v� � w��� s�u�

�uv� cos� � �uw� sin� � s��v� cos� � �w� sin��

��uv� sin� � �uw� cos� � s���v� sin� � �w� cos��

�
CCCCA ��	��

where �Q� � Q�QL and D �
�
��� �� ��T � ��� �� ��T � ��� �� ��T

�
	 It can be shown that

a class of data such that uR � �uL
 s � � is the singularity of the dynamical system	

However
 once non�coplanar variations are applied to the upstream and downstream

states
 intermediate shocks can not persist as in the purely dissipation case	

	�� Well�posedness of the Riemann Problem

In chapter III and IV
 we proved that the Riemann problem of planar model and

MHD system is well�posed and all admissible shocks are time�independent	 In this

chapter
 however
 we found totally di�erent results for the non�coplanar Riemann

problem	 In the coplanar problem
 the solutions of the Riemann problem depend

not only on uL�R but also on Iz
 though all shocks are still time�independent	 By

considering canonical cases
 it is demonstrated that the Riemann solutions exist
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Figure �	�� �a���b�	 Evolution of overcompressive shock structure under non�
coplanar variation on downstream states and dispersive coe�cient� �a�
very small non�coplanar variation �� � � � ����� � � ��� �b� dispersive
e�ect �� � � � ������ � � �����	 t�� t� and t� indicate the time at two

four and �ve intervals
 respectively	
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but they are not necessarily unique	 In non�coplanar problem
 we can anticipate

the self�similar Riemann solution only at the very small time �regular planar and

intermediate shocks� and the very large time �only regular planar shocks�
 implying

that the Riemann problems have a meaning only at a very small or large time	



CHAPTER VI

NONLINEAR EVOLUTION OF MHD SHOCK

WAVES

One of the important consequence of the study of ��� non�planar Riemann prob�

lem is that for given left and right states the evolution of waves is highly nonlinear

and sometimes may undergo an abrupt change in con�guration
 depending on the

transverse �eld moment
 even though all such time�dependent phenomena will dis�

appear at the very large time	 Since many interesting phenomena arising in plasmas


for example
 magnetic substorm
 and disruptive processes in thermonuclear fusion

reactor
 are inherently time�dependent problem
 we expect that the investigation of

nonlinear evolution of �nite amplitude waves is of critical importance	

In general
 there are several e�ects which may add essential modi�cation to the

nonlinear evolution of waves	 All are related to the modi�cation of
R�
�� u dx	 These

are of two types� self�consistent driving mechanism and external disturbances	 In

this chapter
 we discuss how �nite amplitude waves develop nonlinearly when they

are subject to drivers and disturbances	 We consider the � � � model system and

extract information on the nonlinear evolution of MHD waves
 by showing the rela�

tionship between the model and MHD	 The analysis tools are numerical experiments

and the analytical results on the �� � Riemann problem given in the previous chap�

���
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ter	 Among the �� cases in the planar limit and several e�ects
 only a few have been

actually tested numerically since we restrict our interests to the general understand�

ing of nonlinear evolution of waves	 More details will be available only after through

investigations are made	


�� Relationship between �� � Model and MHD

The physical and mathematical reasoning for approximating �� � MHD system

by �� � model system rests on the surprising simplicity of MHD system that MHD

waves are symmetric about the contact discontinuity which always moves with the

�uid particle	 Therefore
 when c � � � � and the reference states of MHD Riemann

problem lie near the umbilic point�
 the behavior of waves found in model system and

MHD system is identical	 The correspondence of two systems can be summarized as

variable u U � � or
p
U � � ��	��

variable v
By

Bx
��	�

variable w
Bz

Bx
��	��

energy �
�
�u� � v� � w��

p

� � �
�
By

� � Bz
�


��	��

entropy� �ux condition �u� � � �p� � � ��	��

shock speed s m ��	��

parameters �f�a�s � s
cf�a�s
�

� �m ��	��

critical curves v � �pcu TC� ��	��

Notice that p
��� � By

�	Bz
�

� is an essential energy since the velocity and the density

pro�les in the Riemann problem depend on the pressure and the magnetic �eld

pro�les	

�Exactly� within PC�U� critical curve in Fig� ����
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In conclusion
 all the properties �Hugoniot curve
 integral curve
 critical curve

and point
 shock types
 eigensystem
 solution patterns� are the same	 Di�erences

are found only in limiting cases� vacuum
 absolute temperature and hydrodynamic

limits	


�� Mathematical Formulation of Shock Evolution Under
External Disturbances

�	�� Self�Consistent Driving Mechanism

There may exist a non�equilibrium distribution of plasma which supplies free

energy to plasma waves	 This problem can be described as the evolution of waves

under a driver modeling a micro�instability	 In our framework
 the resulting equations

can be obtained by adding source terms to equations of the magnetic �eld	 That is


ut � �cu� � v� � w��x � �uxx� ��	��

vt � �uv�x � �vxx � �wxx �
Z
G�x� x��v�x�� dx�� ��	���

wt � �uw�x � �vxx � �wxx �
Z
G�x � x��w�x�� dx�� ��	���

where G�x� is related to the source such that its Fourier transform corresponds to

the growth rate	 In the �eld of space plasma physics
 many studies have been done

for a model problem consisting of the second and third equations together with

u � �v� � w��� ���
 ���	

�	�	 External Disturbances

In many circumstances
 there exist external disturbances which add various forms

of energy to plasma waves	 For example
 in astrophysical problems
 thermal and

kinetic energy can be added to galaxy system by the explosion of stars ����	 Also


in�ow of an unsteady solar wind into the magnetosphere can be regarded as such



���

disturbance	 As we can see from the de�nition of total energy
 there are three types of

energy� internal
 kinetic and magnetic energy	 Since the kinetic energy is determined

by the distribution of p�B�
 the problem reduces to the study of disturbances on the

pressure and the magnetic �eld	 Therefore
 in this case
 the resulting equations may

be written as

ut � fx � Duxx � S � ��	��

where S represents the external disturbances� to u� v� w applied instantly at a certain

time which are a form


X
i

Aisech
�
Bi�x� xi�

�
� ��	���

not a�ecting left and right states	 The equations will give interesting information

on how under such disturbances the global solutions change and how thermal and

magnetic energies are redistributed	


�� Patterns of Nonlinear Evolution

In this study
 we consider only the nonlinear evolution of waves under the distur�

bance of w in two canonical cases explained in Section �	�	 �The dispersive Hall e�ect

is neglected	� Starting from stationary coplanar exotic shocks with Iz
� �

p
c� �
 we

apply instantly a disturbance of w at time to expressed as A sech
�
B�x� sto�

�
	

In Fig	 �	�
 the nonlinear evolution of stationary overcompressive and undercom�

pressive shocks are summarized	 In an overcompressive shock
 the solution becomes

planar O
 coplanar O
 and S�XS� in order of increasing Iz	 When non�coplanar vari�

ations are applied
 all have the same asymptotic solution S�AS�
 which con�rms the

proposition I given in Section �	�	 In an undercompressive shock
 the pattern becomes

�In general� they can be any function of x and t�



���

more complicated	 The solution becomes planar C�C�� coplanar X� R�XR�� C�
�XC�

�

in order of increasing Iz
 where C�
�� C�

� represent reversed slow
 fast compound

waves	 Finally
 combining these results with the decrease of 
E�
t in order of in�

creasing Iz and positive dIz�dt for non�coplanar situation
 we may summarize the

complicated pictures on nonlinear evolution of waves in a framework illustrated in

Fig	 �		

In the planar problem
 the evolution of waves can be described by the Riemann

solutions which are always self�similar	 The associated shocks are time�independent

and yield the maximum entropy dissipation rate	 In the coplanar problem
 the

evolution of waves becomes more complicated
 since it depends on Iz	 Like the

planar problem
 all shocks are time�independent	 In the non�coplanar problem
 the

feature of evolution of nonlinear waves can be distinguished largely in time� very

small
 intermediate and very large	 At a very small time
 that is
 before the viscosity

works
 associated waves are planar shocks and Alfv�en waves when vLvR � �
 and

are planar shocks and intermediate shocks when vLvR � �	 At an intermediate time


that is
 during which the viscosity works actively
 the Riemann solutions are not self�

similar
 so that time�dependent intermediate shocks evolve continuously	 Therefore


in this region
 the evolution and structure of nonlinear shocks are highly coupled	

At a very large time
 that is
 after the e�ect of the viscosity is almost gone
 only

planar shocks survive
 and all the complicated phenomena related to time�dependent

intermediate shocks are gone
 leaving a broad Alfv�en wave	



���
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Figure �	�� The evolution of stationary overcompressive and undercompressive
shocks under external disturbances	
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Figure �	� The patterns of nonlinear evolution of waves	



CHAPTER VII

NUMERICAL METHODS FOR MHD

Non�ideal MHD
 which can be expressed as a set of equations which generalizes

the Navier�Stokes equations by introducing the magnetic �eld
 with the divergence�

free condition on the magnetic �eld
 contains advective
 di�usive and dispersive

terms	 Like for the N�S equations
 numerical methods for MHD which are developed

from the viewpoint of continuum description
 may be classi�ed by two groups� con�

ventional methods �for example
 Lax�Friedrichs
 Lax�Wendro�� and Godunov�type

methods	 Central to a wide variety of conventional methods is the use of di�erent

�nite�di�erence approximations	 For example
 the Lax�Wendro� method is based on

the Taylor series expansion	 Therefore
 it is assumed implicitly in all conventional

methods that continuous solutions are always expected	 In contrast
 Godunov�type

methods are based on the Riemann problem which describes the evolution of ele�

mentary waves such as shocks
 contact discontinuity
 and rarefaction waves	 By the

conservation property
 the basic building blocks for the solution of Riemann prob�

lems in one dimension can be easily adapted to problems in higher space dimensions	

Contrary to conventional methods
 the discontinuity is included from the formula�

tion	

Both methods have advantages and drawbacks
 depending on the problem	 In

��



�

particular
 for high magnetic and kinetic Reynolds number �ows which are of impor�

tance in many plasmas problems
 Godunov�type methods show superb capability	

Godunov�type methods have also a nontrivial problem� how to guarantee that nu�

merical solutions converge to the correct solution
 and that only physically relevant

discontinuities are allowed in numerical solutions	 In gasdynamics
 it turns out that

it is not di�cult	 An implementation of a simple geometric condition of shock ad�

missibility works well	 However
 for MHD in which geometric conditions fail and

the well�posedness of the Riemann problem is questioned
 devising an accurate nu�

merical method becomes a di�cult task	 For this reason
 Wu ���� argued that

numerical schemes based on the Riemann problem might be inappropriate for the

MHD problem	

In this chapter
 we consider some problems arising in developing Godunov�type

methods for MHD
 and then
 using an extensive theoretical study on the MHD

Riemann problem described in Chapters III�VI
 we present a new approximate

Riemann solver
 which is remarkably simple and follows exactly the way to generate

the large�time Riemann solution for the non�planar system from the well�posed planar

problem	

��� An Eigensystem of the MHD System

The Eulerian conservative variables in MHD equations are

UT � �	� 	u� 	v� 	w� By� Bz� E� ��	��

It is simpler to work in the primitive variables	

WT � �	� u� v� w� By� Bz� p� ��	�



��

Then right and left eigenvectors are

rc � Mrp� lc � lpM
��� ��	��

where M is de�ned as )U�)W and p� c denote primitive
 conservative variables	

lp� rp are usually normalized such that lp � rp � I	

The eigenvectors can have some degeneracies�

��� Bx � � �� B�
y � B�

z � � with ca � a and ��� B�
y � B�

z � � with ca � a�

In the �rst case
 both ca and cs vanish
 leading to degenerate left and right eigenvec�

tors for the slow waves	 In the second case
 cf � a� cs � ca
 leading to degenerate

eigenvectors for the Alfv�en waves	 In the last case
 cf � ca � cs � a
 leading

to degenerate eigenvectors for the slow and fast waves	 In order to handle these

degeneracies
 a normalization is introduced by Roe and Balsara �����	

�f �
p
a� � cs�q
cf � � cs�

� �s �
q
cf� � a�q
cf� � cs�

� �y�z � By�zq
By

� � Bz
�
� ��	��

Using the identities


cfcs � a
jBxjp
	
�

q
cf � � a�

q
cf � � cs� �

cfp
	

q
By

� � Bz
�� ��	��

��fa
� � ��sc

�
f � c�f � ��sc

�
s � ��fa

� � a�� ��	��

left eigenvectors lp are
 in order of entropy
 Alfv�en
 slow and fast waves


�

a�

�
a�� �� �� �� �� �� ��

�
� ��	��

�



�
�� �� ��z� ��y� �z�p	� ��y�p	� �

�
� ��	��

�

a�

�
�� ��scs� ��fcf�yS� ��fcf�zS� ��fa�y�p	� ��fa�z�p	� �s�	

�
� ��	��

�

a�

�
�� ��fcf � ��scs�yS� ��scs�zS� �sa�y�p	� �sa�z�p	� �f�	

�
� ��	���



��

with S � sign�Bx�	 Right eigenvectors rTp are in same order

�
�� �� �� �� �� �� �

�
� ��	���

�
�� �� ��z� ��y� �zp	� ��yp	� �

�
� ��	��

�
	�s� ��scs� ��fcf�yS� ��fcf�zS� ��fa�yp	� ��fa�zp	� �sa�	

�
� ��	���

�
	�f � ��fcf � ��scs�yS� ��scs�zS� �sa�yp	� �sa�zp	� �fa�	

�
� ��	���

��� A Divergence�Free Numerical Method

The problem of preserving r � B � � condition has been considered crucial in

developing numerical methods for MHD ����	 When we are trying to construct the

one�dimensional Riemann solver for three dimensional �ow
 we can not assume a con�

stant magnetic �eld in the direction of wave propagation	 As a result
 the Jacobian

becomes an �� � matrix for eight variables including the magnetic �eld component

in the direction of wave propagation	 Unfortunately
 it has been found that this ���

Jacobian has a messy eigensystem which makes it impossible to implement in nu�

merical codes	 This is due to the appearance of an �th wave related to the behavior

of r �B ����	 Furthermore
 it turns out that there exist nonlinear resonances which

makes the problem more di�cult	 For the � � � matrix
 the eigenvalues are

�� u� u� ca� u� cf�s ��	���

When u is � or �ca
 the speed of divergence wave coincides with that of entropy wave

or Alfv�en wave
 but these coincidences do not a�ect the hyperbolic feature since all

waves are linearly degenerate	 In the case of magnetoacoustic waves
 however
 the

nonlinear interaction rises in trans�magnetoacoustic �ow
 leading to a mathematical

di�culty similar to the resonance occurring in nozzle �ow of ordinary gasdynamics



��

���
 ���	 But this is a wrong approach to solve a wrong problem	 Because varying

magnetic �eld in the direction of wave propagation means that the divergence�free

condition can not be satis�ed locally in one�dimensional framework
 we must include

terms relating to r �B in fully three�dimensional �ow	 This was �rst noticed from

numerical viewpoint by Powell ���
 ��� by �nding that the eigensystem can be re�

markably simpli�ed by adding terms relating to r � B	 From the complete set of

equations for ideal MHD 	��
 which is valid for the non�zero r � B case
 has a

source term relating to r � B	 By taking this term into account
 we can obtain the

eigenvalues

u� u� u� ca� u� cf�s ��	���

and the same eigenvectors as those of �� � matrix
 except for the divergence wave

lp � rTp � ��� �� �� �� �� �� �� �� ��	���

Note that there exists no such coincidence considered in the previous system	 Thus

this eigensystem is preferable in implementing the divergence�free condition
 since

any r �B �that may be created locally due to truncation errors even if the initial

data is divergence�free� will be convected away	

��� Lagrangian Eigensystem

When developing numerical methods for the equations of �uid �ow
 the common

practice is to formulate the equation in a Eulerian frame	 The reason is the advantage

of Eulerian form over Lagrangian form in multidimensional extensions	 But
 one

point that is often overlooked is that the Lagrangian description yields a simpler

eigensystem and the Lagrangian method shows better performance in low density

�ow for which the Riemann solution in the Eulerian description is not linearizable	



��

Thus
 at least for one�dimensional problem
 the Lagrangian description has good

ground�	 �cf	 ��
 ��
 ����

Another interesting point
 which becomes more important in MHD
 is that Eule�

rian and Lagrangian equations have di�erent averagings satisfying the conservation

property	 It was known in the late sixties that the arithmetic averaging of ��u� p

in the Lagrangian equations for ideal gases satis�es the mean�value property ���	 In

the beginning of eighties
 Roe ���� found that the corresponding averaging in the

Euler equation is the
p
	�weighted average for ��	�u
 and enthalpy h�	 In MHD


it is observed by Brio and Wu ���� that the Eulerian form does not yield a unique

Roe averaging except for � � 	 In order to overcome this di�culty
 introducing

two mean states are suggested by Powell et al� ����	 But
 as implied in Chapter IV


we can show that the arithmetic averaging of Lagrangian variables W � ���u�B� p�

satis�es the mean property for any � in Lagrangian MHD
 which is also known as

the midpoint rule	 The arithmetic averaging in Lagrangian MHD are

!W �
WL �WR


� ��	���

!et �
!� !p

� � �
�

!u� � !v� � !w�


�

!� � !By
�

� !Bz
�
�


� ��	���

!a�� �
�!p

!�
�

�La
��
L � �Ra

��
R

�L � �R
��	��

where a�� � �p�� � �a�� ��
 and a� is the Lagrangian sound speed	

The Lagrangian conservative variables are

UT � ��� u� v� w� �By� �Bz� et�� ��	��

The primitive variables are

WT � ��� u� v� w� By� Bz� p�� ��	�

�Interestingly� the original Godunov method was developed in the Lagrangian form 	���� One
might choose to �nd the solution to the Lagrangian system and remap it to a Eulerian grid 	����

��h � E � p� B�B

�
�



��

Then right and left eigenvectors are

rc � Nrp� lc � lpN
��� ��	��

where N is de�ned as )U�)W	 The Lagrangian left eigenvectors are
 in order of

entropy
 Alfv�en
 slow and fast waves


�

a�

�
a�� �� �� �� �� �� � �

�
� ��	��

�



�
�� �� �z� ��y� �

p
��z� �

p
��y� �

�
� ��	��

�

a�

�
�� �scs� ��fcf�y� ��fcf�z� ��fa

p
��yS� ��fa

p
��zS� ���s

�
� ��	��

�

a�

�
�� �fcf � ��scs�y� ��scs�z� ��sa

p
��yS� ��sa

p
��zS� ���f

�
� ��	��

Right eigenvectors rTp are in same order

�
�� �� �� �� �� �� �

�
� ��	��

�
�� �� �z� ��y� ��z�

p
�� ��y�

p
� � �

�
� ��	��

�
���s� ��scs� ��fcf�y� ��fcf�z� ��fa�yS�

p
� � ��fa�zS�

p
� � �sa

���
�
�

��	����
���f � ��fcf � ��scs�y� ��scs�z� �sa�yS�

p
�� �sa�zS�

p
�� �fa

���
�
� ��	���

��� Flux�Di�erence Splitting with Fluctuation Approach

Let us consider a hyperbolic conservation law

ut � fx � �� ��	��

There are two possible approaches to solve equations with Godunov�type methods�

�nite�volume formulation and �uctuation formulation	 In Godunov�type methods


we start with the Godunov �ux

F �uL� uR� � f
�
u��uL� uR�

�
��	���



��

where u��uL� uR� is the intermediate state w��� arising in the similarity solution

u�x� t� � w�x�t� of the Riemann problem	 Replacing u��uL� uR� by some approxima�

tion *u��uL� uR� yields the approximate Godunov method in �nite volume formulation	

Un	�
j � Un

j �
)t

)x

�
f�*u��unj � u

n
j	���� f�*u��unj��� u

n
j ��
�

��	���

where Uj is the cell average	 Since

f�*u��unj � u
n
j	��� � f�Un

j � �
X
left

)f�j	 �
�
� ��	���

f�*u��unj��� u
n
j �� � f�Un

j �� X
right

)f�j� �
�

��	���

it can be written in �uctuation formulation	

Un	�
j � Un

j �
)t

)x

�X
left

)f�j	 �
�

�
X
right

)f�j� �
�

�
��	���

The contribution to left and right states is obtained from waves
 depending on the

direction of propagation
 whereas it is obtained from the numerical �ux at their

interface in �nite volume formulation	 In Roe�s approximate Riemann solver
 *u�x� t�

is determined by solving a constant coe�cient linear system of conservation laws	

*ut � *A�uL� uR�*ux � � ��	���

If *A has eigenvalues *�i and right eigenvectors *ri
 and if we decompose �u� �
P

*�i *ri


then we have

*w��� � uL �
X
�i��

*�i *ri� ��	���

*w��� � uR �
X
�i��

*�i *ri ��	���

Here
 the following conditions are imposed on *A�

A� *A�uL� uR��uR � uL� � f�uR�� f�uL��



��

B� *A�uL� uR�is diagonalizable with real eigenvalues�

C� *A�uL� uR� 
 f ��!u� smoothly as uL� uR 
 !u�

From now on
 the hat represents an averaging satisfying A	 Eqs	 �	�� and �	�� be�

comes

Fj	 �
�

� f�Uj� �
X
i��

� *��i *�i *ri�j	 �
�
� ��	���

Fj	 �
�

� f�Uj	�� �
X
i��

� *�	i *�i *ri�j	 �
�
� ��	��

where ��i � min ��i� �� and �	i � max��i� ��	 If we average the two expressions
 we

obtain

Fj	 �
�

�
�



�
f�Uj� � f�Uj	��

�
� �



X
alli

�j *�ij *�i*ri�j	 �
�

��	���

Or
 we have the following equation in �uctuation formulation	

Un	�
j � Un

j �
)t

)x

�X
i��

� *��i *�i *ri�j	 �
�

�
X
i��

� *�	i *�i *ri�j� �
�

�
� ��	���

Interestingly
 no explicit information of physical �ux function is needed in this

equation	 In gasdynamics
 this point draws no special attention
 but in MHD the

situation become di�erent	 In MHD
 the equations we are trying to solve is not

perfectly conservative form for two reasons� ��� as explained in Section �	
 the

� � � matrix which yields a simple eigensystem is not equal to the Jacobian and

�� in Lagrangian MHD which satis�es the mean property
 the resulting system of

conservation laws Ut� �F� � � becomes non�conservative after transformation to the

Euler frame


Ut � �uI� �

F

U �Ux � �� ��	���

Therefore
 the �uctuation formulation is preferable in Godunov�type method for

MHD	



���

��	 Numerical Issues in Non�strictly Hyperbolic� Rotation�
ally Degenerate Conservation Laws for MHD

So far
 we have considered problems that arise in developing approximate Rie�

mann solvers� ��� implementing divergence�free condition �� de�ning the averaging

satisfying �f � � A�u� and ��� devising a numerical method for the linearized Rie�

mann problem	 For these problems
 the solutions are given� ��� adding source terms

relating to r � B �� introducing two mean states or adopting the Lagrangian de�

scription and ��� formulating Roe�s approximate Riemann solver by the �uctuation

approach	

But
 another numerical di�culty relevant to de�ning the eigensystem has not

been identi�ed	 Four non�dimensional parameters appearing in eigensystem
 �y�z� �f�s

are ill�de�ned �y�z in the limit of *By
�
� *Bz

�
� � and �f�s at the umbilic point	 Com�

mon practice is to choose �y�z � ��
p


 but it is hard to justify it because a large

class of Riemann data such that BL � �BR will result in the same value	

Now
 it is time to raise the most fundamental issue in developing Godunov�type

numerical methods for MHD	 The heart of Godunov�type methods is the Riemann

problem	 Thus when we are trying to apply them to other physical system
 the

necessary condition for such attempt is the well�posedness of the Riemann problem	

Furthermore
 there remains a question of accuracy of dissipative numerical schemes

in solving the well�posed Riemann problem involving undercompressive shocks
 since

undercompressive shocks are sensitive to the precise form of the di�usion term and

thus their asymptotic states depend on the relative ratio of the viscosity	 �Lax shocks

are a�ected only by the overall magnitude of the viscosity	� Dissipative numerical

schemes on coarse grids will calculate undercompressive shock that corresponds to

the numerical viscosity
 rather than the physical viscosity	



���

Therefore
 the important numerical issues that may arise in the non�strictly hy�

perbolic
 rotationally degenerate MHD system are�

��� how to apply the Godunov�type methods to MHD which turns out to be ill�posed

except for the planar case 

�� whether the well�posed MHD planar Riemann problem involves undercompressive

shocks which may make standard numerical schemes inaccurate and

��� how to ensure the entropy condition	

Let us consider the second issue �rst	 Fortunately
 the answer is no for planar

MHD Riemann problem	 For the oil�recovery problem
 however
 the Riemann solu�

tion involves the undercompressive shocks and thus more careful treatment will be

needed	 The third issue is a current research issue	 For the �rst issue
 the theoretical

results given in Chapters V and VI may serve as the solution to resolve the non�

uniqueness that a speci�cation of transverse magnetic �eld moments to the Riemann

problem
 and not just uL�R are required	 The key idea is to separate Alfv�en wave

from the evolution of magnitude of the magnetic �eld	 The new method is not only

based on the well�posed Riemann problem
 but it also deals better with the magnetic

moment	 Furthermore
 it can solve the indeterminacy of �y�z� �f�s	

��
 An Approximate Riemann Solver

The Hugoniot and wave trajectories for the system 	�� are all either coplanar

�v�w� const	� or purely rotational �u� const	
 v��w� � const	�	 There are precisely

two solutions to the Riemann problem for 	��
 with data �uL� vL� wL�
 �uR� vR� wR�	

We begin by solving the Riemann problem for �	�� with data �uL� rL�
 �uR� rR� where

rL
� � vL

� � wL
�� ��	���

rR
� � vR

� � wR
�� ��	���



��

We can either choose to solve the problem in which rL� rR have the same sign
 or

else the problem in which they have opposite sign	 In either case
 the two planar

trajectories have to be connected either by a rotational discontinuity or by a Alfv�en

wave	

Consider now a set of Riemann problems in which the left state is kept constant


but the right state is chosen from the set �uR� rR cos �� rR sin��	 As � varies
 it

is possible that we ought to change from one of the above strategies to the other	

However
 in that case
 we violate the principle that neighboring data have neighbor�

ing solutions	 We are compelled to choose one strategy and stick with it	 Taking

rLrR � � is the simpler of the two	

There is one remaining ambiguity	 The sense of the rotational discontinuity

�clockwise or anti�clockwise� is unresolved
 and even its magnitude contains an arbi�

trary multiple of �	 However
 for the ideal problem
 the representation in physical

space is una�ected	 If a numerical �ux is sought by solving a linearized Riemann

problem
 where should the mean state be taken+ A formal Roe average suggests

!u �
�


�uL � uR�� !v �

�


�vL � vR�� !w �

�


�wL � wR�� ��	���

However
 to solve the coplanar problem correctly
 we should take

!r �
�


�rL � rR�� ��	���

which would put �!v � !w � somewhere on the circle	

We propose the following scheme for calculating the intermediate state u�
 hence

f� � f�u�������

First
 u�� r� are computed by solving the linear Riemann problem for the coplanar

problem	 Next


�� � �L if the Alfv�en wave has positive speed�



���

�� � �R if the Alfv�en wave has negative speed� i �e��

�� �
�


�� � sgn�u����L �

�


��� sgn�u����R� ��	���

�� is undetermined if u� � �
 but in that case the �uxes in 	�� do not depend on ��	

The intermediate state is either L� or R� which is the projection on a circle de�ned

by L and R	

This procedure can be applied directly to MHD problem with conserved quantities

�	� 	u� 	v�B�E� by introducing

�By� Bz� � �B cos�� B sin��� �� �
�


�� � sgn�a� ca���L �

�


�� � sgn�a� ca���R�

��	���

In this process
 the pressure and the magnetic �eld play an important part in calcu�

lating an intermediate state since they are essential elements to determine the shock

waves	



CHAPTER VIII

CONCLUSIONS

��� Summary

In this thesis
 we study the MHD Riemann problem theoretically and compu�

tationally for the purpose of developing a basic theory of the nonlinear evolution

of MHD waves	 In doing this
 a model system preserving the MHD singularity is

considered in advance of the full MHD system	

One of the major contribution of this thesis is to identify the isolated MHD

singularity and to derive the MHD Rankine�Hugoniot conditions and simple waves

relations in a useful form
 and �nally to connect them with recent mathematical theo�

ries of non�strictly hyperbolic conservation laws	 In addition
 conditions for selecting

shocks
 which are the most important element in constructing the weak solution

to the Riemann problem
 are extensively examined
 and the viscosity admissibility

condition which ensures the uniqueness of the planar MHD Riemann solutions is

proposed�	 As a result
 we �nd that the MHD system is symmetrically hyperbolic

and then prove that the planar MHD Riemann problem is well�posed�	

�It means that we give a general proof of the results� which have been considered not yet available�
�As a consequence� time�dependent intermediate shocks are needed in non�coplanar situations� ���
Our approach in the paper is largely based on numerical examples� General proofs of the results
are not yet available�� 	
��� page �
����

�See Theorem 
�

���



���

Another contribution is to demonstrate that non�planar waves are fundamentally

di�erent from planar waves by �nding that the non�planar Riemann problem is not

well�posed in general�	 As a result
 the �nite�amplitude non�planar waves develop

continuously and their behavior depend heavily on time
 magnetic resistivity and

associated magnetic �eld moments	

Finally
 we identify several numerical issues in developing Godunov�type numer�

ical methods for MHD and suggest solutions	

��� Future Works

Since our works are mostly mathematical in nature
 they can be extended for

problems in which complicated e�ects,relativity
 anisotropic pressure
 and two��uid

model,are taken into account	 From a theoretical point of view
 there are several

issues which need the further study�

�	 The relation between various entropy conditions ����	

	 The nonlinear evolution and stability of MHD waves under various drivers


external disturbances and viscosity matrices	

�	 Nonlinear interaction of MHD shock waves	

�	 Magnetic �eld reconnection	

�	 The study on the turbulent dynamo problem in the form of a statistical initial�

value problem ����
 ��
 ���	 This problem
 which is concerned with the growth

or decay of an initial weak magnetic �eld in a �eld of fully developed turbulence

in a conducting �uid
 is of considerable importance in astrophysics	 A conven�

tional viewpoint concerns in the redistribution of kinetic energy and magnetic

�See Proposition 
�



���

energy
 and is based on the argument that the dynamic alignment of u and B

is a direct consequence of the MHD equations	 However
 our study on how the

Riemann solutions are constructed yields an evidence that in addition to the

exchange of kinetic energy and magnetic energy
 there is a possibility of the

exchange of thermal energy and magnetic energy	

�	 Shock geometry in relativistic MHD ����	 The classi�cation of MHD shock

waves in curved space�time will be an interesting subject since we anticipate a

new kind of shock geometry	 Even though some numerical results have been

obtained for planar problems ����
 based on our analysis of non�relativistic

MHD
 we are cautious in drawing conclusions from simulations taking no ac�

count of non�planarity	

�	 Propagation of MHD waves through an anisotropic plasma ���
 
 �
 ����	 In

contrast to an isotropic plasma
 the Alfv�en wave speed does not necessarily lie

between the fast magnetoacoustic wave speed and the slow magnetoacoustic

wave speed
 yielding that the eigenvalues may have imaginary parts�	

From a numerical point of view
 the following problems might be considered in future

studies�

�	 Extensive test of a proposed MHD Riemann solver	

	 Investigation of accuracy of dissipative numerical schemes in solving the prob�

lem involving non�classical shocks	

�	 Two�dimensional and three�dimensional numerical simulations	 Of primary

interest is how the shock stability theory applies to explaining the complicated

�The system becomes a mixed type conservation law 	����



���

phenomena of real problems such as the magnetosphere and magnetic �eld

reconnection	
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APPENDIX A

PROOF OF c � � � �

The system we consider is

�
�u

v

�
A
t

�

�
� cu� � v�

uv

�
A
x

� �� �A	��

As shown by Schae�er and Shearer �����
 the parameter c controls the behavior of the

system
 that is
 the wave structure of the system	 The properties which distinguish

the system by four di�erent cases are the Hugoniot locus of the umbilic point and

the � � � curves	 Both properties characterizes the general con�guration of the

Hugoniot	 The Hugoniot of the umbilic point can be determined by a cubic equation

�Eq	 �	��

�� c�u�v � v� � �� �A	�

And
 the � � � curves satisfy the quadratic equation �Eq	 �	��

v� � cu� � �� �A	��

Then
 it can be found that there exist four di�erent cases��

I �c � �
 three Hugoniot lines and a � � � point�


II �� � c � �
 three Hugoniot lines and two � � � lines�


�There might exist the detached Hugoniot curves�



���

III �� � c � 
 three Hugoniot lines and two � � � lines with
p

 � c �
p
c�


IV � � c
 a Hugoniot line and two � � � lines�	 Now
 the question is whether there

exist similar properties in MHD	

From the MHD Hugoniot equation �	�
 the locus of the MHD umbilic point

�UL � �� VL � �� is determined by

V



V � �

�

��� � ��

�
� � �� � ��U

�
V � �

�

��
�U � ���

�
� �� �A	��

with U � �	 Since the term in the bracket can not vanish
 there exists only one line


that is
 V � �	 In addition
 from the Hugoniots �	� and �	�
 we can �nd horizontal

asymptotes given as

vmax

vL
�

c

c� 
�

Vmax

VL
�

� � �

� � �
� �A	��

Therefore
 c must be � � �	

On the other hand
 the comparison of the � � � curves with the cf�s � � curves

of MHD is not straightforward due to cf�s � � for any �U� V �� But we can solve this

dilemma by rede�ning � � � curves as follows	

!v � � and s � �sL with �u� � �� �A	��

It becomes equal to Eq	 A	� since !u � s � �	 By this de�nition
 the � � � curves

represent the boundary which separates the domain by the existence of overcompres�

sive or expansive shocks	 Thus
 in MHD
 it can be de�ned as

!V � � and jmj �
csL
�L

with �U � � �� �A	��

and are given in Eq	 �	�	 As shown in Figs	 �	���	�
 they consist of two curves

passing the umbilic point	



���

In case of rarefaction waves
 we also �nd that the model and the MHD system are

identical in topology
 as expected from the fact that the information of rarefaction

waves is hidden in Rankine�Hugoniot conditions	 �See Figs	 �	� and �		�

Finally
 we prove c � � � �	



��

APPENDIX B

THEORY OF DYNAMICAL SYSTEM

B�� Dynamical System

A dynamical system is determined by travelling wave solutions to the associated

viscosity equation	 The dynamical system can be characterized by con�gurations in

the phase space of ordinary di�erential equations because the con�guration is related

to the existence of shock	 Therefore
 the analysis of the con�guration is the essential

tool for selecting shocks which admit a viscous pro�le	

The analysis of a system can be done in the following steps	 To derive a dynamical

system
 we start from the viscosity equation associated with conservation laws

ut � fx � Duxx� �B	��

where we assume u � �u� v�� f � �f�u�� g�u��� D � �I	 Let uL and uR be two

constant states connected by a shock with speed s	 The travelling wave solution

of the form u � u
�
�x� st��� � �

�
will converge to the weak solution of the given

conservation laws	 Then
 by inserting u � u���
 the viscosity equation reduces to

� su� � f� � u�� �B	�

and can be integrated once to yield

f�u�� f�uL�� s�u� uL� � u�� �B	��



���

In this process the following boundary conditions must be satis�ed�

lim
����

u��� � uL� lim
��	�

u��� � uR� �B	��

This dynamical system may be regarded as a vector �eld Xs which consists of

u� � f�u�� f�uL�� s�u� uL� � #�u�� �B	��

v� � g�u�� g�uL�� s�v � vL� � $�u�� �B	��

Notice that uL�uR are also singularities and that all singularities lie on the Hugoniot

locus which is de�ned as

�
f�u� � f�uL�

�
�v � vL��

�
g�u� � g�uL�

�
�u� uL� � �� �B	��

In general
 singularities are determined by solving # � � and $ � � for given s

and uL	 For instance
 singularities on the �nite domain are the intersection of two

curves de�ned by # � � and $ � �	 However
 there is a special case in which uL

is the umbilic point
 so that eigenvalues become equal	 In this case
 the Hugoniot

locus is straight lines satisfying

f�u� v�

u
�

g�u� v�

v
� �B	��

if we assume uL � vL � �	 Singularities in this special case can be revealed by the

Poincar�e transform which is very useful for the analysis of unlimited orbits	

B�� Poincar�e Transformation

An approach to examining the asymptotic behavior of the unlimited orbits of a

vector �eld is to use the so�called Poincar�e transformation described below ���
 pages

������	 Consider the Poincar�e sphere where we project from the center of the unit
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sphere S� � f�X�Y�Z� � R� jX� �Y � �Z� � �g onto the �x� y��plane tangent to S�

at either the north or south pole	 This projection has the advantage that the singular

points at in�nity are spread out along the equator of the sphere	 If we project the

upper hemisphere of the sphere onto the �x� y��plane
 it follows that the equations

de�ning �x� y� in terms of �X�Y�Z� are given by

x �
X

Z
� y �

Y

Z
� �B	��

whereas the equations de�ning �X�Y�Z� in terms of �x� y� are given by

X �
xp

� � x� � y�
� Y �

yp
� � x� � y�

� Z �
�p

� � x� � y�
�B	���

These equations de�ne a one�to�one correspondence	

A system � 'x� 'y� �
�
P �x� y�� Q�x� y�

�
can be written in di�erential form as

Q�x� y� dx � P �x� y� dy � �� �B	���

Let n denote the maximum degree of the terms in P and Q	 Using the relations B	�

and multiplying Eq	 B	�� by Zn
 the di�erential equation can be written as

�������������

dX dY dZ

X Y Z

P � Q� �

�������������
� �� �B	��

where P ��X�Y�Z� � ZnP �X�Z� Y�Z� and Q��X�Y�Z� � ZnQ�X�Z� Y�Z�	 Then


after some calculations
 this leads a theorem summarized as the �ow in a neighbor�

hood of any singular point of B	� on the equator of the sphere
 except the points

������ ��
 is topologically equivalent to the �ow de�ned by the system

'y � yznP ���z� y�z� � znQ���z� y�z�� 'z � zn	�P ���z� y�z�� �B	���



���

Let u � �	 Applying u � ��z and v � y�z to the vector �eld Xs and making the

substitution � � zn�
 we get

dy

d�
� �y

�
�sz��� zuL� � f��� y� � z�f�uL� vL�

�

�g��� y�� z�g�uL� vL�� sz�y � zvL�� �B	���

dz

d�
� �y

�
�sz��� zuL� � f��� y� � z�f�uL� vL�

�
� �B	���

The points on the equator represent the points at in�nity of the plane	 So the

singularities at in�nity �y� z � ��
 if exist
 satisfy �yf��� y� � g��� y� � ��

B�� Local Approach

Once we determine singularities in the �nite domain
 we can try to deal numer�

ically with the dynamical system B	� and B	�	 The con�guration of a dynamical

system enables us to select admissible viscous pro�les from all possible connections

of singularities
 since a viscous pro�le is a solution of the system subject to boundary

conditions # � $ � � at each end point	 But solving the dynamical system is a

di�cult and ine�cient method because it usually requires numerical integrations	

Instead
 two alternatives may be used for the purpose of determining the type of

singularity	 The �rst approach is the local approach in which the local topology is

de�ned by the sign of eigenvalues �f�s� s of the matrix �A� sI�
 where A is de�ned

by 
f�
u	 This approach can be justi�ed by the fact that the matrix is a tensor

that relates the direction of the vector �eld u�� v� to a position within it	 Thus
 a

singularity can be classi�ed as a repelling node if �f�s � s
 an attracting node if

�f�s � s
 and a saddle if �s � s � �f 	



���

B�� Global Approach �Index Theory�

The second approach is the index theory ���
 pages ������	 This is a more

rigorous
 global analysis from the view�point of taking into account singularities at

in�nity	 For a given vector �eld Xs on a two�dimensional surface
 the index of a

singularity can be de�ned as

IXs�C� �
�

�

I
C
d tan��

dv

du
� �B	���

where C is a piecewise�smooth simple
 closed curve centered at the singularity	 Thus

the index is � in node and �� in saddle
 since a node can be represented by a

vector �eld �u� v� or ��u��v�
 while a saddle can be described by �u��v�	 Further�

more
 by the Poincar�e index theorem� 
 the sum of the indices of singularities on

a two�dimensional surface is 	 Therefore
 we can easily determine the type of all

singularities without resolving the orbits in detail	

�Suppose that Xs is an analytic vector �eld on an analytic two�dimensional surface S of genus g
and that Xs has only hyperbolic singular points� i�e�� isolated saddles� nodes and foci� on S� Then�
n� f � s � ��
� g�� Here� the genus g is equal to the number of holes in the surface� For example�
g �  for the two�dimensional sphere� g � 
 for the two�dimensional torus 	�
� pages ���������
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APPENDIX C

ANALYSIS OF MHD DYNAMICAL SYSTEM

C�� MHD Dynamical System

The MHD dynamical system can be derived from the non�ideal MHD equations


which are obtained by adding viscous terms to ideal MHD equations
 i�e�
 Eq	 	�	

�
BBBBBBBBBBBBB�

�

u

v

�B�

et

�
CCCCCCCCCCCCCA
t�

�

�
BBBBBBBBBBBBB�

�u

p � B�
�

�

�BxB�

�Bxv

�p � B�
�

� �u�BxB�v

�
CCCCCCCCCCCCCA
�

�

�
BBBBBBBBBBBBB�

�

�ux

�vx

�B�x

�� � T �x

�
CCCCCCCCCCCCCA
�

�C	��

� denotes ��u� � �v� � �B����	 For the sake of simplicity
 the Hall e�ect has been

neglected and � � � � � �  will be assumed	 Inserting U � U��� � mt���� � ��

and integrating once yields the following MHD dynamical system�

ux � m�u� � �p� � !B��B�� � #� �C	�

vx � m�v��Bx�B�� � -� �C	��

B�x � m��B���Bx�v� � $� �C	��

�
�u� � v� � B���� � T

�
x

� m�et� � ��p � B����u �BxB�v� � . �C	��
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with m�� � � �u� and �p � RT 	 In doing this
 the following boundary conditions must

be satis�ed�

lim
����

U��� � UL� lim
��	�

U��� � UR� �C	��

This is a �ve dimensional autonomous system of ordinary di�erential equations for

U � U��� u� v�B�� T � with a parameter m	

In general
 it is very di�cult to understand the complicated dynamics of higher

dimensional system	 In MHD
 a possible method might be a numerical study using

an approximating scheme such as Runge�Kutta algorithm	 For given m and a left

state ��� u� v�B�� T � at a x
 numerical integrations of Eqs	 C	�C	� will reveal the

phase portrait of the MHD dynamical system	 However
 this method requires tedious

calculations and is ine�cient in the sense that we are interested only in pro�les

connecting singularities	 For this reason
 we will adopt the local approach and the

global approach based on the index theory	

C�� Singularities

Singularities are determined by # � - � $ � . � � for given m and a reference

state	

When m � �
 two singularities �including the reference state� can be found and

they represent neighboring states separated by the contact discontinuity	

When m � �
 the elimination of �u� and �v� yields the following equations�

m��� � � �p� � !B��B�� � �� �C	��

m���B���Bx
��B�� � � �C	��

with �� � � �L�(� ��	 Here . � � is incorporated into the density ratio �	��	 These



���

can be rewritten as in �U� V � notation as

��(� �� �
�

�
�U � � !V �V � � �� �C	��

�
�
(�V � � VL�(� ��

�
� �V � � �� �C	���

where � � �Lm
��Bx

� and ( is given in Eq	 �	��	 Notice that all the singularities can

be wholly determined in the reduced �U� V � plane and two running waves represented

by �m are united in a �	

In conclusion
 for given non�zero �
 the MHD vector �eld can have at most eight

singularities which are projected into four singularities in �U� V � plane because C	�

and C	�� can be replaced by a quartic polynomial equation	 Examples are given in

Fig	 C	� �a���d�	 It can be observed that singularities are the intersection of the loop

centered at the umbilic point and the detached curves similar to hyperbola	

C�� Local Approach

Singularities in the �nite domain can be classi�ed by the sign of eigenvalues�

cf�s
�
� jmj �

Bxp
�L



S
�� � U � V � �

q
�� � U � V ��� � �U

(

��	�
�p�

�
� �C	���

Notice that the vector �eld is symmetrical with respect to the contact discontinuity

and its topology depends on only U� V values of singularities	

C�� Global Approach

The global approach requires the information of singularities at in�nity in addi�

tion to singularities in the �nite domain	 Singularities at in�nity can be obtained by

considering the Hugoniot locus
 i�e�
 Eq	 �	�
 at the umbilic point �UL � �� VL � ��	

From Eq	 A	�
 it is shown that singularities are on V � � axis since the term in the

bracket cannot vanish	 Hence there are two singularities at in�nity independent of �	
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Moreover
 they can be classi�ed as nodes because singularities on V � � are nothing

but singularities in the hydrodynamic limit	

On the other hand
 it was not answered whether or not the index theory based

on the planar system can be applied to only a section of the phase space with higher

dimension	 Here we presume that it is possible	 A justi�cation is that the MHD

dynamical system is invariant under a symmetric transformation

x� �x�m��m� �u�� ��u�� �v����v��

�p� � �p�� �B�� � �B��� �� �� �� �� �C	��

Furthermore
 the local analysis also con�rms it	

Finally
 we demonstrate that the MHD system in U� V plane has at most four

singularities in the �nite domain and has two nodes at in�nity	 The phase portrait

of the system consists of two nodes and two saddles in the �nite domain	 In the case

of two singularities one is node and another is saddle	 The con�guration with three

singularities occurs as the degenerate case or after the attracting node singularity

reaches zero pressure	 Examples of the global phase portrait for the MHD system can

be seen in Fig	 C		 The saddle�saddle connection does not exist
 but the node�node

connection �which is related to overcompressive shocks� exists	
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Figure C	�� �a���d�	 Singularities of MHD shocks � �a� UL � ���� �b� UL � �������
�c� UL � ������ �d� UL � ��	 � � ����� VL � �� 	 Nr
Na
S denote
repelling node
 attracting node and saddle
respectively	
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Figure C	� �a���d�	 Examples of the global phase portrait for the planar MHD
system	 Case �d� cannot be found in case IV of �  model system���	
Nr
Na
S denote repelling node
 attracting node and saddle
respectively	
The connections from singularities at in�nity are indicated by thin solid
lines	
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ABSTRACT

THEORETICAL AND COMPUTATIONAL INVESTIGATIONS OF

NONLINEAR WAVES IN MAGNETOHYDRODYNAMICS

by

Rho Shin Myong

Chairperson� Philip L	 Roe

For the purpose of developing a basic theory of the nonlinear evolution and stability

of MHD waves and an approximate Riemann solver for MHD
 the Riemann prob�

lem is investigated theoretically and computationally	 The investigation starts with

an analysis of a model system that preserves exactly the MHD singularity	 Shock

admissibility conditions are extensively examined and it is shown that the simple

geometric conditions are inappropriate for determining physically relevant shocks of

non�strictly hyperbolic conservation laws	 A viscosity admissibility condition is pro�

posed that ensures the uniqueness of the Riemann problem
 and a global analysis of

the dynamical system of the model is presented	 By observing that the MHD sys�

tem is symmetrically hyperbolic
 a new MHD Rankine�Hugoniot relation is derived

and then connected with recent mathematical theories of the Riemann problem of

a quadratic model system near a hyperbolic singularity	 As a result
 a proof of the

well�posedness of the planar MHD Riemann problem is obtained	 By studying the



nonlinear evolution of the �nite�amplitude waves
 it is shown that the solution to the

non�planar Riemann problem is not necessarily unique
 in particular
 that the solu�

tions depend not only on left and right states
 but also on the associated magnetic

�eld moments	 Finally
 some numerical issues in developing Godunov�type numeri�

cal methods for MHD are discussed and a new approximate MHD Riemann solver

is proposed
 which is remarkably simple and follows exactly the way to generate the

large�time solution to the non�planar Riemann problem from the well�posed planar

problem	


