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In high-Knudsen-number flows nonequilibrium effects become dominant and the use of Navier–
Stokes–Fourier equations becomes questionable since they are based on small deviation from local
thermodynamic equilibrium. In this paper new hydrodynamic computational models are proposed
for modeling gases in the transition regime. They are based on Eu’s generalized hydrodynamic
equations and it turns out that they apply in all Mach numbers and satisfy the second law of
thermodynamics to every order of approximation. In order to learn more about the new equations a
model equation similar to the Burgers’ equation is studied. From this analysis new insight into
constitutive relations of various hydrodynamic equations has been gained. In addition, a convergent
iterative method for solving the highly nonlinear constitutive equations is developed. Finally, the
shock structure and slip flow problems are computed by using high resolution numerical schemes
and issues of extending the one-dimensional solver to multidimensional problems are discussed.
© 1999 American Institute of Physics. 关S1070-6631共99兲02909-8兴

I. INTRODUCTION

is the source of high-Knudsen-number effect which measures
the deviation from the continuum description. Another example is gas flows in microscale channels of microelectromechanical systems 共MEMS兲.2,3 Since the microscale flow
usually occurs in an atmospheric condition, small scale is the
cause of deviation. Furthermore, it should be mentioned that
the low density and microscale flows can occur in conjunction with nearly continuum flows. In hypersonic vehicles, the
localized low density regime can be found near the leading
edge. In this case, continuum and transition regimes coexist
and consequently the computation becomes very demanding.
For the same reason, the microscale effect may become important in exploring the transition, which is closely related to
turbulence, near the solid wall. The study of the transition
might require microscale physics, becoming the multiscale
science. All these problems contribute to making the study of
high-Knudsen-number flow very challenging.
Previous efforts have employed fluid dynamics and the
full kinetic model in either an uncoupled or coupled 共hybrid兲
way. At low enough densities, the direct simulation Monte
Carlo 共DSMC兲 method4,5 has been used to solve the kinetic
model. Currently, it is the most reliable and widespread
method for the computation of high-Knudsen-number flow.
However, since the fundamental idea is based on tracking a
large number of statistically representative particles, the
computational cost can be prohibitive in regimes near continuum limit. Even in regimes away from such limit, the
computation by DSMC can be far beyond the current computing capability. For instance, such a case occurs in microscale flow6 owing to the relatively high density and low velocity. On the other hand, the fluid dynamic model is based
on the hyperbolic conservation laws of collision-free conserved variables. The stress tensor and heat flux appearing in
the conservation laws are calculated by the constitutive relations that express the stress and heat flux in terms of con-

Fluid dynamical descriptions of gases are based on the
continuum assumption that the mean free path of a particle is
much smaller than the characteristic lengths of interest. This
assumption enables us to describe the motion of gases by
some measurable macroscopic quantities, e.g., density, velocity, and temperature. Fluid dynamic equations can be represented by hyperbolic conservation laws on conserved variables 共density, momentum, energy兲 and an equation of state
that characterizes the properties of gases. In addition to an
equation of state, to obtain a complete mathematical description the conservation laws must be supplemented by the constitutive relations between conserved variables and measurable, but nonconserved variables 共stress and heat flux兲. Even
though both the equation of state and the constitutive relations play a very important role in determining the structure
of flows in gases, the constitutive relations provide a more
challenging mathematical problem. The main reason is that
they intend to explain phenomena which couple distinct
length or time scales and such a multiscale feature can cause
more difficulty as the basic assumption deviates from the
continuum assumption. It often becomes a daunting task to
model gases in the transition regime that lies between free
molecular flow and continuum flow.
This situation is not confined to rare problems of engineering and scientific interest. Indeed, there exist many
needs for rapid exploitation of new technologies. For example, the prediction of aerothermodynamic loads on vehicles that operate in high altitude requires the knowledge of
rarefied gas dynamics 共RGD兲.1 In this case, the low density
a兲
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served variables and their derivatives. Higher-order terms
that may exist in the constitutive relations can be removed by
the next level of constitutive relations. In this formulation it
is the constitutive relations that determine the accuracy of
approximate hydrodynamic models. One of these models is
the Burnett equations, which use the Chapman–Enskog expansion to derive higher-order terms.7–9 They are intended to
describe second-order departures from thermal equilibrium
and were used extensively to simulate the hypersonic flow in
transition regimes. It was shown, however, that because of
the presence of higher derivative terms, an additional boundary condition is needed for the solutions to be uniquely determined, and different solutions can result from the choice
of the boundary values.10 It is also known that some of the
Burnett equations developed by far can violate the second
law of thermodynamics at very high Knudsen numbers and
some flow conditions.11,12 Another hydrodynamic model is
the moment method which works with the equations of transfers instead of dealing with the distribution function.13,14,7,15
In the moment method the distribution function is expanded
in moments and the evolution equations for moments are
derived from the Boltzmann equation. In principle, this
method might lead to a set of macroscopic equations consistent with the second law of thermodynamics, but most of the
methods, e.g., Grad’s 13 moment method, result in the entropy balance equation being inconsistent with the Gibbs
relation.16,17 This shortcoming was dealt with by recent work
on the so-called Gaussian closure.18,19 This closure is based
on a more elegant choice of a finite-dimensional linear subspace and yields a hyperbolic moment system. Since the hyperbolicity is easier to implement numerically, Groth et al.20
developed some computational models based on this closure.
However, it turns out that the Gaussian closure is of limited
practical interest, since the primary system with 10 variables
admits no heat flux and the other systems, e.g., the 35 moment system, do not yield numerical solutions above Mach
numbers of approximately two.21
For a lack of reliable high-order fluid dynamic models
and the limits of computing power, it becomes fashionable to
employ a hybrid approach which couples an Euler or
Navier–Stokes solver with DSMC. It is possible that this
approach can provide some benefits since it takes advantage
of good properties of each method. The hybrid codes can be
developed for problems that contain disconnected nonequilibrium regions embedded in a continuum flow.5,22 However,
the development of such a method is not trivial since two
issues have to be solved before implementation; 共1兲 when to
switch between the two methods and 共2兲 how to pass information from one method to another.23 Furthermore, conceptual inconsistency still remains since fluid dynamic equations
have to recover both free-molecular and Navier–Stokes
共continuum兲 limits. The recovery of only one limit may not
be enough to combine with DSMC.
In this study, important factors are discussed which have
to be taken into account in developing extended hydrodynamic models. As a result, distinct computational models are
proposed which provide not only accurate predictions, but
also fill the gap between kinetic and continuum approaches.
The present study is based on the pioneering work of gener-
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alized hydrodynamics 共GH兲 by Eu.24,25 It is Eu’s evolution
equations within the framework of 13 moments that provide
the basis of our computational models. From the early 1980s,
Eu has developed a method of solving the Boltzmann equation, especially with a view to a deeper understanding of
irreversible thermodynamics for systems in a nonequilibrium
state. According to his argument, the second law of thermodynamics should be satisfied to every order of approximation
or by whatever approximation made to the distribution function. From his point of view, a number of problems residing
in previous hydrodynamic models arise from not taking into
account the entropy in the solution method. His works of
irreversible thermodynamics were published largely in the
chemistry community and consequently their importance has
not been fully recognized in other communities. Here the
advantages of this method are identified and then thermodynamically consistent computational models for modern computational fluid dynamics 共CFD兲 codes are developed. The
main focus is to develop efficient computational models
which can serve as the basic building blocks to problems in
higher space dimensions. Important practical benefits can be
gained by being equipped with 共1兲 an engineering tool for
designing and modeling an aerospace vehicle in a highaltitude region and MEMS, 共2兲 proper hydrodynamic models
for hybrid fluid/kinetic simulations, 共3兲 an analysis tool for
the study of turbulence based on a hydrodynamic model
which has a better capability of incorporating microscopic
behavior.
This paper is organized as follows. In Sec. II various
aspects of developing computational models for highKnudsen-number flows are discussed. From Eu’s original
generalized hydrodynamic equations, distinct computational
models adequate to modern CFD codes are derived. In Sec.
III, by studying a model equation, namely, the GH-Burgers
equation, new insight into the constitutive relations of various hydrodynamic equations including the new model is
gained. In Secs. IV and V one-dimensional thermodynamically consistent computational models for high-Knudsennumber flows are presented. In addition, numerical methods
that will be used to solve the hydrodynamic equations are
described and some numerical results for shock-structure and
slip-velocity problems are also given. In Secs. VI and VII
issues of further development are discussed. In the Appendices, a summary of the new idea of Eu’s generalized hydrodynamics is included.
II. GENERALIZED HYDRODYNAMIC COMPUTATIONAL
MODELS

It is well known that the role of thermodynamics becomes important in nonequilibrium flows. Thus it may be
critical to ensure that thermodynamics is properly incorporated into the derivation of hydrodynamic equations from the
Boltzmann equation. Recently, the generalized hydrodynamic equations based on a nonequilibrium canonical distribution function and a cumulant expansion of the collisional
integral were developed by Eu.25,26 They can be regarded as
a thermodynamically consistent macroscopic equation. It
also turns out that they recover the correct behavior at con-
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tinuum and free molecular limits. The main feature of the
generalized hydrodynamic equations is summarized in the
Appendices A–C.
If the system consists of a single-component monatomic
gas, the evolution equations in the spirit of 13 moments can
be written as25
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The unique feature of the constitutive relations can be
found in a nonlinear factor q(  ) in the last terms. The role of
q(  ) can be manifested when entropy production is considered. The entropy production for generalized hydrodynamics, which measures energy dissipation arising from molecular collisions, can be expressed in a reduced form
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where ␦ k l denotes the unit second-rank tensor. The term
关 ⌸•ⵜu兴 (2) represents the coupling between the shear stress
and velocity gradient and its k, l components are
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The  2 and  3 are higher-order moments. The  and  are
the Chapman–Enskog viscosity and thermal conductivity, respectively. These coefficients can be dense-gas material
functions, so that the evolution equations can be applied to
dense gases. The  is the first-order cumulant of cumulant
approximation for dissipation terms; d denotes the diameter
of the molecule and depends only on T; m is the molecular
mass; and k B is the Boltzmann constant. The colon in 
denotes the double scalar product between tensors.
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where the subscript r represents the reference state. Here L
denotes the characteristic length, ⌬T denotes T w ⫺T r or T r
⫺T w where T w is the wall temperature. Then some dimensionless numbers, Mach (M ), Reynolds 共Re兲, Eckert 共Ec兲,
Prandtl 共Pr兲, can be defined:

1/2

Here  is the mass density, u is the fluid velocity, p is the
pressure, T is the temperature, E is the total energy density,
⌸ is the shear stress, and Q is the heat flux. A derivative
D/Dt represents the substantial derivative. The C p is the
heat capacity per mass at constant pressure. The symbol
关 ⵜu兴 (2) stands for the traceless symmetric part of ⵜu and its
k, l components can be expressed in tensor notation
关 “u兴 共 2 兲 ⫽

which means that generalized hydrodynamics satisfies the
second law of thermodynamics.
Before we examine the new equations in detail, let us
make them dimensionless. Let us first introduce the parameters
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where a is the speed of sound and R is a gas constant. It
follows that
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where ␥ is the specific heat ratio. This composite number
introduced by Eu, which measures the magnitude of the viscous stress relative to the hydrostatic pressure, indicates the
level of departure from equilibrium and is particularly useful
in the study of high-Knudsen-number flow. If the mean free
path is given by l⫽(  /2) 1/2 r (RT r ) ⫺1/2/  r , the Knudsen
number can be expressed as
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It should be noted that Ec and Q* reduce to u r2 /C pr T r and
Q/( r /L), respectively, in the shock structure problem and
when T w ⫽T r . In that case, Ec⫽( ␥ ⫺1)M 2 .
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where
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Finally, if we drop the asterisks, the dimensionless evolution equations of a monatomic gas can be written as
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Here it is assumed that higher-order moments  2 and  3 are
made dimensionless. For a polytropic monatomic gas the following relations hold:
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Only the parameters M, Re, Ec, Pr, ⑀, c, and ␥ appear since
N ␦ ⫽ ␥ M 2 /Re. We list a few examples for intermolecular
forces below.
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Notice that the dimensionless conservation laws are somewhat different from the conventional form because of the
presence of the factor 1/N ␦ Re. In order to close the constitutive relations 共22兲 and 共23兲 the higher-order moments  2
and  3 must be expressed in the lower-order moments, the
nonconserved moments ⌸ and Q, as well as the conserved
moments , u, and E. Here we employ Eu’s closure in Appendix B that

 2 ⫽  3 ⫽0.

共27兲

Then when Eqs. 共21兲–共26兲 are solved subject to initial and
boundary conditions, their solutions will provide all the
properties of the fluid undergoing irreversible processes.
However, it becomes apparent that the evolution equations in
the present forms are not suitable for numerical methods on
hyperbolic conservation laws. The reason is that the constitutive relations are highly nonlinear and it seems impossible
to recast the governing equations in the conservative form. In
Secs. II A–II C we will derive several approximate constitutive relations and describe the physical reasoning behind
such approximations.

2792

Phys. Fluids, Vol. 11, No. 9, September 1999

R. S. Myong

A. Adiabatic approximation

By Eu’s closure, Eqs. 共21兲–共26兲 become the partial differential equations of macroscopic variables (  ,u,E,⌸,Q) in
a function of position and time. However, it seems very difficult to deal with the partial differential equations of the
constitutive relations 共22兲 and 共23兲, while those of collisionfree variables 共21兲 can be easily dealt with by numerical
schemes on hyperbolic conservation laws. This difference
may motivate an approximation by which the constitutive
equations are simplified into a numerically solvable form.
Such as approximation is, indeed, possible if we observe that
the set of macroscopic variables consists of two subsets, the
conserved set (  ,u,E) and the nonconserved set (⌸,Q)
which vary on two different time scales. It may be estimated
that the relaxation times of the nonconserved variables are
very short, being of the order of 10⫺10 s. Owing to such a
small time scale, on the time scale of variation in the conserved variables the nonconserved variables have already
reached their steady state. Therefore, the constitutive relations can be algebraically solved with the conserved variables held constant, and they become
⫺ 共 u–“ 兲 ⌸⫺⌸共 “–u兲 ⫺2 关 ⌸–“u兴 共 2 兲
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This approximation is called the adiabatic approximation and
reduces numerical difficulty considerably.

namic force corresponding to heat flow arises naturally. It
must be, however, noted that  is equal to  共Chapman—
Enskog兲 times T. If we take the scalar product of ⌸ and Q
and then add them to form  defined in 共25兲, we obtain
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This is the simplest explicit higher-order constitutive equations which neighbor upon the Navier–Stokes–Fourier equations in the limit of small deviation from local thermal equilibrium.
Another approximation can be applied to the constitutive
relations 共28兲 and 共29兲. The third term of Eq. 共29兲 can be
approximated by an expression involving no gradient of ⌸,
⫺Ec Pr(u–“)u–⌸, from the momentum equation of the conservation laws. It becomes ⫺(u–“)(Q⫹Ec Pr⌸–u) when
⫺(u–“)Q is added, but then it can be neglected, together
with ⫺(u–“)⌸ in 共28兲, since they are purely convective
terms. Also, it can be assumed that (⌸,Q)(“–u) are negligible in monatomic gas. We obtain the following algebraic
form:
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B. GH computational models

The constitutive relations 共28兲 and 共29兲 can reduce to
more manageable forms without losing the essence of their
nonlinearity. An approximation can be made on the physical
ground that the terms without N ␦⫺1 are neglected since they
are kinematic in origin and responsible for couplings between different modes of irreversible transport. On the other
hand, we keep the nonlinear factor q(N ␦  ) intact to retain
the effect of nonlinear energy dissipation occurring through
molecular collisions. The constitutive relations then become
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The definition of heat flux is different from the well-known
Fourier law, but it does not make any difference. Rather, the
present one is convenient for developing irreversible thermodynamics because the present definition of the thermody-
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This set of nonlinear equations can be solved by iterative
methods for given values of conserved variables and their
derivatives. One difference between these and the original
Eu relations27 is the removal of a term (u–“)u–⌸. By this,
the new constitutive relations involve only p,T, and gradient
of u and T.
Finally, with 共21兲 and 共26兲 the following constitutive
relations will form a thermodynamically consistent hydrodynamic computational model.
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p
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q 共 cR̂ 兲 ⫽

sinh共 cR̂ 兲
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⌸̂ 0 共 ⌸̂⫹1 兲 ⫺⌸̂q 共 ⌸̂ 兲 ⫽0,
.
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共43兲

where

cR̂

N ␦⫽

C. Boundary condition

A close look of the constitutive equations, namely, 共36兲–
共39兲, shows that they all share a unique property. As N ␦
˜0, they all recover the Navier–Stokes–Fourier
equations—the classical hydrodynamic equations. On the
other hand, it is easy to deduce that they all also recover the
Euler equations ⌸⫽Q⫽0 as N ␦ ˜⬁. This rather unusual
feature stems essentially from the presence of the nonlinear
factor q(N ␦  ), which is indispensable for the constitutive
equations to behave properly far from equilibrium. This feature is not shared by either the Burnett equations or other
moment equations. The consequence of this capability by
which they cover the two extreme regimes of density, that is,
the rarefied and dense regimes of density, is that the slip
phenomenon is naturally built in the generalized hydrodynamic equations.28 Most of the previous hydrodynamic equations require some type of slip boundary conditions such as
the Maxwell–Smoluchowski condition. However, it should
be pointed out that the Maxwell–Smoluchowski condition,
based on the notion of specular and diffuse reflections of gas
molecules off the wall, was a temporary solution to a rather
difficult nonlinear transport problem. It was developed to
explain the slippage of the gas at the wall first observed by
Kundt and Warburg 共see Ref. 25, See 10.10兲. This condition
requires some adjustable parameters in the form of accommodation coefficients and thus loses the predictability. According to the present equations, however, the notion of slip
and temperature jump at the wall seems unnecessary. The
nonslip boundary conditions are sufficient to treat highKnudsen-number flows, provided that the nonlinear effect of
entropy production is properly taken into account. This problem will be studied in Sec. V B.
In addition, the new hydrodynamic equations do not require any further condition beyond the Navier–Stokes nonslip boundary condition. Since the new constitutive relations
involve only the first derivatives of velocity and temperature,
they do not suffer the difficulty that often arises in other
equations with higher-order derivative terms.10

1
,
Re

⌸ 0 ⫽⫺ 

⌸̂⬅N ␦  ⫽N ␦

⌸
,
u2

u
,
x

⫽

⌸
,
u2

 ⫽u.

Here D⌸/Dt is neglected by the adiabatic approximation.
Let us call this the GH-Burgers’ equation and denote its solution by ⌸̂ GH . Note that ⌸̂ measures departure from the
equilibrium in irreversible thermodynamics. If the kinematic
term is neglected, the solution of Eq. 共43兲 becomes
⌸̂ GH-I⫽sinh⫺1 ⌸̂ 0 .

共44兲

If Eq. 共43兲 is expanded in the series of N ␦ , the Navier–
Stokes, the second and third-order Burnett equations follow:
⌸̂ Navier–Stokes⫽⌸̂ 0 ,

共45兲

⌸̂ second Burnett⫽ 共 1⫹⌸̂ 0 兲 ⌸̂ 0 ,

共46兲

⌸̂ third Burnett⫽ 共 1⫹⌸̂ 0 ⫹ 65 ⌸̂ 20 兲 ⌸̂ 0 .

共47兲

It should be noted that Eq. 共46兲 is the same as the simplified
translational nonequilibrium model studied by Lumpkin
et al. 关Ref. 29, Eqs. 13共a兲 and 13共b兲兴. For completeness the
conventional moment equation will be given by
⌸̂ Grad⫽

4⌸̂ 0

,

共48兲

4⫺7⌸̂ 0
from 共Ref. 14, p. 268兲
⌸

u 4
u u2
⫹ 共 ⌸⫹u 2 兲 ⫹ ⌸⫽0.
x 3
x 

Here the convective term u  ⌸/  x has been ignored.
Except for Eq. 共43兲, the constitutive equations are explicit in the Navier–Stokes stress ⌸̂ 0 . Equation 共43兲, which
preserves the nonlinearity of the original equations 共40兲 and
共41兲, is highly nonlinear in nature so that its solution has to
be calculated by iterative methods. Nevertheless, several basic properties can be easily proved:

III. GH-BURGERS’ EQUATION

The constitutive relations 共40兲 and 共41兲 will provide the
shear stress and heat flux for known conserved variables and
their derivatives. But, it is not apparent how to solve them
numerically and obtain their general properties. If a model
system that closely duplicates the physical properties of the
original equations is developed, it can serve as a very useful
guide. Let us assume

 ⬇1,

Q x ⫽0.

Then the conservation laws and the constitutive relation of
shear stress can be approximated by

冉 冊

u
 u2 u

⫹
⫺ ⫹ 共 u 2 ⌸̂ 兲 ⫽0,
t x 2 2
x

共42兲

共i兲
共ii兲
共iii兲
共iv兲
共v兲

⌸̂⫽0 only when ⌸̂ 0 ⫽0;
the unique solution ⌸̂ such that ⌸̂⌸̂ 0 ⬎0 exists for all
⌸̂ 0 ;
the curve ⌸̂(⌸̂ 0 ) is tangent to the Navier–Stokes
curve (⌸̂⫽⌸̂ 0 ) at ⌸̂ 0 ⫽0;
⌸̂˜⫺1 when ⌸̂ 0 ⫽⫺⬁, that is, always ⌸̂⫹1⬎0;
d⌸̂/d⌸̂ 0 ˜0 when ⌸̂ 0 ⫽⫾⬁.

Conditions 共i兲 and 共ii兲 mean one-to-one correspondence
between the higher-order stress and the Navier–Stokes
stress, which must be satisfied for all physical constitutive
relations. Condition 共iii兲 ensures the correct continuum
asymptotic behavior, whereas conditions 共iv兲 and 共v兲 ensure
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FIG. 1. Generalized hydrodynamic constitutive relations relative to the
Navier–Stokes approximation. The axes represent the level of departure
from equilibrium, ⌸̂. The horizontal axis represents the linear approximation, ⌸̂ 0 .

the correct free molecular limit. In particular, condition 共iv兲
is equivalent to ⌸ xx ⫹p⬎0 in the original constitutive equation, which is nothing but the free molecular limit. As mentioned in Sec. II C, this property confirms that the slip phenomenon at the solid boundary is built in the constitutive
relations.
Five higher-order constitutive equations relative to the
Navier–Stokes constitutive equations for the model problem
are depicted in Figs. 1 and 2. From these figures, it becomes
apparent that all other higher-order equations do not satisfy
the correct free molecular limit and in some cases they even
violate condition 共ii兲 or 共iii兲. In particular, there exists a singularity in Grad’s constitutive equation. This may be responsible for the existence of a critical Mach number beyond
which no continuous shock solution is possible, even though

R. S. Myong

the critical Mach number may increase when higher-order
moments are included.17,21 Even though Grad’s equation
seems to satisfy the free molecular limit that might explain
the slip phenomenon at the solid boundary, the limit value is
not correct. On the other hand, the third-order Burnett equation satisfies conditions 共i兲–共iii兲, but does not satisfy conditions 共iv兲 and 共v兲. Consequently, the Burnett equations need
some type of slip boundary condition. It is also interesting to
note that conventional higher-order constitutive equations
yield a larger stress in regimes far from equilibrium compared with the generalized hydrodynamic equations. As a
result, the numerical algorithms based on the conventional
relations become less effective since a large value of stress
requires a smaller time step.
Therefore it can be summarized that most of the troubles
observed in conventional constitutive equations are caused
by the violation of some basic properties described earlier, in
particular, conditions 共ii兲 and 共v兲. Furthermore, it can be
demonstrated that some improvement of shock structure solutions by the Burnett equations and Grad’s 13 moment
method is not surprising if we examine regimes of positive
stress in Figs. 1 and 2. Since the shock structure involves
positive stress, the corresponding regimes in Figs. 1 and 2
are the first quadrant. For modest Mach numbers, they are
restricted near small ⌸̂ 0 . In these regimes, it is obvious that
they approximate very closely the generalized hydrodynamic
equation, namely, ⌸̂ GH . However, far from equilibrium they
deviate drastically and could not recover the free molecular
limit.

IV. COMPUTATIONAL METHODS

The generalized hydrodynamic equations 共21兲 can be
solved by modern numerical methods on hyperbolic conservation laws if ⌸ and Q are calculated by 共36兲 and 共37兲 or
共38兲 and 共39兲. To illustrate numerical schemes for these
equations let us consider the one-dimensional equations. In
principle, the multidimensional problem can be solved by a
one-dimensional numerical solver through the operatorsplitting method. The one-dimensional GH equations in the
conservative form can be written as the Euler equations plus
a flux vector composed of the nonequilibrium components.

 u  fT
⫹
⫽0,
t x

共49兲

where u is the solution vector of conserved variables, fT
represents the sum of the inviscid flux vector f and the flux
vector of nonconserved variables fv . These vectors are given
as

FIG. 2. Conventional higher-order hydrodynamic constitutive relations relative to the Navier–Stokes approximation. The axes represent the level of
departure from equilibrium, ⌸̂. The horizontal axis represents the linear
approximation, ⌸̂ 0 .
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共50兲

.

The method of iteration, which is of general applicability, uses the properties encoded in the equation itself by rearranging it into an equivalent expression of the form
⌸̂⫽g 共 ⌸̂ 兲
such that if

This form of the generalized hydrodynamic equations is
not different from the well-documented Navier–Stokes equations. Therefore, most of the modern high-resolution
schemes, for instance, upwind schemes with Roe’s Riemann
solver,30 can be applied without alteration. An example of
such a scheme, the MUSCL-Hancock method,31 can be described as follows. After a step involving a propagation over
a time step ⌬t/2,
Ū j ⫽Unj ⫺

⌬t
n
⫺FT,
共 Fn
j⫺1/2 兲 ,
2⌬x T, j⫹1/2

共51兲

f 共 ⌸̂ GH兲 ⫽0,

Ulj⫹1/2⫽Ū j ⫹ 21 Bគ l 共 Unj ⫺Unj⫺1 兲 ,

共52兲

Urj⫺1/2⫽Ū j ⫺ 21 Bគ r 共 Unj⫹1 ⫺Unj 兲 ,

共53兲

冉

冉 冊冊

1
1
Bគ ⫽ 共 1⫺  兲 B 共 b l,r 兲 ⫹ 共 1⫹  兲 b l,r B l,r
2
b
l,r

⌸̂ n⫹1 ⫽g 共 ⌸̂ n 兲 ,

⌸̂ n⫹1 ⫽sinh⫺1 共 ⌸̂ 0 共 1⫹⌸̂ n 兲兲
⌸̂ n⫹1 ⫽

,

d
d⌸̂

⌸̂ 0

d⌸̂ q 共 ⌸̂ 兲 ⫺⌸̂ 0

and
F̄ j⫹1/2
where
F̄T, j⫹1/2⫽F̄ j⫹1/2⫹F̄v , j⫹1/2
⫽F(Ulj⫹1/2 ,Urj⫹1/2). With this numerical scheme on conserved variables, the only remaining problem is how to solve
the highly nonlinear constitutive equations 共40兲 and 共41兲.
Let us first consider the GH-Burgers’ equation 共43兲. The
requirements for an efficient iterative method are: 共1兲 it must
be extended to systems of nonlinear equations; 共2兲 two initial
guess values ⌸̂ 0 and ⌸̂ GH-I have to be fully utilized. As
methods that may satisfy such requirements, Newton’s
method and the method of iteration can be considered. However, it turned out that Newton’s method is inadequate since
the derivatives at the initial estimate ⌸̂ GH-I are very small in
most cases. As a result, the convergence is very slow and
sometimes the iterations diverge. On the other hand, the
method of iteration always provides converged solutions and
takes only a few iterations, less than ten in most cases.

冏

关 sinh⫺1 共 ⌸̂ 0 共 1⫹⌸̂ 兲兲兴 ⬍1

d

共54兲

for negative ⌸̂,

q 共 ⌸̂ n 兲 ⫺⌸̂ 0

冏 冋

1 Unj⫹1 ⫺Unj
b ⫽ r⫽ n
,
b
U j ⫺Unj⫺1

⌬t
⫺F̄T, j⫺1/2兲 ,
共 F̄
⌬x T, j⫹1/2

⌸̂ 0

for positive ⌸̂,

共55兲
共56兲

then the sufficient condition for convergence can be proved
by showing

冏

and the ratios in the last equation are defined componentwise. The Ūnj represents the average value of the conserved
solution vector u in the jth cell at time level n. The ⌬t and
⌬x denote the time step and mesh width, respectively. An
extrapolation parameter  and a symmetric limiter B(b) are
introduced. Then the final scheme is

n⫽1,2,3,...

will converge to a zero if f (⌸̂)⫽0. The sufficient condition
for the convergence is that g(⌸̂) and g ⬘ (⌸̂) are continuous
on an interval about a root ⌸̂ GH , and 兩 g ⬘ (⌸̂) 兩 ⭐1 for all ⌸̂
in the interval.32
If Eq. 共43兲 is rearranged into

l

Un⫹1
⫽Unj ⫺
j

⌸̂ GH⫽g 共 ⌸̂ GH兲 .

Under suitable conditions, the algorithm

where FT, j⫹1/2⫽F j⫹1/2⫹Fv , j⫹1/2 and the inviscid numerical
flux F can be given from an approximate Riemann solver,
second-order extrapolations are introduced to Ū:

where
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册冏

⬍1

for positive ⌸̂, 共57兲

for negative ⌸̂.

共58兲

In this algorithm, ⌸̂ 1 ⫽⌸̂ GH-I . The GH solutions obtained by
this algorithm are depicted in Fig. 1.
A. One-dimensional shock structure „ û x and Q̂ x …

Now let us consider the generalized equations 共36兲, 共37兲,
共40兲, and 共41兲 in the one-dimensional 共1-D兲 shock structure
problem. It can be easily shown that nonzero components are
⌸ xx and Q x . Similar to the GH-Burgers’ equations, they can
be written as
⌸̂ xx GH⫺I⫽

Q̂ x GH-I⫽

sinh⫺1 共 cR̂ 0 兲
cR̂ 0

sinh⫺1 共 cR̂ 0 兲
cR̂ 0

⌸̂ xx 0 ,

共59兲

共60兲

Q̂ x 0 ,

and
⌸̂ xx q 共 cR̂ 兲 ⫽ 共 ⌸̂ xx ⫹1 兲 ⌸̂ xx 0 共 ⬅K ⌸ 兲 ,
Q̂ x q 共 cR̂ 兲 ⫽ 共 ⌸̂ xx ⫹1 兲 Q̂ x 0 ⫹
where
2
⫹Q̂ 2x .
R̂ 2 ⫽ 32 ⌸̂ xx

3
Q̂ ⌸̂ 共 ⬅K Q 兲 ,
4 Pr x xx 0

共61兲
共62兲
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The factor 3/2 in R̂ originates from relations, ⌸̂ y y ⫽⌸̂ zz
⫽⫺⌸̂ xx /2. Notice that ⌸̂ xx and Q̂ x measure the magnitude
of the viscous stress and heat flux relative to the hydrostatic
pressure. Since the equations are invariant under a transform
Q̂ x ↔⫺Q̂ x , we need to investigate only two cases satisfying
⌸̂ xx Q̂ x ⬎0. It can be shown that the following two iterations
always converge, since they belong to the type of 共57兲 and
共58兲; for positive ⌸̂ xx and Q̂ x ,
1
R̂ n⫹1 ⫽ sinh⫺1 兵 c 共 ⌸̂ xx n K ⌸ n ⫹Q̂ x n K Q n 兲 /R̂ n 其 ,
c
Q̂ x n⫹1
⌸̂ xx n⫹1

⫽

K Qn
K ⌸n

Q̂ x n⫹1 ⫽

共63兲

⌸̂ xx 0
q 共 cR̂ n 兲 ⫺⌸̂ xx 0

,

q 共 cR̂ n 兲 ⫺3⌸̂ xx 0 /4 Pr

共64兲
,

where ⌸̂ xx 1 and Q̂ x 1 are given by Eqs. 共59兲 and 共60兲. This
solution will be denoted by ⌸̂ xx GH and Q̂ x GH.

B. 1-D shear flow problem „ v̂ x only…

When only v̂ x exists, the constitutive relations become
sinh⫺1 共 cR̂ 0 兲
cR̂ 0

0

共71兲

.

3q 共 cR̂ n 兲 /2⫹⌸̂ 2xy
0
2

It turned out that converged solutions were always obtained
within a few iterations, less than ten for the tolerance value
10⫺5 in most cases, meaning that the iterations are absolutely
converging and their computational cost is trivial.

A. Shock structure problem

The normal shock relations for a perfect gas are

,

共 ⌸̂ xx n ⫹1 兲 Q̂ x 0

⌸̂ xy GH-I⫽

⌸̂ 2xy

V. APPLICATIONS: SHOCK STRUCTURE AND SLIP
FLOW

and for negative ⌸̂ xx and Q̂ x ,
⌸̂ xx n⫹1 ⫽

⌸̂ xx n⫹1 ⫽⫺

⌸̂ xy 0 ,

共65兲

⌸̂ xx GH-I⫽Q x GH-I⫽0,

共66兲

and

共 ␥ ⫹1 兲 M 21
2 u1
,
⫽ ⫽
 1 u 2 共 ␥ ⫺1 兲 M 21 ⫹2

共72兲

2␥
p2
⫽1⫹
共 M 21 ⫺1 兲 ,
p1
␥ ⫹1

共73兲

where the subscripts 1 and 2 represent the upstream and
downstream states, respectively.
Since there is no solid boundary, the parameters Ec and
⑀ can be simplified to
Ec⫽ 共 ␥ ⫺1 兲 M 2 ,

共67兲

⌸̂ xy q 共 cR̂ 兲 ⫽ 共 ⌸̂ xx ⫹1 兲 ⌸̂ xy 0 ,

共68兲

where
R̂ 2 ⫽3⌸̂ xx 共 ⌸̂ xx ⫺1 兲 .
Equations 共67兲 and 共68兲 become an equation of one variable
⌸̂ xx ,
⌸̂ xx q 2 共 cR̂ 兲 ⫽⫺ 32 共 1⫹⌸̂ xx 兲 ⌸̂ 2xy ,
0

共69兲

with a stress ellipse
⌸̂ xy ⫽sign共 ⌸̂ xy 0 兲关 ⫺ 23 共 1⫹⌸̂ xx 兲 ⌸̂ xx 兴 1/2.
The ⌸̂ xx can be obtained for a given ⌸̂ xy 0 through

共70兲

1
.
Ec Pr

共74兲

For given Pr and ␥ a steady-state shock structure can be
determined when three conserved variables (  1 ,u 1 ,p 1 ) and
Mach number M 1 at upstream state are specified. If the spatial coordinate is reduced by the mean free path l at the
upstream condition, which can be given by l
⫽(  /2) 1/2 1 (RT 1 ) ⫺1/2/  1 , the dimensionless parameters
become
Kn⫽1,

Re⫽

冑␥


M1 ,
2

N ␦⫽

冑␥

2
M .
 1

It should be mentioned that in general
l⫽

⌸̂ xx q 共 cR̂ 兲 ⫽⫺ 32 ⌸̂ xy ⌸̂ xy 0 ,

⑀⫽

m
&  d 21  1

⫽

1
2&c 2
  1 冑RT 1

and thus the actual mean free path of molecules will be
somewhat different.
Energy dissipation experiences a rapid change across the
shock wave. A measure of such change can be defined if we
introduce the calortropy production.25 The calortropy production, which measures the energy dissipation in the system, is given by

 cal⫽k B G  sinh  .

共75兲

A reduced calortropy production based on the upstream state
can be defined by

*⬅
 cal

 cal
cR̂ sinh共 cR̂ 兲
⫽
.
k BG 共 n 1 ,T 1 兲
2

共76兲

For comparison of various results of shock structure, the
following parameters are very useful. The inverse of the
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shock density thickness, and the shock temperature–density
separation, which measures the separation between density
and temperature profiles, are defined as
1

␦s

⫽

冏 冏 冒
d¯
dx

共 ¯ 2 ⫺¯ 1 兲 ,

共77兲

max

⌬ s ⫽ 关 x 共 ¯ ⫽0.5兲 ⫺x 共 T̄⫽0.5兲兴 ,

共78兲

where ¯ and T̄ are the normalized density and temperature
profile, e.g., ¯ ⬅(  ⫺  1 )/(  2 ⫺  1 ).
The previous results of these parameters in shock structure problem can be found in the works by Fiscko and
Chapman,33 Pham-Van-Diep et al.,34 Balakrishnan et al.,35
and Al-Ghoul and Eu.27 It should be mentioned that the
present calculation is based on a system of partial differential
equations. Therefore it can be readily applied to two- and
three-dimensional calculations for real configuration. The
present solutions are obtained by the MUSCL-Hancock
scheme with Roe’s approximate Riemann solver and are
proved to be numerically stable. The converged solutions are
obtained for all gases ( v ⫽5,9,⬁) and Mach numbers 共1–30兲
examined. Only the results of the Maxwellian molecule are
presented since other molecules yield the qualitatively same
results. The steady-state solution of the equations is obtained
by marching forward in time from a set of initial conditions
until the change in the solution is less than some prescribed
value. A steady-state solution was considered to be obtained
when the rms norm for the density dropped below 10⫺7 . In
the shock structure problem a numerical boundary condition
must be specified at the upstream and downstream boundaries of the computational domain. At the upstream boundary
all the Euler characteristics are incoming for supersonic flow
and therefore the variables can be specified by using the
upstream initial condition. On the other hand, at the subsonic
downstream boundary only one characteristic is incoming
and thus one physical condition must be imposed. In the
present study the velocity as predicted by Eq. 共72兲 is specified. Other variables are extrapolated by using the interior
values. In all cases a grid of 400 points with ⌬x⫽0.5 and the
Courant–Friedrichs–Lewy 共CFL兲 number 0.5 are used. For
the second-order scheme one-sided extrapolation  ⫽⫺1
and Minmod limiter B(b)⫽max关0,min(1,b) 兴 are used. In the
method of iterations for the constitutive equations the solutions are considered converged when 兩 R̂ n⫹1 ⫺R̂ n 兩 becomes
smaller than the maximum tolerance value 10⫺5 .
To obtain stable numerical solutions the time step must
be restricted by the CFL stability condition. For the generalized hydrodynamic equations it turns out that the following
Navier–Stokes stability condition for upwind schemes works
well:
⌬t NS⫽CFL•min共 ⌬t 1 ,⌬t 2 兲 ,
where
⌬t 1 ⬅

⌬x 2  NS
⫹
,
兩a兩
a2

⌬t 2 ⬅

冋

FIG. 3. Shock profiles for density for a Maxwellian gas. Solid line: M
⫽1.25, dotted line: M ⫽2, dashed line: M ⫽5, dash-dotted line: M ⫽15.

cept for (⌬t 2 ) GH⬍(⌬t 2 ) NS when 0⬍⌸̂ 0 ⬍⌸̂ *
0 . Here ⌸̂ *
0
represents a nonzero value where ⌸̂ GH⫽⌸̂ 0 . Therefore the
Navier–Stokes criterion 共79兲 with CFL⫽0.5 will satisfy the
time step restriction since

冉 冊
⌸̂ GH
⌸̂ 0

⫽1.7644

at ⌸̂ 0 ⫽0.79548.

max

In Figs. 3–9 various aspects of hypersonic shock structure in a Maxwellian gas are illustrated. In Figs. 3–7 density,
stress, heat flux, and calortropy production of a Maxwellian
gas in generalized hydrodynamics 共GH兲 are plotted for various Mach numbers. The shock profiles are in strong agreement with Eu’s results based on a system of ordinary differential equations,27 even though a minor difference exists in
shock front for very high Mach numbers. It may be associated with numerical trouble which is often found in the region of high gradient. Nevertheless, the trend of the inverse
shock density thickness is the same as Eu’s exact result.
Since Eu’s theoretical calculation of argon gas (  ⫽9) was

共79兲
兩a兩
 NS
⫹
⌬x  ⌬x 2

册

⫺1

.

There exists a reason for such a property. From Fig. 1 it can
be shown that (⌬t 1 ) NS or (⌬t 2 ) NS are always minimum ex-

FIG. 4. Mach 15 shock profiles for a Maxwellian gas. Solid line with circle:
generalized hydrodynamics, solid line: Navier–Stokes.
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FIG. 5. Shock profiles for stress for a Maxwellian gas. The same meanings
for the lines as in Fig. 3. The cases for M ⫽1.25 is invisible in the present
scale.

shown to agree very closely with experimental data, the
present calculation based on a system of partial differential
equations will also agree with experimental data. In fact, it
can be observed in Figs. 3–9 that the present computational
models predict shock structure in better agreement with
DSMC results than the Navier–Stokes equations do. Another
finding is that GH-I produces no better result than the
Navier–Stokes–Fourier equations. This suggests that the
coupling between the shear stress and velocity gradient cannot be ignored in highly nonequilibrium state.
In Fig. 10, in order to examine the effect of the nonlinear
constitutive relations on the shock structure the level of departure from equilibrium is depicted with respect to the linear approximation. In the high Mach number regime (M
⫽15), some parts of the shock structure involve a very large
deviation and follow nonlinear relations different from the
linear approximation. Two points that seem to be apart from
the majority of circles represent the part very close to the
upstream state. Note that the actual trend is very similar to
one of the GH-Burgers’ equation depicted in Fig. 1.

FIG. 6. Shock profiles for heat flux for a Maxwellian gas. The same meanings for the lines as in Fig. 3. The cases for M ⫽1.25 and 2 are invisible in
the present scale.
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FIG. 7. Profiles for reduced calortropy production for a Maxwellian gas.
The same meanings for the lines as in Fig. 3. The cases for M ⫽1.25 and 2
are invisible in the present scale.

B. Slip flow problem

The slip-velocity phenomenon was first observed in
1875 by Kundt and Warburg in their experiment of low density gas flows. Since then, it remains as an intriguing problem in fluid dynamics because the conventional continuum
equations cease to be valid and require the slip boundary
condition. In order to investigate how the generalized equations describe the slip phenomenon, we will examine the
constitutive relations under the gradient of shear velocity
only, which are given in Sec. IV B. The first investigation of
the generalized equations was done by Khayat and Eu.36
They considered the cylindrical Couette flow of LennardJones fluids for the purpose of explaining normal-stress effects and velocity slips. In the present work a onedimensional planar problem is considered, but nevertheless it
can manifest the essential element of the velocity-slip phenomenon. There exists no heat flux in the constitutive relations under the velocity-gradient only, whereas nonzero
stresses should satisfy a stress ellipse 共70兲. This constraint on
the normal (⌸̂ xx ) and shear (⌸̂ xy ) stresses has a deep physi-

FIG. 8. Inverse shock density thickness for a Maxwellian gas. Circle: GH,
⫻ symbol: Navier–Stokes, square: GH-I.
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FIG. 11. The normal and shear stresses generated by v x . The normal (⌸̂ xx )
FIG. 9. Shock temperature–density separation for a Maxwellian gas. Circle:
GH, ⫻ symbol: Navier–Stokes, square: GH-I.

cal meaning. It requires that normal and shear stresses should
be confined to the stress ellipse, and consequently (⌸̂ xx
⫹1) and ⌸̂ xy approach zero as the velocity-gradient increases. This unusual feature is described in Fig. 11. Note
that the shear stress ⌸̂ xy becomes maximum at
兩 ⌸̂ xy 0 兩 ⫽

冑6
2

q

冉 冊
3
c
2

or 兩 v x 兩 ⫽ 冑6q

冉 冊

3
p
c
.
2 N␦

共80兲

Here 冑6q(3c/2)⫽3.5089 for a Maxwellian molecule. The
ultimate role of this asymptotic behavior is that the gas slips
near the solid wall. As a result, the velocity-slip phenomenon, which has nothing to do with surface–gas molecular
interaction, can be explained in purely hydrodynamical
terms.
This finding can be confirmed by a numerical simulation
of the GH equations for a simple geometry. The planar Cou-

FIG. 10. The level of departure from thermodynamic equilibrium in shock
structure problem 共Mach number 15兲. The axes represent the level of nonequilibrium, R̂. The horizontal axis represents the linear approximation, R̂ 0 .
Compare with Fig. 1.

and shear (⌸̂ xy ) stresses are plotted. The horizontal axis represents the
velocity gradient ( v̂ x ).

ette flow, the steady relative motion of two parallel surfaces
that are separated by a gas, can serve as a test case. Consider
the flow of a gas between infinite parallel plates, the left
plate moving at velocity ⫺ v 0 and the right one moving at
velocity v 0 . In this geometry, all properties can be assumed
to vary only with a coordinate x. The boundary conditions
can be given:
At x⫽⫺D/2:
At x⫽D/2:

v ⫽⫺ v 0 ,
v⫽v0 ,

T⫽T w ,

T⫽T w ,

p
⫽0,
x

p
⫽0,
x

共81兲
共82兲

where D is a gap between two plates. The conservation laws
共49兲 and 共50兲 are solved in the same way as the shockstructure problem. The constitutive equations of ⌸̂ xx , ⌸̂ xy ,
and Q̂ x are solved by incorporating two solvers, one given in
共61兲 and 共62兲, and another given in 共69兲 and 共70兲. The flow is
computed for a Mach number (M ⫽0.99) with a grid of 100
points. The gas is assumed to be Maxwellian. The initial
conditions (u⫽ v ⫽0, p⫽T⫽1) and boundary conditions
( v 0 ⫽1, T w ⫽1) are chosen to obtain the steady-state solutions. In particular, the sum of initial density is maintained
unchanged since the mass of the gas between the two plates
will be conserved in time. In order to avoid possible contamination of solutions by high-order boundary conditions,
the first-order accuracy was maintained throughout the computational domain. In Fig. 12 the reduced velocity at the
plate ( v 0 ⫺ v )/ v 0 is plotted versus the Knudsen number in
logarithmic scale. The velocity v is defined at the center of
the nearest cell to the wall. The slip starts at the critical
Knudsen number 0.285 and rises rapidly, reaching full slip
eventually in high Knudsen number regime. This result coincides with the theoretical prediction and is caused by the
presence of the normal stress ⌸̂ xx . Compare with the
Navier–Stokes equations in which the normal stress cannot
be generated by v x .
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equations 共32兲 and 共33兲. In addition, it can be found from Eq.
共21兲 that the hydrostatic pressure is the dominant term in the
conservation laws. The very small value of N ␦ may imply
that the slip-velocity arising from the pure hydrodynamic
origin is negligible. This may in turn suggest that the slipvelocity in microscale flows is caused largely by the gassurface molecular interaction that is dependent upon the
pressure.
VII. DISCUSSION AND CONCLUSION

FIG. 12. The velocity slip (( v 0 ⫺ v )/ v 0 ) in plane Couette flow is plotted for
various values of Kn in logarithmic scale.

VI. RAREFIED GAS DYNAMICS AND MICROSCALE
FLOW

Previously, rarefied gas flow encountered in hypersonic
flight was considered a primary problem in the study of highKnudsen-number flows. There is a very large body of literature on this problem.1 In order to examine how the generalized hydrodynamic equations can be applied to this problem,
let us consider a typical case, for example, a hypersonic vehicle at an altitude of 93 km. For realistic values of flight
conditions (L⫽1 m, u ⬁ ⫽8 km/s), dimensionless parameters
can be approximated as
Re⫽1151,

M ⫽28.7,

Kn⫽0.037,

N ␦ ⫽1.

For this range of parameters, each term in the constitutive
relations 共38兲 and 共39兲 is important, so that all terms should
be retained. In fact, this is the case for which the hypersonic
shock structure problem was solved in Sec. V. In the hypersonic shock structure problem (M ⫽30) the parameters 共Kn
and N ␦ ) are larger than those in the hypersonic flight. Therefore, the computational model used in Sec. V can be applied
directly to rarefied flow in a hypersonic flight condition.
Recently it has become important to develop an engineering tool for designing MEMS.37 In contrast to rarefied
gas dynamics, the microscale flows involve a relatively high
density and a low velocity. As a result, DSMC, which has
been highly successful in rarefied hypersonic flow, becomes
less effective owing to the increase of the number of particles. However, it seems that the present computational
models do not suffer such difficulty. Let us consider a microchannel with helium gas at standard temperature, and
pressure condition. For a practical problem (L⫽1.2  m, u ⬁
⫽20 cm/s), dimensionless parameters can be approximated
as
Re⫽2.3⫻10⫺3 ,
Kn⫽0.145,

M ⫽2.06⫻10⫺4 ,

N ␦ ⫽3.08⫻10⫺5 .

For these parameters 共creeping microflow兲, the terms associated with no N ⫺1
␦ can be neglected and the resulting constitutive relations are precisely the Navier–Stokes–Fourier

As a step toward developing thermodynamically consistent multidimensional computational models for highKnudsen-number flows, Eu’s generalized hydrodynamic
equations have been considered in the present paper. As a
result, a form of the governing equations suitable for modern
high resolution multidimensional numerical schemes is obtained. The main advantage of this form is that with a proper
subroutine of constitutive relations numerical implementation does not require any further work beyond the Navier–
Stokes codes. On the basis of this new development, the
general properties of conventional computational models,
namely, the Burnett and Grad’s equations, are clearly shown.
The new formulation is applied to the hypersonic shock
structure and slip flow problems. It is proved numerically
that the new computational models yield shock structures
over the entire range of Mach numbers and for all gases.
Even though the present study is restricted to the onedimensional situation, there is no theoretical barrier for the
multidimensional extension, inasmuch as the onedimensional Riemann solver is directly extendible to a multidimensional problem.
Nevertheless, extension to multidimensional problems
presents some numerical challenges. Solving the constitutive
equations may cost a considerable amount of computing time
compared with a one-dimensional problem. However, if a
method in which the constitutive relations are stored as a
separate database or an operator-splitting method is adopted,
the additional computational cost can be trivial compared
with the Navier–Stokes relations. The numerical solutions
using multidimensional computational models will be reported in a forthcoming paper.38
The present computational models are based on Eu’s
generalized hydrodynamic equations which have been derived for dilute gases. This fact may imply that the models
cannot be applied to other gases. However, as shown by
Eu,26 the same form of the governing equations holds for
dense gases and therefore the essence of the present work
can go over to dense gases.
Finally, it is worthwhile mentioning a reason behind the
success of the present computational models. In the previous
methods, the main concern was to raise the order of approximations to the actual distribution function. As a result, the
evolution equations involve many higher-order terms. However, it should be pointed out that although those terms are
mathematically definable, they do not have important physical meanings, except for the stress and heat flux. Therefore,
it is not surprising that the computation of some higher-order
moments equations makes not only the problem complicated,
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but also yields the solutions that fall short of the desired aim.
This finding implies that more accurate approximations to
the distribution function are needed. Such approximations
were indeed developed by Eu,24 who found the nonequilibrium canonical distribution function by developing the cumulant expansion of the collision integral. His theory turned
out to fulfill the requirement that the most important role of
higher-order terms is to increase the entropy, so that the second law of thermodynamics must be taken into account in all
approximations. The present study confirms the fundamental
importance of exploiting the laws of thermodynamics in the
study of high-Knudsen-number flow.
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velopment despite its fundamental importance. This remarkable feature in generalized hydrodynamics stems from the
fact that the distribution is not approximate and, even if an
approximate H (1)
were taken, it leads to the positivity of the
i
entropy production.
The new constitutive relations 共22兲 and 共23兲 bear traces
of the nonequilibrium canonical form. It is a nonlinear factor
q(N ␦  ) found in the last terms. This factor is related to the
cumulant approximation for the entropy production and appears as a common factor when the dissipation terms are
calculated in terms of X ␣ i .
APPENDIX B: EU’S CLOSURE
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APPENDIX A: NONEQUILIBRIUM CANONICAL
DISTRIBUTION FUNCTION

According to Eu’s theory25 the nonequilibrium canonical
form can be expressed in the exponential form
f i ⫽exp关 ⫺ ␤ 共 H i ⫹H 共i 1 兲 ⫺  i 兲兴 ,

共A1兲

⌰ k ⫽ 具 H 共 k 兲 共 冑m/ 共 k BT 兲 c兲 f 共 c,t 兲 典 ,

where
H i⫽

In Eq. 共27兲, the higher-order moments  2 and  3 are
assumed to be zero. This closure is different from the common practice in the moment method where higher-order moments are expressed in terms of lower-order moments. However, it should be kept in mind that Grad’s closure yields the
most symmetric closure in a mathematical sense, but there is
no theoretical justification for it. Therefore, setting higherorder terms simply to zero can be a viable option, apart from
its simplicity. The reason is that Eu’s closure has the same
meaning of taking only measurable observables. Those not
observable can be neglected on the ground that they should
not be expressed in terms of the observables. In fact, if we
define another form of moment

1
2

m i c 2i ⫹m i ⌿ i 共 r 兲 ,

共A2兲

兺 X ␣ih ␣i ,
␣ ⭓1

共A3兲

H 共i 1 兲 ⫽

and  i is the normalization factor
exp共 ⫺ ␤ i 兲 ⫽ 具 exp关 ⫺ ␤ 共 H i ⫹H 共i 1 兲 兲兴 典 /n i .

it can be shown that Eu’s closure 共27兲 is equivalent to
⌰ 3 ⫽⫺⌰ 1 ␦ ⫽0,

⌰ 4 ⫽⫺⌰ 2 ␦ ⫽⫺⌸␦ .

共B2兲

As in Grad’s closure, the higher-order terms are expressed in
lower-order terms. The only difference is how to implement
the same idea.

共A4兲

c i is the peculiar velocity of particle i defined by c i ⫽v⫺u,
where v and u are the particle velocity and the average bulk
velocity, respectively. n i is the number density, ⌿ i is the
potential energy density, and h ␣ i represent stress tensor, excess stress, heat flux, diffusion flux, etc. The angular brackets
具 典 denotes integration in the particle velocity. The X ␣ i do not
depend on the particle velocity, but are functions of macroscopic variables such as  i , u, E, and ⌸, Q, etc. Thus they
(2)
occupy a role similar to the coefficients A (1)
i ,A i , etc., in
the Chapman–Enskog expansion series,
f i ⫽ f 共i 0 兲 关 1⫹A 共i 1 兲 c i ⫹A 共i 2 兲 : 关 m i c i c i 兴 共 2 兲 ⫹¯ 兴 ,

共B1兲
25,27

共A5兲

where f (0)
represents the Maxwell–Boltzmann distribution
i
(2)
function and A (1)
i ⫽0, A i ⫽(m i /2k B T)⌸i /  i . However, unlike the Maxwell–Grad moment method, X ␣ i are not predetermined in terms of macroscopic variables. They are determined through careful consideration of the entropy
production. For example, X 1i has approximately the form of
⫺⌸i /(2p i ). In fact, this is very crucial in not leaving out the
entropy in the solution method for the Boltzmann equation.
On the contrary, the entropy plays no role in determining the
coefficients of the distribution function in other moment
methods and consequently is completely left out in the de-

APPENDIX C: ALGEBRAIC EQUATIONS FOR
POWERS OF N ␦

Let us examine the generalized hydrodynamic equations.
The main concern is to see the differences between the new
equations and the conventional equations. Expand ⌸, Q, and
q(N ␦  ) in series of N ␦ ,
⌸⫽⌸0 ⫹N ␦ ⌸1 ⫹N 2␦ ⌸2 ⫹¯ ,

共C1兲

Q⫽Q0 ⫹N ␦ Q1 ⫹N 2␦ Q2 ⫹¯ ,

共C2兲

q 共 N ␦  兲 ⫽1⫹

1 2 2 1 4 4
 N ⫹  N ⫹¯ .
3! 0 ␦ 5! 0 ␦

共C3兲

Then the constitutive relations 共38兲 and 共39兲 produce a hierarchy of algebraic equations for powers of N ␦ ,
⌸0 ⫽⫺2  关 “u兴 共 2 兲 ,

共C4兲

Q0 ⫽⫺“ ln T,

共C5兲

⌸1 ⫽⫺

2
关 ⌸0 –“u兴 共 2 兲 ,
p

Q1 ⫽⫺

/T
1
⌸0 –“T⫹ Q0 –“u .
p
Pr

再

共C6兲

冎

共C7兲
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The first two 共zeroth order in N ␦ ) are nothing but the
Navier–Stokes–Fourier equations and the next two 共first order in N ␦ ) are equivalent to the second-order Burnett equations. Here it should be noted that the nonlinear factor
q(N ␦  ) plays no role in this expansion since there is no
linear order term. Therefore, it can be inferred that the
second-order Burnett equation contains no further information of the entropy production in comparison with the
Navier–Stokes–Fourier equations and consequently their use
becomes questionable for the study of problems far from
equilibrium. In fact, it was proved that the entropy production in the conventional Burnett equations is not guaranteed
to remain positive for all values of velocity and temperature
gradients.11 On the other hand, this explains why the
Navier–Stokes–Fourier approximation is so successful in regimes of small deviation from local thermodynamic equilibrium and sometimes applicable even in the regime beyond.
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