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An important feature in the problem of underexpanded jets is the prediction of the location of the
Mach disk. In the current study, a discontinuous Galerkin solver is applied to the two-fluid system of
equation of the dusty gas flow for predicting the location of the Mach disk when solid particles are
added. It has been known that for small particle diameters the increase of particulate loading leads to
an upstream movement of the Mach disk. In this study, it is proposed that the effective parameter

controlling the Mach disk movement is the Stokes number.

The validity of this proposition is

investigated by a series of numerical simulations. The results indicate that for low Stokes number flows
there is a downstream movement, while for high Stokes number flows there is an upstream movement.
Furthermore, it is shown that for more accurate predictions in comparison with experimental results it
is necessary to assign an equivalent mixture speed at the inlet.

Key Words : particle-laden underexpanded jets, Mach disk location, discontinuous Galerkin method,

Eulerian-Eulerian model

1. Introduction

Supersonic jets issuing from underexpanded nozzles are
observed in various practical engineering applications
ranging from plumes of aircraft and rockets to supersonic
combustors. On the other hand, this type of flows is a
suitable benchmark problem for studying the complex
wave patterns due to interaction of shock waves with
particles [1]. An essential parameter pertinent to the
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problem of the underexpanded jet is the prediction of the
location of the Mach disk. From a physics point of view,
understanding this feature is a key in the fundamentals of
gas dynamics. Moreover, this property is essential in
predicting the structure of the plume of the nozzle (an
important system design requirement). Therefore, such
studies can be crucial in various engineering applications
based on the concept of jet under-expansion. Examples
include jet propulsions, natural gas pipeline blowdowns,
and radio jets. This parameter has long been investigated
experimentally [2-7] and numerically [8-11]. A comprehensive
review regarding the Mach disk position, diameter, and
apparition of free underexpanded jets in the quiescent
medium can be found in the paper by Franquet et al.
[12]. The schematic of the problem defined as a
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Fig. 1 Schematic of the under-expanded jet problem

supersonic jet expanding from a high-pressure chamber
into a low -pressure ambient is illustrated in Fig. 1.

In some applications such as in solid propellant rocket
boosters, injection of powder fuel into the combustion
chamber or volcanic eruptions, the presence of particles
can subsequently change the dynamics of the flow. Even
though the gas-only flow of the underexpanded jets has
been studied from different perspectives in an abundant
number of works, the particle-laden underexpanded jets are
addressed only in a limited number of researches.
Sommerfeld [13] studied the effect of particle diameter
and ambient pressure on the structure of the
underexpanded jets with the use of a discrete particle
methods and a piecewise linear method. In another work,
Sommerfeld [14] applied Lagrangian formulation on
structured  grids to investigate supersonic two-phase
gas-particle flows. Hayashi et al. [15] applied an Eulerian
formulation to investigate the dynamics between a gas
phase and a solid phase in terms of the size and loading
ratio of solid particles. Ishii er al [16] comprehensively
investigated the underexpanded supersonic free-jet flows
and supersonic flows around a truncated cylinder of
gas-particle mixtures using an FEulerian- Lagrangian
framework. In the numerical dusty gas flows studies
mentioned above, a downstream movement of the Mach
disk location was predicted which is in contradiction with
the early experimental results of [2,17] and more recent
experiment of [18]. In the latter, a combined experimental
and numerical study was conducted by which a correlation
for the inlet velocity of the gas phase was established.

The current paper aims to expand upon the
counter-intuitive trend (downstream vs. upstream movement
of the Mach disk) by using a high-order accurate
numerical approach, i.e., discontinuous Galerkin method.
Previous studies only considered the effect of variation of
particles diameter on the behavior of the underepxanded
jets. However, the parameter that explains the interaction
of the dust and gas phase is the Stokes number. We

hypothesize that besides particle diameter all the other
parameters present in the Stokes number relation, including
dust particle microscopic density, gas viscosity and
reference values of velocity and characteristic length would
affect the movement of the Mach stem. To the best
knowledge of the authors, this is the first time that details
of such phenomena are being investigated. Here, after
verification and validation of the numerical method and
demonstration of the counter-intuitive behavior for different
particle diameters, we analyze the role of the Stokes
number independently for various particulate loadings.

2. Mathematical Modeling and Numerical Procedure

The high computational cost of the Lagrangian methods
especially when coupling of the solid and gas phases on
an unstructured grid is required, motivated using an
Eulerian framework in this work. Some assumptions,
conventional in the pioneering and previous literature
regarding the two-fluid model are introduced to simplify
the computations. In majority of the two-fluid models
which considered dusty gas flows, the gas phase is
considered as compressible which follows the perfect-gas
law and the solid phase is considered as incompressible.
The inter-particle collisions are neglected (thus no pressure
term in the solid phase conservation law) and the particles
are assumed to be uniform sized spheres with a constant
diameter and microscopic density. The specific heat of the
particles material is constant, and the temperature is
uniform within each particle. Moreover, particles are
considered as inert and the thermal and Brownian motion
of particles are neglected. Furthermore, the gravitational
and buoyant forces, the turbulence effects and the effect
of particles’ wake are considered to be negligible. In this
model, the number density of the particles should be large
enough not to violate the continuum assumption.

While some of the assumptions introduced above are
due to inherent characteristics of the model which cannot
be recast, some of the others that have been used in the
previous literature can be modified in order to provide
solutions closer to reality and specific to the investigated
problem. For example, the effect of gravity (which finds
importance in problems such as volcanic eruptions) can be
quickly taken into account by additional source terms
without disturbing any fundamental assumptions [19-21].
The viscous effects in the gas phase can be considered by
addition of viscous fluxes in the generic model. The
models for inter-particle collisions has been also proposed
and implemented [22-24]. Furthermore, kinetic theory
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approaches have been considered for continuium modeling
of the dispersed phase [25].

2.1. Goveming equation

Under the above conditions, the conservation law (with
taking viscous effects into account) can be written as
follows:

For the gas phase,

U, +V.F =8 Q)]
QyPy
U= | gPgtg |+
Lvgpy
QgPylg
F= a pugu, T pHII, , )]
:(agngq +p)ug+ Hu,+ Qg
0
S = Dgas (US_ ug)
,Dgﬁs (usi ug)us+ Qg,s ( ]15 - Tg)

Moreover, for the solid phase:
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Here, U, F, and S are the vectors of conservative
variables, fluxes, and source terms, respectively. The
variables ¢, o, p, w E, p, T, I, and Q represent time,
volume fraction, density, velocity vector, total energy,
pressure, temperature, stress tensor and heat flux vector. In
the above equations, the dust microscopic density p, is
assumed to be constant. Further, D,; and (), denote
inter-phase drag and heat flux, respectively, which can be
calculated according to the following relations:
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In the above relations, d is the particle diameter, Re; is
the Reynolds number based on the particle diameter and
relative velocity of the particle to the gas. Furthermore, s,
K, and ¢, represent the viscosity, thermal conductivity, and
specific heat capacity at constant pressure of the gas,
respectively.

The above system of equations were written in a
general form and can be easily rewritten for one to
three-dimensional flows. However, a particular case is the
three-dimensional flows with axial symmetry. A two
-dimensional formulation using the two space variables (x,
r) can be achieved by rewriting the equations in
cylindrical coordinates (x, r, €). Extension of this system
of equations for viscous flows and for the dust phase is
trivial.
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In the above relations, x and » are the axial and radial
directions; u and v are the corresponding velocities. F and
G are the inviscid flux in axial and radial directions. S
and & are source terms responsible for phase interactions
and axisymmetric geometry.

2.2. Discontinuous Galerkin method

For solving the above system of equations, the
discontinuous Galerkin method was selected due to the
unique features the method suggests. The method was first
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introduced by Reed and Hill[26], and further was
developed in [27-29]. Recently, the DG method has
become a prominent tool for solving the fluid dynamics
governing  equations in  different fields including
compressible and incompressible flows, aeroacoustics,
magneto-hydrodynamics, and multiphase flows [30].

The mathematical model of interest in the present work
can be written in a compact form:

0,4+ V.F,, () +V.F, (U0 =80

an
[(t,2)lt=(0,00),2 C R]

where (2 denotes a bounded domain, and U, F,,, Fj, S
are conservative variables vector, inviscid flux vector,
viscous flux vector, and source terms vector, respectively.
The solution domain can be decomposed by a group of
non-overlapping elements, 2= (2,U2,U...2,, in which n
is the number of elements. The partial differential equation
of (11) can not allow for solutions with discontinuities.
By multiplying a weighting function ¢ into the
conservative laws (11) and integrating over the control
volume for each element, the following formulation can be
derived:

S 0o +v.F (D6()
o vEL (D))~ S(D)é()]ld2 =0

(12)

In the present work, PDK polynomials are selected as
basis functions and a collapse coordinate transformation is
used to transfer the triangular meshes in the physical
domain to the standard square elements [1].

As can be seen in (11) and (12), when the solution of
viscous flows is of interest, an approach for estimation of
the derivatives of the conserved variable which appear in
the viscous flux terms should be applied. These first-order
derivatives will change into second-order derivatives when
the viscous fluxes are evaluated. These terms cannot be
accommodated directly in a weak variational formulation
using a discontinuous space function. One possible
approach is the addition of a set of separate equations to
regard the gradient of the conservative variables as an
auxiliary set of unknowns, as proposed by Bassi and
Rebay [31]. In this work, auxiliary variable 4 is chosen
to be the derivatives of the conserved variables U, i.e.,
A=vU. This approach is known as mixed DG
formulation and will result in the following coupled
system:

A-vU=0

(13)
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Then the solution of the primary and auxiliary variables
can be approximated as,

P P
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where U, (t), A,(t) denotes the local degree of freedom
for the auxiliary variable. By mnultiplying a weighting
function ¢, into the conservative laws and integrating over

the control volume for each element, the following
formulation can be derived:
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By splitting the integral over (2, into series of the
integrals over the sub-elements and applying the
integration by part as well as divergence theorem to the
equations (15) and (16),
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Here, n is the outward unit normal vector of the element
interface and U, is the p-exact polynomial approximated
solutions of the U on the discretized domain of (2,. The
Rusanov (or local Lax-Friedrichs) flux function along with
positivity and monotonicity limiters are applied for the
shock capturing. The Rusanov flux function is shown to
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Fig. 3 Effects of addition of dust particles with different diameters on Mach disk location

provide a stable schemes and has been widely used in
various DG codes. The process of estimation of surface
and volume integrals are analogous to the inviscid system
procedure [1]. It should be noted that, for the auxiliary
terms (essential in estimation of viscous terms), a central
flux splitting scheme is applied.
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3. Results and Discussion

The crucial parameter in fluid-particle flows to
characterize the response rate of the particles to changes

in fluid motion or to evaluate the kinetic equilibrium of
the particles with the carrier gas, is the Stokes number,
defined as

st=—" 20)
tre f

Here t. is a reference time defined as characteristic
length (often nozzle diameter in the literature) divided by
the characteristic speed and, 7, is the momentum
(velocity) response time of the particles given by

op -1
Ty = 18,ug @1

St < 1 implies that the response time of the particles
is much less than the characteristic time of the flow. In
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Fig. 4 Effect of variation of particulate loading and Stokes number on Mach contours in the under-expanded jet problem(p,/p., = 29.8)

this case, the particles have enough time to equilibrate
with the carrier phase leading to nearly equal velocities.
These types of flow can be accurately simulated with a
one-way coupled model. On the other extreme, when
St > 1, the response time of the particles is much more
than that of the carrier phase. Consequently, particle
velocity is little affected by the fluid velocity change. A
two-way coupling algorithm should thus take into account
the back-influence of the particle phase on the carrier
fluid.

3.1. Validation and verification of the results

Prior to numerical investigations, the wvalidity of
numerical solutions are examined. The numerical tool has
been extensively validated for the inviscid gas flows in
[1]. For the purpose of validation of the viscous solver in
the problem of underexpanded jet, the location of the
Mach disk (in a pure gas) for different pressure ratios

(py/Ps) is compared with the empirical relations of
previous experimental studies, as shown in Fig. 2(a). The
comparison indicates that the numerical solution can
provide predictions close to experiments. It can be seen
that when first order polynomials (P’) are applied the
location of the Mach disk is slightly underestimated
compared to the second order solution (PI ).

In Fig. 2(b), a comparison of the Mach contour with
schlieren image of an experimental test case reported in
[18] where p,/p., =29.8 is provided, which demonstrates
a good qualitative agreement in terms of prediction of the
geometrical shape of the jet with experimental results.
Moreover, a qualitative validation for the case of dusty
gas can be found in [1]. Further, for all the simulations,
the second-order (PI ) polynomials were applied.

3.2. Counter-intuitive trend in movement of the Mach disk
While all the previous experimental results indicate an
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Fig. 5 Effect of variation of particulate loading and Stokes number on density contours and particles streamlines

in the under-expanded jet problem(p,/p., = 29.8)

upstream movement of the Mach disk, in some of the
numerical reports the trend contradicts the experiments.
This  counter-intuitive ~ behavior is  observed  for
small-diameter particles. Here, the effect of particle
diameter on the movement of the Mach disk is studied for
two different particle diameters, ie, d=1pm and
d=100pm. Glass beads with the macroscopic density of
2500 kg/m® are simulated. The characteristic length (in
the Stokes relation) is set equal to 0.01 and air with the
viscosity of 1.65x107° Pa.s at 273.15 K is selected as
the carrier phase. The corresponding Stokes numbers are
0.27 and 2776 for 1 and 100 micron particles, respectively.
As shown in Fig. 3 for smaller particles the Mach disk
shows a downstream movement while for larger particles
the movement of the Mach disk is upstream-wise
compared to the pure gas case. It is interesting to note
that the experimental results of [18] indicate an upstream
motion for particles with a diameter of 45 ym.

3.3. Effects of Stokes number with characteristic length
According to equations (20) and (21), the Stokes

number can be assigned by variation of different
parameters including particle diameter, the density of the
particle phase, the viscosity of the carrier phase or
characteristic time of the flow. Here Stokes number is
artificially assigned by multiplying a constant coefficient to
the source terms so that only coupling effects are
investigated. It has been demonstrated through experiments
of Sommerfeld [18] that the Mach disk location moves
towards the jet exit plane by the increase of the
particulate loadings. However, in Fig. 3 a counter-intuitive
behavior is observed in case of low Stokes number flows.
Fig. 4 demonstrates a more detailed analysis on the role
of Stokes and particulate loading (5 defined as the mass
of particles per unit volume of the carrier phase) on the
location of the Mach disk. Here the Mach contours of the
dusty gas flow are compared with the pure gas case. The
Mach disk displacement trend changes from an upstream
movement to a downstream movement when the Stokes
number decreases. This transition can be observed around
the Stokes number of 1. It should be noted that the
particulate loading has an effective role on the Stokes
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Fig. 6 Effects of addition of dust particles with different diameters on Mach disk location

number at which this transition occurs. The higher the
particulate loading the more is the Mach disk displacement
(either upstream or downstream). In case of G = 1.07,
upstream to downstream transition is observed even for
higher Stokes number (St = 2.77). For all the simulated
test cases in Fig. 4, the streamlines of the particles
overlaid on density contours of the dust phase are plotted
in Fig. 5. As it can be seen from the figure, the
streamlines depict an identical qualitative trend for similar
Stokes number. In low Stokes number flows, dust particles
can follow the gas streamlines closely; However, in higher
Stokes number flows, the dust particles show a more
independent movement as shown in Fig. 5. This figure
can vpartially justify the counter-intuitive Mach disk
location displacement. For the case of St = 2776.1 and B
= 107, as the particles do not follow the gas phase
streamline closely, a high concentration region near the jet
exit can be observed. Therefore, there is a noticeable
change of local particulate loading in radial direction,
leading to formation of curved Mach disk as evident in
Fig. 4.

3.4. Non-equilibrium effects at the exit plane

Even though numerical results confirm the downstream
movement of the Mach disk, there is no experimental
result which confirms this trend. Sommerfeld [18] showed
the numerical solution gives a 25% over-prediction in
particle  velocity compared to the experimental
measurements. This is partly due to consideration of
rarefaction and compressibility effects in drag correlations.
On the other hand, Sommerfeld [18] suggested that a
reduced gas velocity equal to the equilibrium sound speed
of the gas-particle mixture should be assigned at the inlet
to make the simulation results closer to the experiments.
In fact, presence of dust particles decelerate the gas front,

delay the gas phase expansion leading to lower exit jet
velocities. While this is the actual condition in a dusty
gas underexpanded jet, in our calculations we assumed that
the gas obtains sonic speed at the exit. Therefore, the
influence of particles inside the nozzle (before jet exit
plane) is neglected. According to [18], the ratio of the
equilibrium sound speed of the gas-particle mixture to the
sound speed of the pure gas is given by

w0 1 @)
at oy 1+

where « and o are the velocity and speed of sound at
the exit plane. ¥ is the specific heat ratio of the
gas-particle mixture equivalent gas. A series of simulation
has been conducted in order to evaluate the level of the
agreement of each approach with experimental results. The
results are summarized in Table 1.

As can be observed in the table, 10 to 50%
over-prediction (with a direct relationship to particulate
loading) is observed. However, when the equivalent
mixture speed is applied at the exit plane, the maximum
deviation of the results compared to experiments is 14%
for the case of G = 1.08. In Fig. 6, the Mach contours of
dusty gas flow are compared with the pure gas contours.
Here the equivalent mixture speed is assigned on the exit

Table 1 Comparison of the Mach disk location prediction
with experimental results(d = 26 m, St = 187.9)

xu/D Numerical Numerical
8 Experimental | (Sonic speed | (Equivalent speed
at _exit plane) at exit plane)
0.0 3.8 3.73 3.73
0.26 3.54 3.845 3.45
0.38 3.15 3.815 3.33
0.66 2.8 3.755 3.094
1.08 2.5 3.695 2.85
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plane. As demonstrated in the figure, even when small
particle diameters are added to the flow, the Mach disk
movement is only towards upstream.

4. Conclusions

In this study, with the goal of investigation of the
effects of addition of particles on the location of the
Mach disk, a discontinuous Galerkin solver was applied to
solve the two-fluid equation of the dusty gas flows.
Despite a few limitation of the Eulerian system of
equations, the method suggests advantages such as
considerably lower computational costs.

The contradictory patterns of location of the Mach disk
when solid particles are added into the underexpanded jet
predicted in previous works was the main motivation of
the current paper. Unlike the previous works which focus
only on the diameter of the particles, we proposed that all
the parameters which are present in the correlation of the
Stokes number can affect the Mach disk location. Among
these parameters the effect of variation of particle diameter
and the characteristic length were investigated after the
numerical tool was validated.

After demonstrating the counter-intuitive trend of the
Mach disk location for different particle diameters, the
effect of variation of the Stokes number independently by
assigning various characteristic lengths is investigated. It
was shown that the Stokes number is the main parameter
which controls the mechanism of Mach disk location. For
low Stokes number flows there is a downstream
movement, while for high Stokes number flows there is
an upstream movement. Apparently the transition in trend
of Mach disk location takes place around Stokes number
of 1 where the response time of the particles is in the
same order of the characteristic time of the flow at the
nozzle exit plane. It was shown that the effect (either
upstream or downstream movement) is amplified when the
particulate loading is increased.

Moreover, the deviation of the numerical results from
experiments which can be modified by assigning a
reduced (equilibrium speed) velocity at the exit plane of
the jet was investigated. In a realistic test case (or an
experimental setup) the gas and particles interact before
exiting into the ambient; Therefore, the exit gas velocity is
less than that of the pure gas which can substantially
affect the structure of the jet. It was also shown that this
consideration will lead to Mach disk locations predictions
much more close to the experimental results.
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