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Models in fluid dynamics

1*1 (simple) Burgers (1948) Navier-Stokes (1822)
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Shock formation (s[u]l=[u*/2])

Dissipation in turbulence

(with the RHS viscous term)

Further extension (complexity) 5, @I-1V) 5,1-10 X (@~

Reynolds (turbulent) stress (u=U0+u")

Shock formation in 3*3 MHD system

IS, (I -1V) IS, (1—1II) 0 (I-1V)

( P, By’ BZ), instead of U(~ p) IS: intermediate shock  O: over-compressive shock
(B,,B,) magnetic field %
s, f . slow and fast magnetoacoustic waves
c c, .,

a: Alfven wave C: compound wave
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Models in magneto-hydrodynamics (MHD)

3*3 quadratic MHD model (1997; Myong & Roe)
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Non-planar solution
Large-time solution

A at large ¢

A: Alfven wave
R, X R, Kicks in!

X i i EDWIN A. ABBOTT

THE ANNOTATED

FLATLAND

4 ROMANCE OF MANY DIMENSIONS

Z

Increasing /.

Xatf=0 Planarsolution  C, C,

2*2 planar model for flatland
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Holistic big picture of fluid dynamics; two extremes

(High Reynolds) fluid dynamics is difficult because:

At extremely small scales, even turbulent flow is very
simple. It is smooth and well behaved. At larger scales,
however, a fluid is subject to very few constraints. It can
develop arbitrary levels of complexity like the effect of
turbulence on separation. (P. L. Roe, “Future
developments in CFD,” ICAAT-GNU, May 2014)

It involves microscopic collisional interactions among
fluid particles and their interplay with the
\ Irersotor S kinematic motion of particles in the macroscopic
| framework. This challenge is vividly illustrated by
the high Mach number shock singularity problem
(HMNP). (R. S. Myong, PoF 2014)

—> Rarefied & microscale gases
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Shift of focus in Burgers and need of kinetic theory

ot ox OX
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What does interplay mean? Between the kinematic motion of particles in
the macroscopic framework and microscopic collisional interactions
among fluid particles.

In order to answer this question, one needs to look at the molecular description
of gas particles; gas kinetic theory or Boltzmann-based gas dynamics

o ‘=‘ ,.i‘_;‘ Monatomic

Argon Nitrogen Carbon dioxide Diatomic

? An Polyatomic
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Translational degree of freedom Rotationa| degree of freedom
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Simplicity in Boltzmann transport equation (BTE)

= Assumptions; 1) the mean free path >> the effective range of the
intermolecular forces; 2) the velocities of the colliding particles are uncorrelated
(molecular chaos and break of time reversal)

= Afirst-order partial differential equation with an integral collision term

(%Jrv.v) f(t,r,v) :Kic[f, f,|  Only two effects! (Simplicity)
n

Movement Collision (or Interaction)
Kinematic Dissipation

C|[f, f,|=Gain (scattered into) - Loss (scattered out)

(&) (&)
ot ot

~ :‘v—vz‘(f*fz* — ff,)dv,
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How complexity out of simplicity? - |

P pu = (mvf (t,r,v))

(E +V: Vj f (t, r, V) = C [ f ) fz] where <> —= Jjj...dvxdvydvz
Differentiating the statistical definition pu = (mvf (t,r, v)) with time and
then combining with BTE (t,r, v are independent and v =u+¢)

2 )=o) (-1 1)

ot [A]® : Traceless symmetric
Here —(m(v-Vf)v)=-V-(mwf)=-V{puu+(mecf )} part of tensor A
After the decomposition of the stress into pressure and viscous shear stress 11

P =(mccf ) = pl +1II where p = (mTr(cc) f /3), T =(m[cc]® f),

and using the collisional invariance of the momentum, (mvC[f, f,])=0,
we have

d(pu)
ot

+V-(puu+ pl+1)=0. Exact consequence of the original BTE!
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How complexity out of simplicity? - I

This procedure can be generalized for arbitrary molecular expressions of

general moment (viscous shear stress II and heat flux Q)
2nd-order closure

D H(s<m[cc](z) f>)/p (meeef ) —(mTr(cce) f)1/3 ]
p0— +V - 5 t
Dt Q(E<mCZC/2f>)/p <mc ccf /2>—CpT(pI+H)+<mcccf):Vu_

2[m-vu]® ) 2p[vu]® <m[cc](2) C[f, f2]>
Du j
B Q- Vur GV | [PC,VT [ (me? r2-me,Tecl 1. 1)

2"d-order closure
Key points: 1) No approximation: exact consequence of the original BTE
2) Balanced closure for two open terms (Myong, 2014)

Different from previous practice misguided by Maxwellian molecule
assumption

Do not cut the tiptoe in order to fit the foot into a shoe! (FIl i@ /@) Procrustean bed
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How complexity out of simplicity? - Il

Hyperbolic (inviscid)

-
-
—“—
-

Conservation laws (exact 1/ p U’ 0 ]
consequence of BTE) p% u |+v | prlve] (I |=0
B | pu_ _H-uJé\QL'

in conjunction with the (complex) 2"9-order constitutive equations

,PWlp) 2[m-vu]? +2p[vu]® =-L11q, , (x,),

Dt 2nd-order coupling  Navier 1stlaw /*Ns

Dl(Q/ P) N Du

C
M+Q-Vu+II-C VT +C_pVT :_than (1),

P
Dt Dt .. . |
- F 1st|
Non-hyperbolic 2"d-order coupling ourier aw  "™NS
Implicit ===---- »sinh « T1/4 1 O/T
2nd 1 1 k
Kl p IUNS NS

Navier-Fourier laws inclusive
like onion!
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A model for 2nd-order constitutive law

- 14 . 2
’ D(H/p) [H Vu] +2p[Vu](2) __ b H(smhzclj’ KlET [H.H+Q Q/T]
Dt Hns K P Hys Kys
No heat flux
D(II/ sinh x TV (11
p 2B P) )+ [T (200,0)Vu]” + p(-2) [Vu]® = pTT L k=
Dt K P Hys
One-dimension .
(2) t= : ’HEE'HNSE_ﬁﬂNSa_u
s =—2ps [VU] Hns | P P 3 OX
DIl -~ - " 1a e
(1 — Mg =11 q(r1), where q(fT) = sinh|r1] /|1
t...(107° sec) <t Or steady-state
ﬁﬁNs + ﬁNS — f[ q(‘ﬁ‘) NCCR: Nonlinear Coupled

Constitutive Relation
2"d-order 1st-order 1st-order x 2"d-order
Kinematic motion Collision
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2"d-order constitutive laws beyond Navier law |

—> —> 1-D compression and expansion
6 T T T T T - T T T A A
I/ p - 0+II\g =1I-1
Viscous stress Ger non-CIGSSiCGI : NGVier CIGSSICGI mOdel “822)
/pressure [ model (1952) g -
0 =1 by assuming % ssica _
2t Maxwellian molecule 1 Myong non-classica -~ S'nh(H/ p)
. X . model (1999, 2014) 1= /
M+ =11-1 % P

oF - (/gipglil_q_-rjty e ﬁﬁNS + ﬁNS — ﬁq (ﬁ)
2| : I’ - _

,INormaI (linear viscosity)

4
4 | i

o

< Expansion > ' Compression

|
-6 1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 2 4 6 8 10

HNS / p Velocity gradient
/pressure
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2"d-order constitutive laws beyond Navier law Il

pPULIP) o vu]® s 2pvu]® =P m,, (x),

Dt Hys

C
Yo, DQ/p) + bu AM+Q-Vu+1II-C VT +C pVT :—th2nd (%)
Dt Dt Kys

| 1-D velocity shear -ﬂ-» No heat flux

@
1 211, 11 - /3 1 10 I
—{ oMo 13| 210 o [Tl )
XYNs

_ IT
HNs HWHXVNS HNs P HNs ny NSF: Navier-Stokes-Fourier
,/
O.(x)l ____________________________________ ; f _________
=——\(L+11,,, |1l [~===——— =0
Iy =2 (1411, )1, U
Stress constraint dueto = j
Rod Climbing Effect nd_ Al = _0.03 MD: Molecular o
' ! 2"d-order coupling! & BN Dynamics %, o) o

o MD
DSMC

No such thing in 1st-order -oo04
Navier law!

Re
-03 -0.2 -0.1 0.0 0.1 ,/'0.2 0.3

—(ndu/dy)/p(0) NCCR: Nonlinear Coupled
Constitutive Relation

L% 1

Newtonian Visco-elastic
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1-D shock result: inverse shock thickness

New 2nd- order & 2nd-order: Best |mportance of
Navier 1st- orden& 1st-order: Reference : balanced closure
0+HNS = Hq(H)4--QuaS| linear 1\st oreLer & 2nd-order: Worse than Navier

0.5 Grad 2nd- orddr & 1st- b(der Singularity SF - <> = Direct solution of Boltzmann
B B 1st order Boltzmann based model
B - ==l 2nd order Boltzmann based model
B [~ A Quasi-linear generalized hydrodynamic model
04 .
: :_ %06
: :_ EDA
03[ -
R - L
- B X
| AN
02 \ . -
I \Experimental 25F
i A Alsmeyer B
&  Schmidt data -
i O Shultz-Grunow 2
E O Russel B
01 > Linzer-Horing L. e, e
15t order Boltzmann based model 15 e b
=== 2nd order Boltzmann based model ~L —— e .
- Cry e Quasi-linear generalized hyrodynamics mod B " Quasi-linear
i | | | | [ | [ | 1 [ | | | | [ | 1
2 4 6 8 10 2 4 6 8 10
Mach Mach

Shock density thickness of argon gas Shock temperature-density distance
(Karchani, PhD Thesis, GNU, 2017)
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Multi-dimensional CFD based on decomposition
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Comparison with 1st-order simple Burger

ou o1 ,)\ (Ol ou
—+—| =U° |+—|= where Il I1+1I1,. =IIg(IT) and IT,, =—-n—
ot 0X(2 ) ox NS NS q(I1) NS yi o
New 2nd-order model Original 1st-order Burger
ou 8(1 2+Hj0 a1 o
ot ox\ 2 ot ox\ 2
-1 SlnhH <H:—S
sIT=f7(-S) where f(Il) = : ’
IT+1 S ou
5yl S
OX

[T, IT+1I1,s =ITq(IT) can be solved for given IT,. via method of iteration

I, ., =sinh™(IT (L+1I1,)) for positive I,
_ Iy
n+1
Q(Hn) _HNS

for negative I
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Decomposed computation in multi-dimension |

Edge based finite volume formulation in general coordinates

%jVUdV+ISFondS:O

20,/3 v/2 w2 T [m, m, 1]
(-2n)| v, /2 -u /3 0 | =>|m, I, I,

Il = fH (HNSF’QNSF’ p;T)1 WX/2 0 —UX/3 _Hzx sz sz_

Q= f, (MM ysrs Qusrs P T) frp : complex 5-dimensional mapping

. V4 . 12
o q2nd(Kl)ESInhK1, K]_ET/ [HH'FQQ/TJ
. Ky P Hns Kys
Decomposition

Solver 1 Solver 2
—~ > — > + T )

Compression

(expansion)
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Decomposed computation in two-dimension Il

p p(u-n) 0 n
ny
g pu V. pU(U'n)+nXp Rva anxx+nyHXy -0
ot| pv pv(u-n)+n p N1, +n/lIl, n,
oE pH (u-n) noe,+n0O,

where ©, =ull,, +VII,, +Q,, ®, =ull,, +VII  +Q,

In the case of x-direction, (IT,IT_,Q,) on interface for a given input (u,,v,,T )

Xy ?
can be decomposed as
f(u,v,T)="f,u,0T)+f,(0v,0).
Similarly, | f (u,v,,T,)=f,0yv,T)+f, (u,00).
Finally we have

Ir, =11, +II +1I1

I 2[1-vu]? +2p[vu]? = ——-na,,, (x,),

XX—1x XX—2X XX—1y XX—2y1 NS
= Du pC
ny ny—2x +ny—2y’ E-H+Q-VU+H-CF}VT +C,pVT =— " £ Qq,,4(x),)
n, =, , +I0, , +I0, ., +I0 ., "
A e A sinh &, T (m:m Q.Q/T).
Q =0 Q. =0Q Ozng (K7) = ) Ky = +
X x—1x! Xy y-1y Ky P Hns Kis
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Mixed modal DG method for the 2"d-order model |

o.U+VE_, (U)+VF, (U, VU)=0
Discretization in mixed form
S-vu=0
o.U+VE_, (U)+VEF, (U,S)=0
NSF model (I1, Q) = f}; .., (S(U))
NCCR model (IT, Q)ncer = Thondiinear(S(U), p, T) NCCR: Nonlinear Coupled

Constitutive Relation

U, (x,t) = ZK:U} (1)@ (x), Sp(x.1) = ZK:S] (t)¢' (x)

nv

rgj‘UgodV—J.VgoF av +jgo i NAT = [ Vg dv +J¢ vis ‘NAL" =0,
I | |

jsgodv +jTSv¢Udv - stgou .ndl" =0,
L | |

Dubiner basis function, Lax-Friedrichs inviscid flux, central flux for viscous terms
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Mixed modal DG method for the 2"9-order model Il

Convergence property
and super-parallel
performance

[T +IIyg =IIq(IT)
Triangular mesh partition using ParMETIS.; different colors represent sub-
domains owned by different processors.

10°
i i — = NSF-Kn=05
10°F - —O—— NCCR-Kn=05
0°F Linear
10° - reductipn
ts 10% “;’j 102 -
5 E NSF Solver NCCR solver S - )
3} i Exponential
10°F - reductiop
g 10°F
10° = E
oy 0 0 1 | NCCR: Nonlinear 109 T =
0 1000 Nurﬁgg? of iteratigﬁg 0 4000 COUp|§d ' Log (number of processors)
constitutive Super-parallel performance (via
Convergence property Relation

the rate of cost reduction)
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Two-dimensional shock structure around cylinder

|
|
|
|
I
|
|
|
I
|
|
|
|
|
|
|
I
I
|
|
I
|
|
|
I
I
|
|
|
| N
I Second-order Direct simulation
|

I

[

Zero-order First-order
Boltzmann model Boltzmann model Boltzmann model Monte Carlo
Euler NSF NCCR

Computed Mach contours over cylinder (Mach 5.48, Kn=0.2)

NCCR: Nonlinear Coupled Constitutive Relation (Karchani, PhD Thesis, GNU, 2017)
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Three-dimensional rarefied hypersonic flows

A suborbital re-entry vehicle

§ L

First-order NSF solution Second-order NCCR solution
NCCR: Nonlinear Coupled Constitutive Relation

Mach contours of gas flows; M = 5.0, Kn = 0.02
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