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Numerical Analysis of Rarefied Flow by GH Equations
Dongsuk Chae*, Chongam Kim**, Oh Hyun Rho** and R. S. Myong***

ABSTRACT

This paper describes the efficient numerical methods for solving one of the 13 moment
equations, ie, GH(Generalized Hydrodynamic) equations coupled with modern
computational fluid dynamics. Based on developed methods, a few elementary
non-equilibrium rarefied flows are solved to produce improved results over those of the
Navier-Stokes equations. Through the analysis of one dimensional compression-expansion
and plane Couette flows by GH and NS constitutive relations, the unique fluid dynamic
characteristics of GH equations are explored. In two dimensional case, a method for solving
full GH contitutive relations is developed and, additionally, the effects of slip wall
boundary condition of Maxwell-smoluchowski and Eu are investigated. The comparison with
results of DSMC methods in one dimensional shock structure and two dimensional
supersonic flat plate problem indicates that the present methods give qualitatively more
accurte results than NS equations in rarefied flows.

= =

A SWE WA A9l AE9) GH(Generalized Hydrodynamic) %7448 H4kf
AR Aeetel A0 2 AT + ol BEA PHE AR o F vEos

24 WRY AL AHSHAh WA, 149 G5B s 2A% FW Couetre
2 glo m M GH WA 29 HA4 7427 Navier-Stokes A2 2] A&
T4 Blasta o] & Fete] GH WA 4ol 7iAle 548 n&sA 234 A9 3

+ GH #A744& &8 4T & e e ALsiin vind Huzzies
Maxwell Smoluchowski ZAlZ7 1 Eue] AAZUE ‘:'04;]-01 Ztzte] HHzpe oIS
ARSI 13Y S 7Fx AL 239 25% HAEAE st DSMC Z7e}
Blaste] GH W4 o] ubf-FolAM NS A4 HT —°r"F & 23 F= AL FlsA

offt
_!
©
=o(=‘|'
il

u-{

.M 2 Aoz JlgdEn. oH@d A g3
Boltzmann %% 2] 2] 1z} Chapman-Enskog 7

Yol A &3] H3A He LS Aulgt = F3slH Navier-StokesH A 2S =238 4
£ NavierStokes$ 34 e 7AAAe] HEAs A Hed 45 MBIEs 2% g
&) Z(mean free path)7} %2 54 Zolo] S o] 74L& O faEAL A 4 #fF9
o e Age M AAZ fxdE Ae2A gz rt F71EHA He dB2FQA de vy
2%, 2TF AUAY BE PAAS JFEHA BozAM nu:xE AEdse EAFAY /F
T/d 2 (linear constitutive relation) 2 AejHtd 3 o] ZAHY "EWxrF ¢ Fe A
T 2000 8¢ 79 A * 359, Agdistn FF¢+F3H
* R, Aedsa FeFEea et e, At g4



2 A5

AEY w0l - Yy

4 B 2 R

MEMS(Micro Electro Mechanical Systems)<} #
o] &2 EA4AoIZ e FAlolA S 5 3
. RYEEL BFY ol fAdst s}
T EHAQ0 FAZ AAA $tE=d o) ol§s)
2 s Astel B AT DR B
Hoz sl shoh
olF tiEA< A& DSMC(Direct Simulation
Monte Carlo)[1]24 FF3 7|AAAES #3
gk 7Hde]l dixd JAE YElfa o]EE olF
Al713L FEAA AEHE 55l AANFH HFE
S ¥de FAAYA Btk DSMCe A&
olFAe 7t 7IAe HTAFHZ R} Zolop 3}
= Aoz AEA o 7H7hE FHd A= Akl
Zto] g WA= EAHES 7HA L 9o
5o £x71 FolAFE FAFEY scattering
| 7kt MEMSS} & f5oMe & o
A7k 47 ek QA $58 FAHCE 7]
W ss EZ Burnettd g A A E[3],
Grad®] 13 =RE WH[4]53 Zo] FF I A
3 Navier-Stokes®H 84S £ HPIJ A7
2 g7 nAFAYA A o] Stk o)F
Chapman-Enskog 22} #H7|E E3lo] A e
Burnett} g A Al g-& & <&
=

|

¢

P i
=orT—

278 Bosio sk w0l k.

3tH, Eu[5]e  ¥H ¥ % F T4 (nonequilibrium
canonical distribution function), FE3%9] +&A
7l (cumulant expansion), Eu?] closureE %3}
13 mHle W2l dF9l GH(Generalized
Hydrodynamic)} 4 41 & Agtatgcd] =24
NA BE 2ol theted d98 A 2ol
25 HEHES SQch GH B4 A%
S 3} free molecular@d o] oA SulE
E4E& HoE B oy} Navier-Stokes* g 4] o]
o= s 2T ol99 FHE o= A
¥ Ae 5Fo=E gt B =& Eul5]9 GH
W ae] ZAHE F Myong[6]9] computational
modelS U st 1349 2 23 subf
EEAE A4rsta DSMCeF vlwalgch 1elx
27FA HHAAZA JEFE 1A

n. 2 &
2.1, X jj 2hd Al
SAx J)Ae] tiste Euol 9sle]  Aotst

GHWAA L Bgw 2.

o pou
ou|+v - | puut+pl
e, (pe;+ ) u
0
+v- I ]=0 (1)
- u+Q

223 GHER A 447442,

M —— ¢2’2[H v u](?)

bt (2)
—‘%{Hq(k)+27/[v u) ?)
pﬂ%@=—v e gg—I1- C,v T
+v-(p1+m-lpl (3)
—Q- Vu— papT{Qq(k)+Ava}
9 2o o7]A,
a(k) =sinh(k)/k (4)
ole, 283
(kD" Q- Qe
b= [+ ] (5)
471N [Te 28 Moy Qt dxg uH

g vedth =3 C,ERddeln (vl P
VuS traceless symmetric parto]th. 123l g
9} A Chapman-Enskoge HAAG: 9 ¥4
AFE et de A ke
Boltzmann A4, Z&22 Y HE 9unsith 24
2,3)9 2% AUA FEL& 129 29
E g ogx Eu¢ closured]| <3t glofjx, ©
AIZALE =HEte AEES FAR[5] ol¥
§ 99 A4S HA™E TaA%E, HQ)s
@)= o 22 1dd

()=, +[1T- v u]? (6)

x] %I

@q(k)=@)+ﬁ~@}+%Pr@-vZ (7)

o 714 I1= all, Q= apQolth.
k= TETI+ Q- Q1?2 =3 o= M/(pRe),

—f__29 AT ;
p= APr(y—1) To 1=

Navier-Stokes WA 2o 2HE TZH =gz
et 714 ce AMEE YAt mdo o
g dEAy 15 ozt 2 g 712

aga

w3 A 0k



29 &£ A1 %k 2001 2 GH w441 &

g% HUKEY £AA A4 3

@ =
g2 'F
2 oF GH
§-1,—
=z -
2F
Sk NS
<F
_SLJ_I_L;_.|+..4| —

s

4 -2 0 2
Degree of Nonequlibrium

2% 1 GH WHAD NS WHAe $3 3

S shear stress

GH shear stress

Stress
o

GH normal stress

L 1

45 -5 0 5
Degree of Nonequlibrium

3 2. GH WHAID NS WAl Mot

22 X ofl'H

26), NelA & F A% 4L SFF ¥
Gl ]

B Ewt ofyjet ufg-

149 4% 2AY =
Q. 1239 Couette-f5 3
2 RE U I, [,% 437522 23l

8 2 AL 58370 =
FEAT7] 139 225 BAA 2(6), (7)e

Toq(k)=( Ty +1) T (8)

Qua(h=( M.+1) @_w+4—31;; 0, M.y 9

o] HH, g4NA [, Q.= T3 H=3 13

CouetteZ#]| <1

mq<k>2=—%< Tat1) I (10)

1., = sign( ﬁmo)\ﬁ%( I.+1) 1., (1)

288 I, II.§ 739 99 a3 dFFHe
2 A3 B ApoM= SecantH o] thxp
A 32 Broyden WH[8]& Al&Ete] ojuldt
TAE &A@ FATAAAA 2(6),(7)9] Y
H.n" IZry' ]Zvy/ Q,r/ ‘;‘g Q_\s% %—Aloﬂ —?8}931:]-
HhE A Wk el <l Newton-Rhapson W&
tfH 71&7]E FElejol FlEE HagSAHY W
olyzt FF itete S JEUAT o] A
T AREE 2712 139 BAE d¥FHez Z
st ot &8 ® FALHFY gE AME
sttt Zzte] Wi o g 2319 HUTA ] HE
3l A3 E 240] H{TH

A(1)9 Wy 4" BGK7IH[9]] A&
ale] olibslslglon azte] 3 AYEE 93
o MUSCL7|§& Z &35tk A7 2
Q3% Navier-Stokes®] 23 % IAGHFS F4
zpho] o]dte] o]kt dnt. 1RFe] AlZHIHA 9
Aoy AZHHEWHE 7]F9 Navier-Stokes
= A AHEEIE Ze 22 ALE3ldxE B
stk YRzHo g WA WAnnyg d4
S 71%317) 918k wWol 20]lE Maxwell-Smolu
chowski WA ZA[10]7 Euel ¥HZRA[11]
< Rostdch 2249 &3 thermal creep &I}
E FAIStE x93t 7174 9] Maxwell-Smol
uchowski HHZHL

_ 2=, 1
Us™ U= 0, of2RT,/x Ts (12)
_ 2—g 2(r—1)
To=Tw=—( “5F1 (13)

1 _
* R‘OIZRTw/ﬂ_( qn)
9} Zron o7]x4 & accomodation AHFE A
jy-2e A% A¥Fez AAIEG. g, 3
A sl Z7 Wwel By, £h9 4R



4 A5 4

- REY -

o4 - R 2 T e

of
i
3

e o o
N @ © =
T

o
o

1
IS

Density, Velocity, Temperature
o o
w o

a3 3. M=10 ollAMe] 5An 7x

Aol g vedn. 9%
P 7_}7_} ¥ o] Ao Navier-Stokest 4 4] o]

8% EHLGFE vedt. ¢3, Euo ¥H
AAZZANA Y ¥R AFH| =P3}=
dAke vl &L
a= _EDE (14)

olH, &) fe BW 2= £ A%
wuzte] g4sargoluet 24Hn p ol
o AA-ERgEA s Sed wee 2A %
ow

__Al D,

B= kT, &P K,T, (15)
olm, o7|X A ¥, D, potential I}

Ztu] o]} A3
HoAM 9 EE B2

o3t 244 F don o

T,=aT,+(1—a) T (16)
U= au,+ (1 — @) us (17
o} o] THFAD 7Ag AL o2 T-¢FH|

Fog &y
D,=1.32kcall mol, A=5-10""cm® o|t}.

23. GH 2&E 24| 9|

B dolie 4(8).09)9 2(10),(11)& o] &3t
GH W Alo] ze EAS NS WA v ws)
o AP 1. 1L A(8) (92 o] &3y
7% GH ¥349 &$3& BoF3 ot HH

EA
- o

=8
—@— GH

o o
o X

o
-

|n\éerse thickness

0.1

10
Mach number

a8 4. ofstol| e S0 T2 Ay

Hol M= NS WAA o FZHRTGG
7} 111}7} HE P57t F7HEEE Fol
g & Ut BFHIT} o) §- 2 FFo
e I.+p>00 TEHHB  o]RE  free
molecular limite]] & ZHct Grade] 13 ZHE
g A el Age $3o] 5o]HL HolA Hew
o|RAL 5H nlslg olgelAM FAT T 3
2 7 F jle Yoty #dEg. 19, 2
2](10),(11) 2 A}&3ted 73 GH wA2le] xd
$898 BoFEr NS WAF2e $3g2o] 00]
HE AE 2] GH WA £x3ye

BE7F SUtsiEAs AT Ge ZA "o A
wgge HPIFT wet FI} BFAFE B F
ded ol AFe A-#Hd FEFAETE
A2 gy oy ddo] FAFtAA 54
Hozw 7ledE £ IJSE guth[612] o=
73 §-oll L} Hlﬁmiﬂ e A% &, Kns7) ol

2 ZS A GH wAg24o] NS w2 E4S
= A 5]\_ AL A& F 3o
24. =Xl 23t

1249 F43 Fx FAe +AT744Y e
7t 7 ‘35}"47:—:1 S ]—‘43} HAZAL Zo] B35
3 AAZAL a2 A gornFZ AuiHiA 4
o] Zte 4‘1}7114101]*14 El34S AES7]O B
- H &g Aotk B %%ﬂ]/ﬂ-‘& Maxwell 7]

Zﬂoﬂ st F43
13 2HEDHS £
ER8NE 23
Eolge Nz A

FN
mlm



#29 4%F 51 5% 2001. 2

GH 342 o188 e £4% 34 5

A

o

NS

DSMC

GH -approximate
GH - full

0.9

e bvaOo

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

-20 0 !
x/I(mean free path)

J% 5 Eue HHxAs Foish "o
ot 27 5 (M=4, Kn=0.0143)

DsSMC

GH

J8 6. s2 =M 5(M=4, Kn=0.0143)

GH WA 4e £& vl Mx ol fd Fegl
of A=Ak 19 3& M=10d142 FZAs}
o] FZRE BHAFH Jrt. IYNA & & Ux
o] w37t we& HIEE {59 AF NS 3
oF & zol7k vl ok FAT U FeA 2
T 2ER¥Y 435 A7t GH 4349 7
< H& 2oz itk 2d. 4 dxd TAE
T AT FAY dFE rsigol wiel B
F1 =" NS BAA v FAAE FH44
F UdS5ES & F Atk olHT AP
DSMCe] A4 EAMRE X3 Aolgtar &
% Atk 28l: Al-Ghoul[12]9] GH A4 9]
A sfote F I g

22191e] 9 GH WA 2S o] &3to

oz

o
0.3 £
I

025k
i o
N o NS
02 a GH - approximate
r . GH - full
o
o -
<"0.15 -
- a
o
0.1

005

50 700 150
x/[(mean free path)

a3 7. gue| opEA S
(Eue ¥ =2, M=12.9, Kn=0.0067)

I
02
i 5 o NS
sl & GH - approximate
- . GH - full
a
6 - o
01 .
o
= a
a
0.05 -
.....................
3
a
0 1 AR ST VT T S T S
0

50 100
x/l(mean free path)

a2 8. g me| ofxHA 5= (Maxwell-Smoluchowski
HoixAH M=12.9, Kn=0.0067)

A AAZAC o2 np@A S
o W3E uFAYL 24 FHAE FASH
45 45FE, HHdAe vy Y F
FAGee] N2 FAS &3 FAoth
az2la 2248604 71€d GHe fA7A4E 7
Abste Wo] wE o Wl Amrgitg. 1
d5ox M=4, Kn=0.0143, T,/ T-=1.667
A el et Bes wE FFZA W
o} ZA 45 NS, DSMC, GHe| whg} Jehl it
NS 2 GHe ¥3dzz1e Euo HHZRUS ALE
39t AFCo 2 Birde FnEF[1]0] F28 2
29l DSMCZE=Z  Al23lgth. DSMCo| M &=
full diffuse BHEAS AMEatG o A 2bo] AL



6 AsA - A2 - =28 - Hie4al FEBIMZE T R g o
g9 APEAY AFE o 350004 FEolch  on, 249 AS FATHAE A E &
DSMCHE ZAAHE 10076002 247pe] cello] 479 gl W& Aste] DSMCe Axe} o 34
subcell& 7HA1 ot k2 71A 9 7IE AE  HeE dXde 2FHE €& F AUk 2,
& 4.092%10 o]u] VHS exponent 081& 2} ° WM& Broyden W& AHEshe= AN
2390k Aol AlEE 7]E ex= 300Kke] NSEAAE Y= AR F F ouje] A
o NSe| Ase QAN Hojmg 2 gy ) AaHRe Bl HANE Myonglr]
S Hol= ud Unx W o9& A= g THE ol&sdx FRsiga dddEn. 1
3 Zre 7HAE AL B &9 GH §x7A44 ot 23d FAFTACNAM & 5 91—2—01 NS®
& AR PHFIe FHAMRE MM 7 BHS AT GE WS S 24 Aot
Stk oAl Faste EAse AgE meyr A S M 22 & e clReswd )

o GH FA7A4LS 434 At dA9
W2 DSMCe| Ao} o] GHoA <fzte]
Azt G F gaste AL 2 5 A &
AGF A= vldA 59} vk F4S Holm
2 odrlde AR itk 1Y 62 HHY &x
A=(T/Tw)E YERRSTE DSMCe  Axe}
GHe Z#7} AARHo=z # dxales AL B
olx 9t oiwt DSMCe| ZATjolA B FH|
A4t cello] B2 e olfE 2E=TH|E GHY
Axvrg xFeA gu . Nse| ZAye F
A4zt oS 27184 ERAHE I FEHH9
71€7) 3434 dAdHE HS AQsaes GH
o] Ao} & Fol7} Qo B =Roa A

A srsret.

a9, 782 —12.9,  Kn=0.0067,

T/T =5.491 %TA Fze4 B ¥w
AAzR WE BAASE dehn k.

E’}@Qi Maxwell-Smoluchowski B#HzZz0] Eu
o M zANYT ¢ 2 vngdayds yHege
AL Y F o+ UA”dTt Maxwell
-Smoluchowski ¥ HZ7-& accomodation A4
2o A¥AA 98-S 273 Beskok[10]0] A
23k upe}l Zo] wwo|A 9] vorticityd] F3Z 7}
HlE A BAEE £X7 BEokRAe X g
4 & e we Rl AAzae 2949 9
Hus: 982 A gon owg x5 A
&= s 741"}5]91‘3} 2 =79 ‘:’c}‘%ﬁp_i A
e sl A e SAAN HAZE 3 =
7tttz gaste 5 usd Zzifs}ow Al 2hg
FaEA(13]8] DSMCZE#Ae} HAdHo= 2 o
2 gt

m. 2 2

- = (==

£ A7AE GH wA4e 58 444 4
4g A, 149 F47 P2EAC 453
23, NS $AARG 958 48 9 F A

e GH A4 9 —rxl?fﬂ‘itiﬁ MEMSY o]

AaEA EEHE HPEA F AFAAH] %
g7 5 o uigd il HeE
Aoz #eEHA 3xdoz] g F T
ol @ oz gt B =EoA HgH
GH WA 2e wdx Expe] 7170 gXy &9
dAeng oz Ex49 ZAel Hg3s7] )
e AFPZATY JH2E 53 22 E£49

dE 1d mdgo] Fgseiz Add
t}.[5,14]
Anes
1. G.A. Bird, "Molecular gas dynamics and

the direct simulation of gas flows", Oxford
University press, 1994

2. ES. Oran, CK. Oh, and B.Z. Cybyk,
"Direct Simulation Monte Carlo Recent
advances and applications", Ann. Rev. Fluid
Mech., Vol. 30, pp 403, 1998

3. R Agarwal, K. Yun, and R. Balakrishnan,
"Beyond Navier-Stokes: Burnett equations for
flow  simulations in  continuum-transition
regime", AIAA paper 99-3580, 1999

4. H. Grad, "On the kinetic theory of
rarefied gases", Comm. Pure Appl. Math., Vol.
2, pp 331, 1949

5. B.C. Eu, "Kinetic theory and irreversible
thermodynamics",
York, 1992

6. RS. Myong, "Thermodynamically
consistent hydrodynamic computational models
for high-Knusden number flows.", Phys. Fluids,
Vol. 11, pp 2788, 1999

7. RS. Myong,
approach to computational hypersonic rarefied
gasdynamics", AIAA paper 99-3578, 1999

8. W.H. Press, B.P. Flannery, S.A. Teukolsky,

John wiley and sons, New

"A new hydrodynamic



29 & 551 %, 2001 2 GH B34 & o83 FufEe) +24 sy 7
and W.T. Vetterling. Numerical recipies, Coutte flow of Lennard-Jones fluids", Physical

Cambridge University Press, New York, 1986

9. D. Chae, C. Kim, and O.h. Rho,
"Development of an improved gas-kinetic BGK
scheme for inviscid and viscous flow", Journal
of Computational Physics, Vol. 158, pp 1, 2000

10. A. Beskok and G.E. Karniadakis,
"Modeling separation in rarefied gas flows",
AIAA paper, 1997

11. D.K. Bhattacharya and B.C. Eu,
"Nonlinear transport processed and fluid
dynamics: Effect of thermoviscous coupling

and nonlinear transport coefficients on plane

Review A, Vol. 35, pp 821, 1987

12. M. Al-Ghoul, and B.C. Eu, "Generalized
hydrodynamics and shock waves',
Review E, Vol. 56, pp 2981, 1997

13. T.G. Elizarova, LLA. Graur, J.C. Lengrand,
and A. Chpoun, "Rarefied gas flow simulation
based on quasigasdynamics equations’, AIAA
journal, Vol. 33, pp 2316, 1995

14. F.E.
evaluation  of  continuum
translational-rotational nonequilibrium",
dissertation, Stanford university, 1990

Physical

Lumpkin, "Development and
models  for

Ph.D.



	GH 방정식을 이용한 희박유동의 수치적 해석
	ABSTRACT
	초록
	Ⅰ. 서론
	Ⅱ. 본론
	Ⅲ. 결론
	참고문헌


